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Abstract. We survey recent advances in non-abelian Hodge theory in the “mixed”
setting of not necessarily proper normal algebraic varieties. We then describe how these
tools are used to construct algebraic linear Shafarevich morphisms and prove a version
of the linear Shafarevich conjecture for any algebraic variety.

1. Introduction

Local systems are ubiquitous in algebraic geometry. Their rich geometry can be studied
using tools from many areas, including algebraic geometry, topology, arithmetic geometry,
differential geometry, and geometric group theory. Simpson famously developed a non-
abelian version of classical Hodge theory, which replaced the linear-algebraic data of a
Hodge structure with certain geometric structures on the moduli spaces of local systems.
Specifically, for a smooth projective variety X, we can form three algebraic stacks:

• The Betti stack MB(X), which parametrizes local systems according to their mon-
odromy representations;

• The De Rham stack parametrizing algebraic flat vector bundles;
• The Dolbeault stack parametrizing semistable Higgs bundles with vanishing ratio-

nal Chern classes.
These spaces are interrelated in many beautiful ways. For example, the Riemann–Hilbert
correspondence gives a complex analytic isomorphism between the Betti and De Rham
stacks, and the existence of pluriharmonic metrics on semisimple local systems gives a
real analytic isomorphism between the good moduli spaces of the De Rham and Dolbeault
stacks.

In this note, we give a summary of how non-abelian Hodge theory plays out in the case
of non-proper varieties X. As a general slogan, while there are some new phenomena for
the general stack MB(X), the stack Munip

B (X) of local systems with unipotent local mon-
odromy is closely analogous to the proper case. Luckily, local systems with quasiunipotent
local monodromy are Zariski dense in any meaningful substack, and so the unipotent local
monodromy case often controls everything.

This general picture has emerged due to the work of many people. The extension of the
archimedean harmonic theory has been worked out largely by Simpson, Biquard, Sabbah,
and Mochizuki [63, 5, 55, 46, 48], and more recently the nonarchimedean harmonic theory
has been generalized by Brotbek, Daskalopoulos, Deng, and Mese [18, 7]. These results
have led to many developments on the topology of local systems on algebraic varieties,
to name a few: [1, 29, 12, 10, 20, 40]. Many of the remaining elements of the non-
abelian Hodge theory package (including the homeomorphicity of the De Rham–Dolbeault
comparison, the twistor enhancement of the deformation theory of local systems, and the
Hodge filtration on the Betti stack via the Deligne–Hitchin space) have been proven recently
in [4]. We end this survey with a discussion of how these advances are used to construct
algebraic Shafarevich morphisms in general and prove the linear Shafarevich conjecture for
non-proper varieties. Much of this material is taken from [4] and the references therein.
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Outline. In section 2 we quickly survey the general theory of harmonic maps to negatively
curved spaces. This is used to equip archimedean local systems with harmonic metrics (and
eventually to establish the correspondence between semisimple flat bundles and polystable
Higgs bundles) and to equip nonarchimedean local systems with pluriharmonic norms. In
section 3, we survey the geometry of the De Rham–Betti comparison via the Riemann–
Hilbert correspondence and the De Rham–Dolbeault comparison via harmonic theory. We
also discuss the Zariski density of local systems with quasiunipotent local monodromy. In
section 4, we discuss how the universal deformations of semisimple local systems naturally
underlie pro-variations of twistor structures, and how this encodes the twistor geometry of
the Deligne–Hitchin space. In section 5 we outline how these tools are used to prove the
algebraicity of Shafarevich morphisms and the linear Shafarevich conjecture.

Acknowledgements. The author learned everything in this note while working with
Yohan Brunebarbe and Jacob Tsimerman. All of the results of the author described be-
low are joint with them, though any inaccuracies are his own. The author was partially
supported by NSF grant DMS-2401383, the Institute for Advanced Study, and the Charles
Simonyi Endowment.

2. Harmonic theory of local systems

On the archimedean side, we equip a semisimple complex local system with a plurihar-
monic hermitian metric; on the nonarchimedean side, we equip a semisimple local system
over a complete discretely valued field K with a pluriharmonic ultrametric norm. There is
a common framework for both of these structures using the notion of (pluri)harmonic maps
to non-positively curved (NPC, or CAT(0) in Gromov terminology) spaces (∆, d), which
was introduced by Korevaar–Schoen [38] as a common generalization of the classical case
where (∆, d) is a complete Riemannian manifold and the case of locally compact Euclidean
buildings first investigated by [31]. See [4, §6] for details and additional references.

Very roughly speaking, let (Ω, g) be a Riemannian domain, i.e. a connected open subset
of a Riemannian manifold (M, g) having the property that its metric completion Ω̄ is a
compact subset of M . Let (∆, d) be a complete metric space. There is an energy functional
E(u) one can associate to maps u : Ω → ∆, and harmonic maps are the locally energy
minimizing such maps. If there is an isometric embedding i : (∆, d) ↪→ (RN , dE) in a
Euclidean space, then the energy functional agrees with the usual one

E(u) =

∫
Ω
|d(i ◦ u)|2dvolΩ.

Importantly, if (∆, d) is NPC then the energy functional E(u) is convex. Finally, if M is a
complex analytic space, a map u : M → ∆ is called pluriharmonic if for any Kähler manifold
(N,h) equipped with a holomorphic map f : N →M the composite map u ◦ f : N → ∆ is
harmonic. We have the following existence theorem:

Theorem 2.1 (Corlette, Gromov–Schoen, Korevaar–Schoen). Let M be a complete Rie-
mannian manifold with a finitely generated fundamental group and basepoint m, (∆, d) a
proper NPC metric space, and ρ : π1(M,m) → Isom(∆, d) a group homomorphism. As-
sume that

• the action of ρ does not have a fixed point on ∂∆;
• there exists a finite energy1 ρ-equivariant map M̃ → ∆.

1Since the energy density of a ρ-equivariant map u : M̃ → ∆ is ρ-equivariant, it is well-defined on M ;
the map u is said to have finite energy if the integral on M of its energy density is finite.
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Then there exists a ρ-equivariant locally Lipschitz continuous map u : M̃ → ∆ of least
(finite) energy. In particular, u is harmonic.

Proof. When ∆ is a complete simply connected manifold with nonpositive sectional cur-
vature, this is [16, Theorem 2.2]. When ∆ is a locally compact Euclidean Bruhat-Tits
building, this is [31, Theorem 7.1]. In general, this is the conjunction of Theorem 2.1.3,
Remark 2.1.5 and Theorem 2.2.1 in [39]. □

Theorem 2.1 reduces the existence of finite energy harmonic maps to the existence of
finite energy maps, provided the boundary condition is satisfied. Moreover, in all the
cases we will be considering, an equivariant harmonic map from the universal cover of a
quasiprojective variety will automatically be pluriharmonic.

2.1. Archimedean case. (See [4, §7] and the references therein.) Let V be a complex
local system. If N (V ) → X is the bundle of hermitian metrics on fibers of V , a section
σ : X → N (V ) is equivalent to a hermitian metric on V , or equivalently a map u : X̃ →
N (Vx) which is equivariant with respect to the monodromy representation on the fiber Vx
for a choice of basepoint x. The space N (Vx) is naturally identified with the symmetric
space GL(Vx)/U(hx) after a choice of basepoint metric hx, so N (Vx) has a canonical left-
invariant metric, and from the previous section we say a metric is (pluri)harmonic if the
corresponding map X̃ → N (Vx) is (pluri)harmonic. The main existence theorem described
in Theorem 2.3 below is due to Corlette [15], Simpson in the proper case [64] and the case
of non-proper curves [63] and Mochizuki [44, 47] in general.

2.1.1. Tame harmonic bundles. Let E be a C∞-complex vector bundle on a complex man-
ifold X equipped with a flat connection ∇. A choice of a smooth hermitian metric h on
E induces a canonical decomposition ∇ = ∇h +Ψ, where ∇h is a unitary connection on E
with respect to h and Ψ is self-adjoint for h. Both decompose in turn in their components
of type (1, 0) and (0, 1): ∇h = ∂E + ∂̄E , Ψ = θ+ θ∗. In this case one shows that the metric
h is pluriharmonic if and only if the operator ∂̄E + θ is integrable, i.e. if the differentiable
form (∂̄E + θ)2 ∈ A2(End(E)) is zero.

Definition 2.2. A harmonic bundle (E ,∇, h) (or equivalently (E , ∂̄E , θ, h)) on a complex
manifold X is the data of a C∞-complex vector bundle E equipped with a flat connection
∇ and a pluriharmonic metric h.

If (E ,∇, h) is a harmonic bundle, then the holomorphic bundle EDol := (E , ∂̄E) equipped
with the one-form θ ∈ A1(End(E)) defines a Higgs bundle. By definition, this means that
θ is a holomorphic one-form with values in End(EDol) that satisfies θ ∧ θ = 0.

Let D be a normal crossing divisor in a smooth projective complex algebraic variety X̄.
A harmonic bundle (E ,∇, h) on X := X̄ \D is called tame if the associated Higgs bundle
(EDol, θ) on X is the restriction of a logarithmic Higgs bundle (Ē, θ) on (X̄,D). (It is
sufficient that the coefficients of the characteristic polynomial of the Higgs field θ extends
as logarithmic holomorphic symmetric forms.) A tame harmonic bundle (E ,∇, h) on X is
purely imaginary (resp. nilpotent) if the eigenvalues of the residues of θ in a logarithmic
extension (Ē, θ) of (EDol, θ) are purely imaginary (resp. zero). One easily checks that
these definitions do not depend on the choice of the log-compactification (X̄,D) and of
the extension (Ē, θ).

In general the correspondence between flat bundles and polystable Higgs bundles in-
volves parabolic structures on both sides. We will not give the details here (see [9] for a
more in-depth discussion), but it is useful to recall the general idea. A parabolic sheaf on
(X̄,D) extending an algebraic sheaf E on X is a Rπ0(Dreg)-indexed decreasing filtration
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Ē• of the associated meromorphic bundle E(∗D) on X̄ by coherent subsheaves satisfy-
ing a semicontinuity condition and such that Ēα+ei = Ēα(−Di). A parabolic bundle
is a parabolic sheaf which is Zariski-locally isomorphic to a direct sum of parabolic line
bundles (i.e. parabolic sheaves which are locally-free of rank 1). A locally free coherent
extension Ē determines a parabolic bundle extending E by setting Ēα := E(

∑
−⌊αi⌋Di);

such a parabolic bundle is said to be trivial. A tame pluriharmonic metric naturally in-
duces a parabolic extension—the moderate growth extension—of the associated flat and
Higgs bundles according to order of growth of the norm. Finally, the algebraic flat bun-
dle (with regular singularities) associated to a local system via Riemann–Hilbert admits
a natural parabolic bundle extension—called the Deligne–Manin parabolic extension—via
the Deligne construction.

A flat filtered regular meromorphic λ-connection bundle on (X̄,D) is a pair (Ē•,∇)
where Ē• is a parabolic bundle and ∇ : E → E ⊗ΩX is an (algebraic) operator such that
∇(fs) = λs⊗ df + f∇s and ∇2 = 0 in the usual sense. We further require that ∇ induces
an operator ∇ : Ēα → Ēα ⊗ ΩX̄(logD) for each α. A λ-connection for λ ̸= 0 is a flat
connection in the usual sense after scaling by λ−1; a 0-connection is OX -linear and the
same as a Higgs field.
Theorem 2.3 (Mochizuki [47, Theorem 1.1]). Let (X̄,D) be a projective log smooth variety
with ample bundle L and set X = X̄ \D.

(1) A flat filtered regular meromorphic λ-connection bundle (Ē•, D) is µL-polystable
with vanishing rational parabolic chern classes if and only if its restriction to X
admits a tame pluriharmonic metric for which the moderate growth parabolic ex-
tension agrees with Ē•. The metric is unique up to flat automorphisms.

(2) For a tame harmonic bundle (E,∇, h) on X, the following are true:
(a) The parabolic structure on the associated filtered regular flat bundle is the

Deligne–Manin extension if and only if the tame harmonic bundle is purely
imaginary.

(b) The parabolic structure on the associated filtered regular Higgs bundle is trivial
if and only if the eigenvalues of the residues of the connection in the De Rham
realization have integral real part, or equivalently if the local monodromy in the
Betti realization has purely positive real eigenvalues.

Corollary 2.4. Fix (X̄,D) and L as above. There is an equivalence of categories via purely
imaginary tame harmonic bundles with unipotent local monodromy between semisimple
logarithmic flat vector bundles with nilpotent residues and µL-polystable logarithmic Higgs
bundles on X̄ with vanishing rational chern classes and nilpotent residues.

2.1.2. The R>0-action. Let (X̄,D) be a projective log smooth variety and set X = X̄ \D.
Let L be an ample line bundle on X̄. If (Ē∗, θ) is a µL-polystable regular filtered Higgs
bundle on (X̄,D) with vanishing first and second rational parabolic Chern classes, then
(Ē∗, t · θ) is a µL-polystable regular filtered Higgs bundle on (X̄,D) with vanishing first
and second rational parabolic Chern classes for every t ∈ C∗. Moreover, if t ∈ R>0, (Ē∗, θ)
is purely imaginary if and only if (Ē∗, t · θ) is purely imaginary. Therefore, using the
correspondence between semisimple complex local systems on X and purely imaginary µL-
polystable regular filtered Higgs bundle on (X̄,D) with vanishing first and second rational
parabolic Chern classes (which follows from Theorem 2.3), we get a set-theoretic action of
R>0 on the set of semisimple complex local systemsMB(X)(C) (we will justify this notation
in the next section). Moreover, this action extends to a C∗-action on the set Munip

B (X)(C)
of semisimple complex local systems with unipotent local monodromy by Corollary 2.4.
We will see below that this latter action is continuous; in general the R>0-action has the
property that any orbit is a continuously embedded copy of R>0 in MB(X)(C).
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It follows from the functoriality of the Simpson–Mochizuki correspondence that the R>0

action (i) is independent of the choice of compactification, and therefore (ii) can be defined
functorially for connected normal algebraic spaces. Moreover, as in the proper case, we
have the following important interpretation of fixed points:

Lemma 2.5 (Simpson, Mochizuki). A semisimple complex local system V underlies a com-
plex variation of pure Hodge structures if and only if the corresponding point of MB(X)(C)
is fixed by R>0 (or any infinite subgroup thereof).

We recall the definition of a complex variation of Hodge structures in Definition 4.10.

2.2. Nonarchimedean case. In the nonarchimedean case, we equip a local system with
a harmonic ultrametric norm. In all this section, K will be a non-archimedean local field
with absolute value | · | : K → R≥0, i.e. either a finite extension of Qp or Fp((T )) for a
prime p. Write |K∗| = qZ for a positive integer q.

2.2.1. Non-archimedean norms. References for this section include [28, 27, 8, 6] and [4,
§10].

Definition 2.6. Let V be a finite dimensional K-vector space. A norm on V is a function
∥ · ∥ : V → R≥0 such that

(1) ∥v∥ = 0 ⇐⇒ v = 0;
(2) ∥av∥ = |a|∥v∥ for all a ∈ K, v ∈ V ;
(3) ∥v + w∥ ≤ max{∥v∥, ∥w∥} for all v, w ∈ V .

We write N (V ) for the set of norms on V .

Let V be a K-vector space of dimension N . Let ∥·∥ be a norm on V . A basis e = (ei) of
V such that ∥

∑
i aiei∥ = maxi(∥aiei∥) for every a1, . . . , an ∈ K is said to be orthogonal for

∥ · ∥. Every norm admits an orthogonal basis [28, Proposition 1.1], and every two norms
always have a common orthogonal basis [28, Proposition 1.3]. Subspaces and quotient
spaces naturally inherit norms, as do duals and wedge powers.

The group GL(V )(K) naturally acts on N (V ). To each basis e = (ei) of V is associated
an injective map

ιe : RN ↪→ N (V ),

which takes a ∈ RN to the unique norm ∥ · ∥e,a that has (ei) as an orthogonal basis and
such that log ∥ei∥e,a = −ai. The image Ae := ιe(Rn) ⊂ N (V ) is thus the set of norms for
which the given basis e is orthogonal, and is called an apartment (or flat) of N (V ).

For ∥ · ∥, ∥ · ∥′ ∈ N (V ) two norms on V , we may choose a common orthogonal basis e
and it turns out

d2(∥ · ∥, ∥ · ∥′) :=

(
N∑
i=1

(
log

∥ei∥′

∥ei∥

)2
)1/2

is independent of the choice. This defines the Bruhat–Tits metric on N (V ):

Theorem 2.7 (See [27, 2.4.7, Corollaire 2] and [6, Theorem 3.1 and Corollary 3.3]). The
function d2 : N (V ) × N (V ) → R≥0 defines a metric on N (V ), and (N (V ), d2) is a NPC
complete metric space. The Bruhat-Tits metric d2 is the unique metric on N (V ) for which
ιe : (RN , l2) ↪→ (N (V ), d2) is an isometric embedding for each basis e of V , where l2 is the
eulidean metric.

The extended Bruhat-Tits building ∆(GL(V ),K) can be canonically identified with
(N (V ), d2) as metric spaces equipped with an isometric action of GL(V )(K), see [8].
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2.2.2. Pluriharmonic norms on local systems. Let X be a complex analytic space equipped
with a K-local system V . Let N (V ) → X be the space of norms on fibers; as before, a
norm on V is equivalently a section of N (V ) → X or a map u : X̃ → N (Vx) which is
equivariant for the monodromy representation at x. A (pluri)harmonic norm is one for
which u : X̃ → N (Vx) is (pluri)harmonic.

The main existence theorem is the following:

Theorem 2.8 ([7]+ϵ). Let (X̄,D) be a projective log smooth variety and set X = X̄ \D.
Let V be a semisimple K-local system on X with quasiunipotent local monodromy. Then V
admits a pluriharmonic norm of finite energy with respect to any Poincaré-type complete
Kähler metric on X.

Let G be the identity component of the Zariski closure of the image of the monodromy
representation of V . When G is simple, a proof of this result is given in [33]. For G = SL2, a
detailed proof appears in [17]. The case where G is semisimple has been recently addressed
in [18, 7], in the more general setting of harmonic maps with possibly infinite energy. The
general statement of Theorem 2.8 is proven in [4, Theorem 10.26]

2.2.3. Katzarkov–Zuo foliations. One of the main uses of pluriharmonic norms is to al-
gebraically distinguish subvarieties along which a nonarchimedean local system has an
integral structure.

Theorem 2.9. Let X be a connected normal algebraic space and V a K-local system with
quasiunipotent local monodromy. There is an algebraic map f : X → Y with the property
that for any algebraic map g : Z → X from a connected Z, g factors through a fiber of f
if and only if g∗V has an OK-structure.

The map f is called a Katzarkov–Zuo reduction; versions of Theorem 2.9 have been
proven in [23, 7, 12, 4]. We briefly explain the connection between Theorem 2.9 and the
existence of a pluriharmonic norm. We may assume X is smooth. The locally euclidean
structure of the building N (Vx) means locally there are canonical real one-forms, which
when pulled back under a pluriharmonic map u : X̃ → N (Vx) yield local pluriharmonic
one forms. These pluriharmonic one-forms are in turn the real parts of complex analytic
one-forms, which are well-defined up to the action of a finite group G, and the finiteness of
the energy implies the resulting symmetric forms extend to a log smooth compactification
of X. By definition these symmetric forms are locally split, so there is a branched cover
π : X ′ → X on which they globally split, and we obtain a space WV of algebraic one-forms
on X ′. For any algebraic map g′ : Z ′ → X ′, the one-forms WV pull back trivially to Z ′ if
and only if the composition u◦ g̃′ is constant if and only if the monodromy of g′∗V preserves
a norm, that is, preserves an integral lattice. If AV is the smallest quotient of the Albanese
of X ′ from which the one-forms WV are pulled back, then the required reduction is the
morphism X → G\A. Moreover, the locally split symmetric forms cut out a multilinear
foliation on X called the Katzarkov–Zuo foliation which is pulled back from G\AV . Note
that the image Y ⊂ G\AV has the property that it contains no algebraic subvariety which
is tangent to the foliation, for if it did, the abelian subvariety generated by it (in AV )
would also be tangent, and then AV would not be the minimal quotient from which WV

is pulled-back. We say therefore say the foliation is algebraically integrable if the leaves in
Y are 0-dimensional.

For later use, we remark that while the global one-forms αi on X ′ do not descend, the
following canonical (1,1)-form does descend as a current

√
−1
∑
i

αi ∧ ᾱi.



MIXED NON-ABELIAN HODGE THEORY 7

We denote by ωV the descent to X. Note that ωV is always semipositive and generically
positive on the image of the Katzarkov–Zuo reduction if and only if the Katzarkov–Zuo
foliation is algebraically integrable.

3. Moduli spaces of local systems

3.1. The Betti stack. (See [4, §4] and the references therein.) Let X be a connected
algebraic space. We denote by MB(X) the algebraic stack of local systems on Xan. We
can think of its points over an affine scheme SpecA as the groupoid of local systems of
finite-rank free A-modules on Xan, which we just refer to as free A-local systems on X. It
is the disjoint union of the stacks MB(X, r) of rank r free local systems. Concretely, after
choosing a basepoint x ∈ X(C), we may identify MB(X, r) := [GLr\RB(X,x, r)], where
RB(X,x, r) := Hom(π1(X

an, x),GLr) is the affine scheme whose A-points are homomor-
phisms π1(Xan, x) → GLr(A) and where GLr acts by conjugation. We can also think of
an A-point of RB(X,x, r) as a free A-local system V on Xan equipped with a framing at
x—an isomorphism Vx

∼=−→ Ar. The algebraic stack MB(X) is naturally defined over Z but
we usually consider it over Q.

The stack MB(X) admits a quasiprojective good moduli space MB(X) in the sense
of [2] (or GIT [51]). This in particular means there is an affine scheme MB(X) and a
morphism cX : MB(X) → MB(X) which is surjective on C-points and universally closed
(see [68, Tag 0513]) in the Zariski topology. We may construct it as follows. After choosing
a basepoint x, observe that RB(X,x, r) = SpecH0(RB(X,x, r),ORB(X,x,r)) is affine. Then
MB(X, r) = Spec(H0(RB(X,x, r),ORB(X,x,r))

GLr) is the spectrum of the invariant ring
and the C-points of MB(X) are naturally identified with isomorphism classes of semisimple
complex local systems [66, Proposition 6.1].

For any morphism f : X → Y of algebraic spaces there is a representable Q-morphism
of algebraic stacks f∗ : MB(Y ) → MB(X) given by pull-back, which is in fact the disjoint
union of the quotients of the natural pull-backs f∗ : RB(Y, y, r) → RB(X,x, r) of framed
local systems.

3.2. The De Rham stack. (See [4, §5] and the references therein.) In the following, by a
countably finite type algebraic (or analytic) stack we mean a stack with a countable open
cover by finite type algebraic (or analytic) stacks.

Let X be a smooth algebraic variety. There is a natural analytic stack MDR(X
an) of

analytic flat vector bundles on Xan. In fact, by solving the connection, there is a natural
biholomorphism

RHXan : MDR(X
an)

∼=−→ MB(X)an.

Unfortunately MDR(X
an) does not in general have a well-behaved algebraic structure.

Example 3.1. Let X = Gm in either the algebraic or the analytic category and consider
the stack of rank 1 flat vector bundles (L,∇) on X. The underlying line bundle is necessar-
ily L ∼= OX , so the natural action by H0(X,ΩX) on MDR(X) sending (L,∇) to (L,∇+α)
is transitive, while the choice of identification with OX is a torsor for H0(X,O×

X). Thus, we
can realize MDR(X) as [H0(X,O×

X)\H0(X,ΩX)], where an invertible function f acts on
a form α as α 7→ d log f +α. In the analytic category, integrating α around the unit circle
and exponentiating provides a natural coordinate and provides the isomorphism with the
analytification of MB(X) ∼= [Gm\Gm], where Gm acts trivially. In the algebraic category,
H0(X,O×

X) consist of powers qn up to scaling, H0(X,ΩX) = C[q, q−1]dq, and λqn acts by
adding ndq

q so the quotient is not of finite type.

https://stacks.math.columbia.edu/tag/0513
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What is missing in the algebraic description of the De Rham stack is the requirement
that the singularities be regular, as indeed Deligne’s version of the Riemann-Hilbert corre-
spondence is an equivalence of categories between the category of local systems on Xan and
the category of algebraic flat vector bundles on X with regular singularities. This condition
makes reference to the existence of a logarithmic extension to a log smooth compactifi-
cation. Thus, for a log smooth compactification (X̄,D) of X, we introduce MDR(X̄,D)
the stack of logarithmic connections, which is countably finite type. The analytification
MDR(X̄,D)an is naturally identified with the analytic stack MDR(X̄

an, Dan) of analytic
logarithmic connections by GAGA.

Example 3.2. Continuing Example 3.1, let X = Gm again and take X̄ = P1. The
De Rham stack MDR(X̄,D, 1) of rank one logarithmic connections is a union over k ∈
Z of [Gm\H0(X,ΩX(logD))]. On the kth factor we associate to a log one-form α the
logarithmic connection (OX̄(k), d+ α) where we consider OX̄(k) as the sheaf of functions
with at worst a k-order pole at ∞ and Gm acts trivially.

3.3. The Riemann–Hilbert functor. We have a natural analytic morphism RH(X̄,D) :

MDR(X̄,D)an → MB(X)an given as the composition

MDR(X̄,D)an ∼= MDR(X̄
an, Dan) → MDR(X

an)
RHXan−−−−→ MB(X)an.

In general, the fibers of RH(X̄,D) might be complicated when eigenvalues of the residue
differ by nonzero integers, but it is a surjective local isomorphism in restriction to the
complement of this locus.

Let Mnilp
DR(X̄,D) ⊂ MDR(X̄,D) be the closed substack of logarithmic connections for

which the residue of the connection is nilpotent. On the nilpotent substack Gieseker and
slope (semi)stability are equivalent (with respect to any polarization) and semistability is
automatic since the rational Chern classes of any logarithmic connection with nilpotent
residues vanish [22, Appendix B]. Moreover every point is GIT-semistable by [65, Theorem
4.10]. Thus we may form the good moduli space Mnilp

DR (X̄,D).
Denote by Munip

B (X) ⊂ MB(X) the closed substack of local systems with unipotent
local monodromy, and Munip

B (X) the good moduli space. We also define the corresponding
notions for the framed moduli space Rnilp

DR(X̄,D, x) and Runip
B (X,x).

Lemma 3.3. The restriction of the Riemann–Hilbert morphism gives an isomorphism

RHnilp
(X̄,D)

: Mnilp
DR(X̄,D)an → Munip

B (X)an.

The same is true for good moduli spaces and framed spaces.

3.4. Absolute sets and the density of the quasiunipotent locus. We define an
action of σ ∈ Aut(C/Q) on MB(X)(C) as follows. For σ ∈ Aut(C/Q), we define V σ :=
RH(X̄σ ,Dσ)(RH

−1
(X̄,D)

(V )σ) ∈ MB(X
σ)(C). We then define an absolute Q̄-constructible

subset Σ ⊂ MB(X)(C) to be a Q̄-constructible subset for which Σσ is Q̄-constructible for
all σ ∈ Aut(C/Q).

Theorem 3.4 ([4, Theorem 1.11]). Let X be a connected normal complex algebraic space
and Σ ⊂ MB(X)(C) be an absolute Q̄-constructible subset. Let Σqu be the locus of points
with quasiunipotent local monodromy. Then Σqu is Zariski dense in Σ.

This is a generalization of a result of Esnault–Kerz [21]; the idea behind Theorem 3.4
is also present in [11]. The proof uses the fact that taking residue/local monodromy com-
mutes with RH(X̄,D), and we thereby reduce to the transcendence theory of the complex
exponential, specifically the Ax–Schanuel and Gelfond–Schneider theorems.
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3.5. The nilpotent residue Dolbeault stack. (See [4, §7] and the references therein.)
Let (X̄,D) be a projective log smooth variety. A logarithmic Higgs sheaf on (X̄,D)
is a coherent OX̄ -module E on X̄ together with a morphism of OX̄ -modules θ : E →
ΩX̄(logD)⊗OX̄

E such that θ∧ θ = 0. Equivalently, it is a (left) SymTX̄(− logD)-module
which is coherent as a OX̄ -module. A Higgs bundle is a Higgs sheaf (E, θ) such that E is
a locally free OX̄ -module.

The logarithmic Higgs bundles corresponding to local systems via Theorem 2.3 will
in general have nontrivial parabolic structures, and these parabolic structures have real
parameters. Thus, we cannot hope to have an algebraic Dolbeault moduli space which
is real-analytically isomorphic to either the entire Betti or De Rham space. If we fix the
eigenvalues of the local monodromy, however, this will be the case. We discuss the most
imporatn case below, namely that of unipotent local monodromy.

Fix L an ample line bundle on X̄. For logarithmic Higgs sheaves with vanishing
Chern classes, Gieseker-semistability (resp. Gieseker-stability) is equivalent to slope-
semistability (resp. slope-stability), and any slope-semistable logarithmic Higgs sheaf with
vanishing Chern classes is locally free. We form the framed space RDol(X̄,D, x, r), stack
MDol(X̄,D, r) := [GLr\RDol(X̄,D, x, r)], and since every point is GIT seimstable with re-
spect to an appropriate linearized polarization, there is a good moduli spaceMDol(X̄,D, r) :=
GLr\\RDol(X̄,D, x, r) of semistable logarithmic Higgs sheaves with vanishing chern classes.
The stack of Gieseker-semistable logarithmic Higgs bundles with vanishing rational Chern
classes and whose Higgs field has nilpotent residues is easily seen to be a closed sub-
stack which we denote Mnilp

Dol(X̄,D, r) = [GLr\Rnilp
Dol(X̄,D, x, r)], with good moduli space

Mnilp
Dol (X̄,D, r) = GLr\\Rnilp

Dol(X̄,D, x, r).

3.5.1. The Gm-action. The algebraic group Gm acts on the complex algebraic variety
RDol(X̄,D, x, r) by scaling the Higgs field. This action commutes with the action of GLr

on RDol(X̄,D, x, r), hence it induces an action of Gm on the moduli stack MDol(X̄,D, r)
and on its good moduli space MDol(X̄,D, r) such that the morphisms RDol(X̄,D, x, r) →
MDol(X̄,D, r) → MDol(X̄,D, r) are Gm-equivariant. The closed subvarieties/substacks
corresponding to nilpotent residues are Gm-stable, so we also obtain Gm-actions onRnilp

Dol(X̄,D, x, r),
Mnilp

Dol(X̄,D, r) and Mnilp
Dol (X̄,D, r).

The fixed points of the action of Gm (or any infinite subgroup thereof) correspond to
the logarithmic Higgs bundles which come from complex variations of Hodge structure.

Proposition 3.5. For every x ∈MDol(X̄,D, r), the morphism

Gm →MDol(X̄,D, r), t 7→ t · x
extends uniquely to a morphism A1 →MDol(X̄,D, r). The image of 0 ∈ A1 is fixed by the
action of Gm and therefore corresponds to a C-VHS.

3.6. The nilpotent residue De Rham–Dolbeault comparison. Let (X̄,D) be a pro-
jective log smooth variety. According to Corollary 2.4, lifting to purely imaginary tame
harmonic bundles yields a bijective map of sets

(3.1) SMnilp
(X̄,D)

:Mnilp
Dol (X̄,D)(C) →Mnilp

DR (X̄,D)(C)

which is functorial with respect to pull-back along algebraic morphisms.

Theorem 3.6 ([4, Theorem 1.12]+[69]). For a projective log smooth variety (X̄,D), the
comparison SMnilp

(X̄,D)
is a homeomorphism in the euclidean topology.

Remark 3.7. When (X̄,D) is a curve, Theorem 3.6 is proven in [4], and it follows via
restriction to a Lefschetz curve that SMnilp

(X̄,D)
is a bijective continuous map. This was
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extended to a general projective log smooth variety by Tran [69] by using the properness
of the Hitchin map to show that restriction to a Lefschetz curve is proper on the Dolbeault
side.

4. Twistor geometry of local systems

Mixed complex twistor structures and graded polarizable variations of mixed complex
twistor structure were introduced by Simpson; they are objects whose Gm-equivariant
versions are mixed complex Hodge structures and graded polarizable variations of mixed
Hodge structures. Importantly, whereas any C∗-fixed semisimple complex local system
underlies a complex variation of Hodge structure, any semisimple complex local system
underlies a variation of pure complex twistor structures. The main references for this
section are [61, 48] and [4, §4].

4.1. Mixed twistor structures.

Definition 4.1. A complex mixed twistor structure (C-MTS) is a pair (V,W•) where V
is a locally free coherent OP1-module on P1 and W• is an increasing locally split filtration
(called the weight filtration) by OP1-submodules such that for each k, grWk V ∼= OP1(k)nk

for some nk. A C-MTS is pure of weight k if grWj V = 0 for all j ̸= k. A morphism of
C-MTS is a filtered morphism of OP1-modules.

Morphisms of mixed twistor structure are automatically strict with respect to the weight
filtration, and so the category of mixed twistor structures forms an abelian category.

Equip A1 and P1 with the standard scaling actions by Gm. Via the Rees construction,
a Gm-equivariant locally free sheaf on A1 is equivalent to a vector space equipped with
a filtration, and a Gm-equivariant locally free sheaf on P1 is equivalent to a vector space
equipped with two filtrations. One may check that a Gm-equivariant (mixed) twistor
structure recovers the usual definition of a complex (mixed) Hodge structure.

Definition 4.2. Let k ∈ Z. A complex pure Hodge structure (C-HS) of weight k is
a triple (V, F •, F ′•) where V is a finite-dimensional C-vector space and F •, F ′• are k-
opposed decreasing filtrations. Recall that this means that grpF grqF ′ V = 0 if p + q ̸= k,
and implies that there is a splitting V =

⊕
p+q=k V

p,q such that F p =
⊕

i≥p V
i,k−i and

F ′q =
⊕

i≥q V
k−i,i given by V p,q = F p ∩ F ′q.

Morphisms of C-HS are filtered morphisms. A polarization of V is a hermitian form h
on V such that the splitting V =

⊕
p+q=w V

p,q is orthogonal and
⊕

p+q=k(−1)ph|V p,q is
positive definite.

Note that any C-HS is polarizable.

Definition 4.3. A complex mixed Hodge structure (C-MHS) is a quadruple (V,W•, F
•, F ′•)

where V is a finite-dimensional C-vector space, W• is an increasing filtration (called the
weight filtration), and F •, F ′• are decreasing filtrations, such that (grWk V, F • grWk V, F ′• grWk V )

is a weight k C-HS for all k. Equivalently, we ask that grpF grqF ′ grWk V = 0 if p+ q ̸= k.
Morphisms of C-MHS are morphisms compatible with all three filtrations. A graded

polarization h• is a polarization hk on the graded object grWk V for each k.

Note that any C-MHS is graded-polarizable. Morphisms of C-MHS are automatically
strict for each filtration, and so the category of C-MHS is abelian.
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4.2. Splittings of mixed twistor structures. Deligne [19] shows the existence of func-
torial splittings of either (W•, F

•) or (W•, F
′•) in the category of C-MHS, and a similar

splitting exists for mixed twistor structures.
It is first useful to have the following version of the Rees construction, which is the

twistor version of [54]. Let L be the total space of the line bundle OP1(1) on P1 with the
scaling action by Gm, 0L ⊂ L the zero section, and π : L → P1 the projection. There is a
natural equivalence of categories between coherent sheaves V on P1 and Gm-equivariant
coherent sheaves V on L\0L given by pullback along the quotient L\0L → P1 by the Gm-
action. There is moreover an equivalence of categories between filtered Gm-equivariant
coherent sheaves (V,W•) on L \ 0L and Gm-equivariant coherent sheaves V̄ on L with no
embedded points along the zero section. In the forward direction, we associate to a filtered
equivariant sheaf (V,W•) (corresponding to a filtered sheaf (V,W•) on P1) the equivariant
sheaf on L generated by π∗Wk(−k0L), or equivalently generated by the sections of Wk

with torus weights ≥ k. Note that V̄|0L is canonically isomorphic to
⊕

k π
∗ grWk V (−k),

and π∗ grWk (−k) has pure torus weight −k. An equivariant sheaf V̄ on L has a natural
filtration W̄k by sections of torus weight ≥ −k, and we associate the restriction to L \ 0L.
We have therefore proven the following:

Lemma 4.4. There is a natural equivalence of categories as above between the category of
complex mixed twistor structures and the category of Gm-equivariant locally free sheaves
on L whose restriction to 0L is trivial.

As a consequence, we obtain a version of the Deligne splitting, since choosing a section
s of L through λ ∈ 0L, V̄|s is trivial.

Corollary 4.5. Fix a point λ ∈ P1. Then every mixed twistor structure admits a func-
torial splitting of its weight filtration in restriction to P1 \ {λ}. The splitting is moreover
compatible with tensor products and duals.

In the case of C-MHS (that is, the Gm-equivariant C-MTS case), we obtain the two
Deligne splittings by taking sections vanishing at the two torus fixed points, since the
fibers there are canonically grF grW and grF ′ grW .

Corollary 4.5 has an important consequence. We let T(0) = OP1 be the weight 0
Tate object in the category of mixed twistor structures, and we define a pro-T(0)-MTS-
algebra to be a T(0)-algebra object in the pro-completion of the category of mixed twistor
structures.

Corollary 4.6. Let A → B be a morphism of pro-T(0)-MTS-algebras. Then A → B is
locally trivial over P1 as a morphism of sheaves of algebras.

This follows from Corollary 4.5 since the statement is clear for grW B over grW A, and
using the Deligne splitting we are reduced to this case away from any point λ ∈ P1.

4.3. Variations of mixed twistor structures.

Example 4.7. Let (X̄,D) be a log smooth projective variety. Let V = (V, h,∇) be a
tame harmonic bundle on X with underlying C∞ bundle V and ∇ = ∇h + θ + θ∗. Let
AX := C∞

X ⊠OP1 be the sheaf of C∞ functions on XP1 = X × P1 which are holomorphic
in the P1 direction. Let V := V ⊠OP1 , which is naturally an AX -module on XP1 . Then,
choosing generating sections x, y of OP1(1) vanishing at 0 and ∞ respectively, there is a
natural x∂XP1/P1 +y∂̄XP1/P1-connection D : V → V ⊗ΩXP1/P1(1) given by D = xD′+yD′′

where D′ = ∇1,0
h + θ∗ and D′′ = ∇0,1

h + θ which satisfies the integrability condition 0 =
D2 = x2D′2 + xy(D′D′′ +D′′D′) + y2D′′2. The resulting (V ,D) is the variation of pure
twistor structures (C-VTS) of weight 0 associated to the tame harmonic bundle V. If
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the harmonic bundle is tame and purely imaginary, the harmonic metric is unique up to
flat automorphism, and such an automorphism induces an isomorphism of the associated
C-VTS. Thus, any semisimple complex local system underlies a weight 0 C-VTS which is
unique up to isomorphism.

Definition 4.8. A tame graded polarizable variation of mixed twistor structures (C-VMTS)
on X is a triple (V ,W•V ,D) where

• V is a AX -module on XP1 ;
• D : V → V ⊗ΩXP1/P1(1) is an integrable x∂XP1/P1 +y∂̄XP1/P1-connection as above;
• W•V is a D-flat increasing filtration of V (called the weight filtration);
• There exists a harmonic hermitian metric hk on each grWk V such that (grWk V , hk, gr

W
k D)

is the C-VTS of weight k associated to a tame purely imaginary harmonic bundle
by shifting by OP1(k).

A morphism of C-VMTS is a morphism of AX -modules which is compatible with the
filtration and the operator D .

We will want to require an admissibility condition on our variations of mixed twistor
structures which vaguely speaking means it extends well to a log smooth compactification.
We make the following definition without fully explaining what twistor D-modules are.
See [48] for details.

Definition 4.9. Let (X̄,D) be a log smooth projective variety with X = X̄ \ D. An
admissible graded polarizable variation of mixed twistor structures (C-AVMTS) on X is a
a tame purely imaginary graded polarizable variation of mixed twistor structures as above
which extends to a mixed twistor D-module on X̄.

For completeness we also give the definition of a variation of mixed Hodge structures.

Definition 4.10. Let X be a complex manifold. A graded polarizable complex variation
of mixed Hodge structures (C-VMHS) on X is a quadruple (V,W•, F

•, F ′•) where
• V is a complex local system;
• W• is a flat increasing filtration of V (called the weight filtration);
• F • is a locally split decreasing filtration of OX ⊗CX

V such that ∇F p ⊂ F p−1⊗ΩX

for each p, where ∇ is the natural flat connection;
• F ′• is a locally split decreasing filtration of ŌX⊗CX

V such that ∇̄F ′p ⊂ F ′p−1⊗Ω̄X

for each p, where ∇̄ is the natural flat connection;
• There exists a flat hermitian form hk on each grWk V such that for each x ∈ X,
(Vx, (W•)x, (h•)x, F

•
x , F

′•
x ) is a graded polarized C-MHS.

A C-VMHS for which grWk V = 0 for all but one k is a polarizable complex variation of
pure Hodge structures (C-VHS). A morphism of C-VMHS is a morphism of local systems
which is compatible with all three filtrations.

As in the case of variations of twistor structures, there is an admissibility condition in
the mixed case.

4.4. The results of Sabbah and Mochizuki. In this section we review the results
of Simpson, Sabbah, and Mochizuki putting functorial mixed twistor structures on the
cohomology groups of admissible variations of mixed twistor structures, which recovers
Saito’s theory of mixed Hodge modules by taking Gm-equivariant objects.

We denote by MTMtpi(X,C) the full subcategory of the category of mixed twistor D-
modules consisting of tame purely imaginary algebraic mixed twistor D-modules. The
algebraicity condition means the twistor D-module extends to X̄.
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Theorem 4.11 (Sabbah [55], Mochizuki [45, 46, 48]). Let X be an algebraic space.
(1) For each λ ∈ Gm there are natural exact specialization functors

DbMTMtpi(X,C) DbHol(X)

Db
c(CX)

spDR
λ

spBλ

by scaling the λ-connection to the derived category of regular holonomic D-modules
and the derived category of constructible sheaves, where the right functor is the
Riemann–Hilbert functor.

(2) For λ = 1, spB1 is faithful, and there are natural functors f∗, f
∗, f!, f

!,DX ,⊗
(the first four associated to any algebraic map f : X → Y ) commuting with
the corresponding functors on Db(CX) via spB1 . The pair (f∗, f∗) is adjoint, and
f ! = DXf

∗DX , f! = DXf∗DX .

4.5. Deformation theory. Using Theorem 4.11, the deformation and obstruction spaces
of a local system carry functorial mixed twistor structures, and this can be used to lift the
entire deformation functor to the category of variations of mixed twistor structures. We
state here the precise result for the framed space RB(X,x, r); the analogous structures
on the stack MB(X) are more canonical, but the presence of inertia makes the functorial
properties more complicated.

Theorem 4.12 ([4, Theorem 4.2]). Let X be a connected algebraic space, x ∈ X a base-
point, and V ∈ MB(X)(C) a complex local system equipped with an admissible graded
polarizable complex variation of mixed twistor structures (C-AVMTS). Let ϕ : Vx → Cr

be a framing of V at x. Let M be Cr equipped with the mixed structure induced via ϕ.
Let (ÔRB(X,x),(V,ϕ), V̂ ) be the universal local system at (V, ϕ) for RB(X,x) with universal
framing ϕ̂ : V̂x → ÔRB(X,x),(V,ϕ) ⊗C Cr.

(1) There exists a pro-T(0)-MTS-algebra structure on ÔRB(X,x),(V,ϕ) and a pro-ÔRB(X,x),(V,ϕ)-
AVMTS structure on V̂ that is compatible with V and such that the framing ϕ̂ :
V̂x → ÔRB(X,x),(V,ϕ) ⊗T(0) M is a morphism of pro-ÔRB(X,x),(V,ϕ)-MTS-modules.

(2) For a fixed C-AVMTS structure on V , the pair (ÔRB(X,x),(V,ϕ), (V̂ , ϕ̂)) is uniquely
determined by the following universal property. For any artinian local T(0)-MTS-
algebra A and any A-AVMTS U which is equipped with a framing ψ : Ux → A⊗T(0)

M which restricts to (V, ϕ) mod mA, there is a unique morphism ÔRB(X,x),(V,ϕ) → A

of local pro-T(0)-MTS-algebras such that (A, (U,ψ)) is isomorphic to A⊗(ÔRB(X,x),(V,ϕ), (V̂ , ϕ̂)).
(3) These structures are functorial. For any morphism f : (Y, y) → (X,x) of con-

nected algebraic spaces respecting basepoints, the induced pullback morphism f∗ :
RB(X,x) → RB(Y, y) induces a morphism ÔRB(Y,y),(f∗V,f∗ϕ) → ÔRB(X,x),(V,ϕ) of
pro-T(0)-MS-algebras. In the same way, these structures are compatible with the
direct sum and tensor product morphisms.

Finally, if V underlies an admissible graded polarizable variation of complex mixed Hodge
structures, all of the above mixed twistor structures (and variations thereof) can be uniquely
lifted to mixed Hodge structures.

The corresponding statements in the Hodge case were proven for X smooth projective
and V a complex variation of Hodge structures in [25], and part (1) has been addressed in
the quasiprojective case in [42, 41]. The twistor case has been investigated by Simpson in
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the compact case [60], and some partial results given in the case of a quasiprojective curve
[62, 67].

Definition 4.13. A subvariety Z ⊂ RB(X,x) is formally twistor at z ∈ Z if the cor-
responding quotient of completed local rings ÔRB(X,x),z → ÔZ,z lifts to the category of
pro-T(0)-MTS algebras.

4.6. Construction of the Deligne–Hitchin space. The construction here is taken from
[4, §8] and is largely based on Simpson’s description [60]; see [62, 67] for some related
discussion.

Let (X̄,D) be a connected log smooth algebraic space with X = X̄ \D and MHod(X̄,D)
the stack of logarithmic λ-connections. Precisely, an S-point of MHod(X̄,D) consists of a
triple (λ, Ē,∇) where λ ∈ OS(S) and Ē is a locally free OX̄×S-module on X̄S := X̄ × S
equipped with a flat logarithmic λ-connection ∇—that is, an operator ∇ : E → E ⊗
ΩX̄S/S

(logDS) satisfying ∇(fs) = λs ⊗ dX̄f + f∇s and ∇2 = 0. As for the De Rham
stack, MHod(X̄,D) is a countably finite type algebraic stack. There is a natural morphism
λ : MHod(X̄,D) → A1, as well as a Gm-action on MHod(X̄,D) by scaling the connection
which covers the scaling action on A1.

It will often be simpler to consider the framed space RHod(X̄,D, x) for x ∈ X, whose S-
points are S-points (λ, Ē,∇) of MHod(X̄,D) together with an isomorphism ϕ : Ē|x×S

∼=−→
Ork Ē

S . Then RHod(X̄,D, x) is a countably finite type algebraic space which comes with
a morphism λ : RHod(X̄,D, x) → A1 and a Gm-action. Clearly, the rank r substack
MHod(X̄,D, r) is identified with the quotient [GLr\RHod(X̄,D, x, r)] of the framed rank
r space.

The symmetry offered by the C∞ perspective motivates the construction of the Deligne–
Hitchin space, so we describe it informally. An S-point of MHod(X̄,D)an in particular
gives a AX̄S

= C∞
X̄

⊠OS-module Ē on X̄an
S together with a flat λ∂Xan + ∂̄Xan connection

D = ∇ + ∂̄Ē on E := Ē |Xan , where ∂̄Ē is the holomorphic structure on Ē. Note that
∇ = D1,0 and ∂̄Ē = D0,1. These are the same types of operators that define a variation
of mixed twistor structures, restricted to P1 \ ∞. As realized by Simpson and Sabbah
[63, 55], the eigenvalues of the residues of the λ-connection associated to a variation of
mixed twistor structures behave in a regular way, although it depends on the parabolic
structures as well. For λ ∈ C, define the bijection (see [55]) kλ : R× C → R× C by

(4.1) kλ(a, α) = (pλ(a, α), eλ(a, α))

{
pλ(a, α) := a+ 2ℜ(λᾱ)
eλ(a, α) := α− aλ− ᾱλ2.

For any λ ∈ C the set of pairs (a, α) ∈ R × C where α is an eigenvalue of the residue of
the logarithmic extension occurring in the ath graded piece of the parabolic structure in
the λ specialization is called the KMS-spectrum at λ. The KMS-spectrum at λ is then the
image under kλ of the KMS-spectrum of the λ = 0 specialization.

For n ∈ N, denote by R
qu|n
Hod (X̄,D, x) ⊂ RHod(X̄,D, x) the closed subspace of λ-

connections with residues contained in λ · ( 1nZ ∩ (−1, 0]) ⊂ C. Let Rqu|n,loc
Hod (X̄,D, x) be

the germ of an open neighborhood of Rqu|n
Hod (X̄,D, x)

an in RHod(X̄,D, x)
an. It is useful for

example to keep in mind the open neighborhoods for which the λ-connection has residual
eigenvalues in λ ·Bϵ(

1
nZ ∩ (−1, 0]), where for Ξ ⊂ C we let Bϵ(Ξ) be the union of radius ϵ

balls centered at points of Ξ and ϵ < 1
2n is sufficiently small.
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Let (X̄c, D̄c) be the complex conjugate variety. There is a natural holomorphic isomor-
phism2 R

qu|n,loc
Hod (X̄,D, x)|Gm

∼= R
qu|n,loc
Hod (X̄c, Dc, x)|Gm covering the involution λ 7→ λ−1

and locally equivariant with respect to the Gm-action after twisting by t 7→ t−1 on the
target which is described as follows. For an S-point of Rqu|n,loc

Hod (X̄,D, x)|Gm given by
(λ, Ē,∇, ϕ) = (λ, Ē ,D , ϕ), the rescaled framed connection (Ē , λ−1D1,0 +D0,1, ϕ) is a fam-
ily of flat connections whose residues have eigenvalues contained in (−1 + ϵ, ϵ] + iR. It
follows that the extension is the Deligne extension of the underlying family of framed local
systems S → RB(X,x)

an, which works in families since the eigenvalues of the local mon-
odromy admit a continuous logarithm. We can form the antiholomorphic Deligne extension
(Ē ′,D0,1+λ−1D1,0, ϕ) with eigenvalues in (−1+ ϵ, ϵ]+ iR, and rescaling (λ−1, Ē ′, λ−1D , ϕ)

provides the required S-point of Rqu|n,loc
Hod (X̄c, Dc, x)|Gm . Gluing R

qu|n,loc
Hod (X̄,D, x) to

R
qu|n,loc
Hod (X̄c, Dc, x) via this identification we obtain a countably finite type complex an-

alytic space R
qu|n,loc
DH (X̄,D, x) with an analytic map π : R

qu|n,loc
DH (X̄,D, x) → P1, re-

stricting to the corresponding structure on the two RHod spaces. We similarly construct
Mqu|n,loc

DH (X̄,D) by gluing, and identify Mqu|n,loc
DH (X̄,D) with the quotient ofRqu|n,loc

DH (X̄,D, x)
by GLr(C). The derivation Θ associated to the Gm-action glues to give a natural global
derivation Θ compatibly on Mqu|n,loc

DH (X̄,D) and R
qu|n,loc
DH (X̄,D, x). In fact, the Gm-

action on RDH(X̄,D, x) stabilizes Rqu|n
DH (X̄,D, x), so there is a well-defined Gm-action

on Rqu|n,loc
DH (X̄,D, x) as a germ of an analytic space containing Rqu|n

DH (X̄,D, x) as a closed
subspace.

The moduli functor of Rqu|n,loc
DH (X̄,D, x, r) is described as follows. For an analytic space

S, an S-point of Rqu|n,loc
DH (X̄,D, x, r) yields a tuple (π, E , Ē, Ē′,D , ϕ) where:

(1) π : S → P1 is a morphism;
(2) E is a C∞

X ⊠OS-module on XS ;
(3) D : E → E ⊗ ΩXS/S(1) is a flat x∂XS/S + y∂̄XS/S connection, where x, y are fixed

sections of OP1(1) vanishing at 0,∞. We require that:
(a) Using the trivialization y of π∗OP1(1) on S0 := π−1(P1 \0), (E ,D0,1) is a rank

r locally free holomorphic vector bundle on XS0 and Ē is a locally free OX̄S
-

module extension (meaning it comes equipped with an isomorphism j∗S0
Ē →

(E ,D0,1)), where jS0 : XS0 → X̄S0 is the inclusion) to which D1,0 extends as
a flat logarithmic connection.

(b) Using the trivialization x of π∗OP1(1) on S∞ := π−1(P1 \ ∞), (E ,D1,0) is a
rank r locally free holomorphic vector bundle on Xc

S0
and Ē′ is a locally free

OX̄c
S
-module extension to which D0,1 extends as a flat logarithmic connection.

(4) ϕ : E|x×S
∼=−→ Or

S is a framing.

Moreover, any such (π, E , Ē, Ē′,D , ϕ) on S arises from a morphism S → R
qu|n,loc
DH (X̄,D, x, r)

after shrinking to a sufficiently small neighborhood of the closed analytic space Squ|n ⊂ S
where the residual eigenvalues of (Ē,D1,0) (resp. (Ē′,D0,1)) are contained in λ · ( 1nZ ∩
(−1, 0]) (resp. −λ−1 · ( 1nZ ∩ (−1, 0])).

2The construction is usually described via an isomorphism R
qu|n,loc
Hod (X̄,D, x)|Gm

∼=
R

qu|n,loc
Hod (X̄,D, x)c|Gc

m
given as (λ, E ,D , ϕ) 7→ (−λ̄−1, (E∨)c,−λ̄−1(D0,1∨)c + λ̄−1(D1,0∨)c), but

as (λ, E ,D) 7→ (−λ̄, (E∨)c,−(D0,1∨)c + (D1,0∨)c) gives an identification Rqu|n,loc(X̄c, Dc, x)
∼=−→

Rqu|n,loc(X̄,D, x)c these give the same space. Note however with this description we would then take the
residual eigenvalues to lie in a neighborhood of λ · 1

n
Z ∩ [0, 1) in the target.
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Remark 4.14. Note that S-points of Mqu|n,loc
DH (X̄,D) are tuples (π, E , Ē, Ē′,D) that are

trivializable over x, which is a nontrivial condition. In fact, we could have twisted the
above gluing to produce a version of RDH and MDH where E|x×S

∼= π∗F where F is a
fixed locally free sheaf on P1.

Remark 4.15. The global construction of the Deligne–Hitchin space is complicated by
both the monodromy of the residual eigenvalues if they are allowed to roam freely, and
“resonant” phenomena when they differ by integers. This is more seriously contended
with in recent work of Simpson [62, 67], although there the “generic” case is assumed.
By Theorem 3.4, absolute Q̄-substacks of MB(X) are determined by their germ around
the quasiunipotent local monodromy locus, and neither issue arises in the germ of the
Deligne–Hitchin space around this locus.

For any morphism f : (X̄,D) → (Ȳ , E) of log smooth pairs compatible with a choice of
basepoints, there are natural pullback morphisms f∗ : Mqu|n,loc

DH (Ȳ , E) → Mqu|n,loc
DH (X̄,D)

and f∗ : R
qu|n,loc
DH (Ȳ , E, y) → R

qu|n,loc
DH (X̄,D, x) which are compatible with the obvious

structures.

4.7. Preferred sections and twistor germs. Variations of twistor structures yield sec-
tions of the Deligne–Hitchin space in the follwoing way. To every C-AVMTS (E ,W•E ,D)
with quasiunipotent local monodromy on X, there is a functorially associated filtered log-
arithmic locally free extension (E ,W•E , Ē, Ē′,D) on X̄P1 in the above sense whose residues
have eigenvalues in λ ·( 1nZ∩(−1, 0]), essentially by taking the Deligne extension away from
the λ = 0,∞ fibers and showing the local existecne of the extension to deal with the remain-
der (see [48, §9]). It follows that for A an artinian T(0)-MTS-algebra and E = (E ,W•E ,D)
an A-AVMTS on X with quasiunipotent local monodromy whose eigenvalues have order
dividing n that E is pulled back via a P1-morphism SpecA → Mqu|n,loc

DH (X̄,D). If in

addition there is a framing ϕ : Ex
∼=−→ Ar, then (E , ϕ) is pulled back via a P1-morphism

SpecA→ R
qu|n,loc
DH (X̄,D, x).

Definition 4.16. A quasiunipotent preferred section is a section of Mqu|n,loc
DH (X̄,D) → P1

or Rqu|n,loc
DH (X̄,D, x) → P1 as above resulting from a weight 0 C-VTS (that is, a tame

purely imaginary harmonic bundle) with quasiunipotent local monodromy.

In the following we specialize to the framed spaces, but there are versions of the fol-
lowing discussion for MDH , provided we replace all formal isomorphism claims with a
miniversality claim.

Proposition 4.17. For any (V, ϕ) ∈ R
qu|n
B (X,x)(C)ss we have:

(1) A framed quasiunipotent preferred section s(V,ϕ) of π : Rqu|n,loc
DH (X̄,D, x) → P1.

(2) A uniquely determined pro-T(0)-MTS-algebra ÔRB(X,x),(V,ϕ) and a morphism

ŝRB(X,x),(V,ϕ) : Spec ÔRB(X,x),(V,ϕ) → R
qu|n,loc
DH (X̄,D, x)

fitting into a commutative diagram

P1 Spec ÔRB(X,x),(V,ϕ) R
qu|n,loc
DH (X̄,D, x)

P1.

0

s(V,ϕ)

ŝRB(X,x),(V,ϕ)

π
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(3) ŝRB(X,x),(V,ϕ) is a formal isomorphism to the formal completion of Rqu|n,loc
DR (X̄,D, x)

along s(V,ϕ) away from λ = 0,∞, and everywhere if X is a curve and n = 1.

It follows that the canonical derivation Θ lifts functorially to each Spec ÔRB(X,x),(V,ϕ)

for (V, ϕ) ∈ RB(X,x)(C)qu,ss. For a subspace Z ⊂ RB(X,x) which is formally twistor at
(V, ϕ) ∈ Zqu|n(C)ss we define ŝZ,(V,ϕ) as the composition

Spec ÔZ,(V,ϕ) R
qu|n,loc
DH (X̄,D, x)

Spec ÔRB(X,x),(V,ϕ)

ŝZ,(V,ϕ)

ŝRB(X,x),(V,ϕ)

Since ÔZ,(V,ϕ) is a quotient pro-T(0)-MTS-algebra of ÔRB(X,x),(V,ϕ), ŝZ,(V,ϕ) is a closed
immersion. We denote by ZHod(V, ϕ) (resp. ZHod(V, ϕ)) the Zariski closure of the im-
age of ŝZ,(V,ϕ)|A1 (resp. ŝZ,(V,ϕ)|P1\0) in RHod(X̄,D, x) (resp. RHod(X̄

c, Dc, x)). We
say ŝZ,(V,ϕ) is algebraic over Gm if ŝZ,(V,ϕ)|Gm induces an isomorphism onto the comple-
tion of ZHod(V, ϕ)|Gm along the image of s(V,ϕ), and the same is true for ŝZ,(V,ϕ)|Gm and
ZHod(V, ϕ)|Gm . . Note that if ŝZ,(V,ϕ) is algebraic, then the algebraic germs Zqu|n,loc

Hod|Gm
(V, ϕ) :=

ZHod|Gm
(V, ϕ) ∩ Rqu|n,loc

DH (X̄,D, x) and Z
qu|n,loc
Hod|Gm

(V, ϕ) (defined similarly) are identified as
analytic germs via the gluing.

4.8. Hodge substacks.

Definition 4.18. Let X be a connected smooth algebraic space with a log smooth com-
pactification (X̄,D). A locally closed substack Z ⊂ MB(X) is Hodge at V ∈ Z(C)qu,ss
if the following conditions are satisfied. Let RZ ⊂ RB(X,x) be the base-change to the
framed space and let ϕ be a framing of V . Then we have:

(1) RZ is formally twistor at (V, ϕ).
(2) The formal twistor subspace Spec ÔRZ,(V,ϕ) ⊂ Spec ÔRB(X,x),(V,ϕ) is tangent to Θ.
(3) The formal twistor germ ŝRZ,(V,ϕ) is algebraic.

A locally closed substack Z ⊂ MB(X) is a Hodge substack if it is closed under semisim-
plification and Hodge at every V ∈ Z(C)qu,ss.

If X is a connected normal algebraic space we define the corresponding notion for Z ⊂
MB(X) if the restriction Z ⊂ MB(X) ⊂ MB(U) is Hodge for any smooth affine U ⊂ X.

Finally, a Hodge substack is absolute if it is defined over Q and the underlying con-
structible set of points is absolute Q̄-constructible.

The definition is easily seen to not depend on the log smooth compactification. Note that
all of the conditions only involve the Deligne–Hitchin space over Gm, where its functorial
behavior is controlled by the Betti stack. Nonetheless, each of the three structures extend
to the full Deligne–Hitchin space, and the algebraic germ ZHod(V, ϕ) (resp. ZHod(V, ϕ)) will
extend over A1 (resp. P1 \ 0) and agree with the twistor germ ŝRZ,(V,ϕ). Hodge substacks
are naturally compatible with functorial operations including: intersections, reductions,
taking irreducible components, inverse images under pull-back morphisms between Betti
stacks, and inverse images under direct sum and tensor product morphisms.

The following will be essential, especially Corollary 4.20 below.

Theorem 4.19 ([4, Theorem 8.22]). Let Z ⊂ MB(X) be a Hodge substack, and Z ⊂
MB(x) the image in the good moduli space. Then for any n, any irreducible component Z0

of Zqu|n satisfies the following property. For any V ∈ Z0(C), a germ of the R>0-orbit of
V around V is contained in Z0.
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Combining Theorem 4.19 with Lemma 2.5 and Theorem 3.4 we obtain:

Corollary 4.20. Let Z ⊂ MB(X) be a closed absolute Hodge substack. Then every
component of Z contains a point underlying a C-VHS.

Note that even for Z = MB(X) this does not follow from the corresponding statement
on good moduli spaces (which follows from Theorem 3.6), since some components of Z
might disappear in the good moduli space.

5. Shafarevich morphisms and the Shafarevich conjecture

In an attempt to put restrictions on which analytic varieties can arise as the universal
covers of complex algebraic varieties, Shafarevich asked in [56, IX.4.3] (see also [57, IX.4.3])
whether the universal cover X̃ of a smooth projective variety X is always holomorphically
convex, meaning that X̃ admits a proper holomorphic map to a Stein space. Stein spaces
are the analytic analog of affine schemes: the Stein spaces of finite embedding dimension
are exactly those complex spaces that may be realized as closed complex subspaces of some
Cn (see [53, Theorem 6]).

The Shafarevich question was first taken up for surfaces by Napier [52] and Gurjar–
Shastri [32]. A general approach was investigated by Campana [13] and Kollár [36, 37],
who proved the existence of a rational Shafarevich map, see below. The following example
suggests that techniques from Hodge theory might be applicable:

Example 5.1. If X supports a variation of integral pure Hodge structures, then the
corresponding period map Xan → G(Z)\D (possibly after partially compactifying X)
factors as a proper algebraic map X → Y followed by a closed embedding Y an ↪→ G(Z)\D
[3]. Stein spaces can also be characterized by the existence of a strictly plurisubharmonic
exhaustion function; in this case, such an exhaustion function can be obtained by restricting
an appropriate function on the period domain D to any component of the inverse image of
Y in D. It follows that the universal cover Ỹ is Stein and the base-change Xan ×Y an Ỹ is
holomorphically convex.

Based on this example, a strategy using non-abelian Hodge theory was developed by
Katzarkov, Ramachandran, and Eyssidieux [34, 35, 23] using ideas from Corlette and
Simpson [16, 64, 17], Gromov–Schoen [31], Mok [49], and Zuo [70]. This line of attack cul-
minated in the proof of Eyssidieux–Katzarkov–Pantev–Ramachandran [24] that a smooth
projective variety admitting an almost faithful representation of its fundamental group has
holomorphically convex universal cover. Subsequent developments have been achieved in
[50, 14, 26, 43].

We have the following version in the non-proper case:

Theorem 5.2 ([4, Theorem 1.1]). Let X be a connected normal algebraic space whose fun-
damental group admits an almost faithful finite-dimensional complex linear representation.
Then there is a partial compactification X ⊂ X̄ by a connected normal Deligne–Mumford
stack3 with almost isomorphic fundamental group such that the universal cover of X̄ is a
holomorphically convex complex space. In particular, the universal cover of X is a dense
Zariski open subset of a holomorphically convex complex space.

Passing to a partial compactification in Theorem 5.2 may be necessary for trivial reasons:
P2 \ {0} is simply connected and not holomorphically convex. A more precise statement
is obtained as follows. For a set Σ ⊂ MB(X)(C) of complex local systems, we say:

3There will be a finite étale cover of X̄ which is an algebraic space, so these are particularly simple
Deligne–Mumford stacks.
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• Σ is nonextendable if for any nontrivial partial compactification X ⊊ X̄ by a
connected normal Deligne–Mumford stack, some element of Σ does not extend.

• Σ is large if for any non-constant map g : Z → X from a connected normal variety,
some local system in g∗Σ has infinite monodromy.

• An algebraic Σ-Shafarevich morphism is a morphism s : X → Y to a generically
inertia-free connected normal Deligne–Mumford stack Y such that:
(1) s : X → Y is dominant with geometrically connected generic fiber.
(2) Σ is the pull back of a large nonextendable ΣY ⊂ MB(Y )(C) and for every

point y ∈ Y (C) the inertia of y acts faithfully on
⊕

V ∈ΣY
i∗yV .

A Shafarevich morphism is unique if it exists. As a simple example, if Σ consists of a
single local system V underlying a polarizable variation of integral Hodge structures, then
the period map is the Shafarevich morphism. Its algebraicity was conjectured by Griffiths
[30] and established in [3] using o-minimal GAGA.
Theorem 5.3 ([4, Theorem 1.3]). For X a connected normal algebraic space and Σ ⊂
MB(X)(C) a set of local systems of bounded rank, there is a unique algebraic Σ-Shafarevich
morphism shΣ(X) : X → ShΣ(X). It is proper if and only if Σ is nonextendable and
quasifinite if and only if Σ is large. Moreover, if Σ consists of semisimple local systems
then the coarse space of ShΣ(X) is quasiprojective.

Thus, every bounded rank set of local systems is pulled back under an algebraic map from
a large nonextendable set of local systems. Note that if X admits a large nonextendable set
of local systems of bounded rank, then the generic local system is large and nonextendable.
Finally we have:
Theorem 5.4 ([4, Corollary 1.5]). For X a connected normal complex algebraic space
admitting a large and nonextendable set of local systems of bounded rank, the universal
cover X̃ is Stein.

Theorem 5.3 and Theorem 5.4 together fully generalize Example 5.1 to the case of any
complex local system. For projective X, a rational Shafarevich map was constructed by
Campana [13] and Kollár [36, 37]; their construction more generally produces a rational
map contracting subvarieties Z through a very general point with finite image (up to
normalization) in π1(X,x)/Γ for any normal subgroup Γ (not just those cut out by linear
representations). In the case that Σ consists of semisimple local systems of bounded
rank, a Σ-Shafarevich morphism was constructed for projective X by Eyssidieux [23] and
analytically for quasiprojective X by Brunebarbe [10] and Deng–Yamanoi [20], who also
observed that the map is algebraic after a modification.

5.1. Sketch of the proof of Theorem 5.3. A fundamental observation is that for any
bounded rank set Σ ⊂ MB(X, r)(C) of local systems, a Σ-Shafarevich morphism exists if
and only if a Σ′-Shafarevich morphism exists where

Σ′ :=
⋂

g:Z→X
dim g(Z)>0
g∗Σ={trivr}

(g∗)−1(trivr).

Here trivr is the trivial rank r local system. Crucially, Σ′ underlies an absolute Hodge
substack, so we may assume from the outset that Σ underlies an absolute Hodge substack.
This in particular means:

(1) By Corollary 4.20, every component of Σ contains a point underlying a complex
variation of Hodge structure with quasiunipotent local monodromy, and by Theo-
rem 4.12 the miniversal deformation in Σ at each such point underlies a pro-mixed
variation of Hodge structure with quasiunipotent local monodromy.
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(2) Using [10, Theorem 6.6], by putting together the Katzarkov–Zuo reductions (see
Theorem 2.9) for sufficiently many Q̄-points of Σ with quasiunipotent local mon-
odromy at sufficiently many nonarchimedean places, there is an algebraic morphism
f : X → M with the property that every V ∈ Σ(Q̄) has a Z̄-structure when re-
stricted to a fiber of f .

Let D be the product of the period domains associated to sufficiently high order truncations
of sufficiently many of the variations of Hodge structures from 1. Putting the above two
kinds of maps together we get a π1-equivariant morphism

(5.1) ϕ : X̃Σ → D×M

where X̃Σ is the minimal cover on which the local systems in Σ are trivialized. Impor-
tantly, the connected components of fibers of ϕ are the fibers of period maps of Z̄-VHSs,
and so are algebraic. They may even be made compact after replacing X with a partial
compactification to which Σ extends (and is nonextendable), in which case there is a Stein
factorization

X̃Σ → Ỹ → D×M

which descends to a morphism s : Xan → Y. Using o-minimal GAGA [3] and a definable
version of Stein factorization [4, Theorem 1.7], this map is algebraic. To finish, observe that
for any g : Z → X, on the one hand if g∗Σ is trivial then the miniversal variations pulled
back to Z are Z-VMHS with trivial monodromy, hence are isotrivial, and g factors through
a fiber of s. On the other hand, if g factors through a fiber, then the miniversal variations
again have an integral structure and are isotrivial, hence must have finite monodromy. It
follows that s is the algebraic Shafarevich morphism claimed in Theorem 5.3.

5.2. Sketch of the proof of Theorem 5.4. The broad strokes of the strategy of the proof
of Theorem 5.4 runs in parallel to that of Eyssidieux–Katzarkov–Pantev–Ramachandran,
but the theory developed in Section 4 means we can in fact show X̃Σ is Stein for any large
and nonextendable closed absolute Hodge substack Σ—recall any covering space of a Stein
space is Stein. We must produce a strictly plurisubharmonic compact exhaustion function
on X̃Σ; it suffices if it is plurisubharmonic and strictly plurisubharmonic over a Zariski
open (as we may do an induction, see [4, §12]). To do so, we use the map constructed
in (5.1), which in the case Σ is large and nonextendable has discrete fibers and satisfies
the following weak version of properness: for any sufficiently small open B ⊂ D×M , the
map ϕ−1(B) → B is proper in restriction to each connected component of the source. Let
Σqu,ss ⊂ Σ be the set of semisimplifications of local systems in Σqu, and let s : X → Y
be the Σqu,ss-Shafarevich morphism. Let T be the descent of the local systems Σqu,ss, so
s∗T = Σqu,ss. Passing to associated gradeds of the variations in (5.1) we obtain a diagram

X̃Σ D×M

Ỹ T Dgr ×M

and the bottom morphism also has discrete fibers and is weakly proper in the same sense
as above. Since the right arrow is affine, it follow that it suffices to show Ỹ T is Stein.
Indeed, if this is the case, then (D ×M) ×(Dgr×M) Ỹ

T is Stein, and X̃Σ is weakly finite
over it, hence is also Stein by a result of Le Barz.

Thus, we may assume Σ consists only of semisimple local systems with quasiunipotent
local monodromy. For any Q-local system V obtained by adding together sufficiently
many points of Σ(Q̄) and their Galois conjugates, let Γ be the image of the monodromy
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representation at x0, which is bounded for almost all places of Q. Putting together the
harmonic maps at each place, we have a map

(5.2) X → Γ\

N ((VR)x0)×
∏
p|N

N ((VQp)x0)


and the target is Hausdorff for N ≫ 0. Moreover, if V is nonextendable, this map is
proper, as a Griffiths-type criterion holds on each factor. At the infinite place we define
the semipositive (1,1)-form ωVR :=

√
−1tr(θ ∧ θ∗), while for each finite place p we have

the semipositive forms ωVQp
from Section 2.2, which vanishes for almost all p. Combining

them, we have
ωV := ωVR +

∑
p

ωVQp
.

Passing to the trivializing cover π : X̃V → X we have the map

u : X̃V → N ((VR)x0)×
∏
p|N

N ((VQp)x0).

Letting δV (x) :=
∑
d(ui(x), ui(x0))

2 be the sum of the distance squared to the image
of the basepoint functions on each factor, one checks that

ddcδV ≥ 1

2
π∗ωV

so if Σ is nonextendable, δV is a plurisubharmonic compact exhaustion (up to enlarging
V ). We need however δV to be generically strictly plurisubharmonic and for this we have
the following, proven by Eyssidieux [23] in the proper case:

Theorem 5.5 ([4, Theorem 1.10]). Let X be a connected normal algebraic space, Σ ⊂
MB(X)(C) an absolute Q̄-constructible set of semisimple local systems with quasiunipotent
local monodromy, and v a nonarchimedean valuation on Q̄. Then the v-adic Katzarkov–Zuo
foliation of X associated to the set of Q̄-points of Σ is algebraically integrable.

Sketch of proof. The proof of Theorem 5.5 follows Eyssidieux’s strategy. One of the main
new steps in the non-proper case is to show that for a semisimple K-local system V with
quasi-unipotent local monodromy around a divisor f = 0 equipped with a pluriharmonic
norm, the nearby cycles functor ψfV inherits a pluriharmonic norm whose Katzarkov–Zuo
foliation extends that of V . The Ax–Schanuel theorem for abelian varieties together with
Simpson’s Lefschetz theorem [59] eventually reduce to the statement to the abelian case,
where Simpson [58] proves that Σ is necessarily motivic, in which case the claim is easily
verified. □

Now, it follows that ωf
V :=

∑
p ωVQp

is positive on the image of X → M . For any
fiber F of X → M , the restriction of any Q-local system V to F underlies a polarizable
Z-VHS as above, and since Σ is large it follows that the period map of V is quasifinite
(up to enlarging V ), hence ωVR |F is generically positive. Thus, δV is a generically strictly
plurisubharmonic compact exhaustion, as desired.
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