ERRATUM TO “p-TORSION MONODROMY REPRESENTATIONS OF
ELLIPTIC CURVES OVER GEOMETRIC FUNCTION FIELDS"

B. BAKKER AND J. TSIMERMAN

ABSTRACT. We correct two errors in [3]—in fact, both errors are erroneous simplifica-
tions of correct arguments that appeared in the original preprint [2]. We supply these
arguments here. The main result is unaffected.

1. Summary of errors. The modular surface Z(p) := PSL2(F,)\ X (p) x X (p) obtained
by taking the quotient of the product X (p) x X(p) of (compactified) full level modular
curves by the diagonal action on the framing parametrizes triples (E1, Eo, ¢) where Eq, Fs

is a pair of elliptic curves and ¢ : Fj[p] = Es[p] an isomorphism of their p-torsion. The
surface Z(p) naturally contains Hecke curves for which the isomorphism is induced by an
isogeny. The main theorem of [3] is that for any d, and for sufficiently large p (depending
on d) any curve of gonality d on Z(p) is a Hecke curve.

The proof of the main theorem proceeds by passing to the associated rational curve Pt —
Sym<? Z(p), and then to the cover 7 : C' — P! which admits a map C' — (X (p) x X (p))<.
It is then shown that the incidence of C' along the ramification locus of the quotient
(X(p) x X(p))* — Sym? Z(p) is small compared to the volume provided C'is not a Hecke
curve. There are four kinds of ramification loci: ramification arising from the quotient
X (p) x X(p) — Z(p), and ramification arising from the quotient Z(p)¢ — Sym? Z(p). The
former consists of Heegner and anti-Heegner CM points on X (p) x X (p), which live above
the points with j-invariants (0,0) and (1728,1728) of X (1) x X (1), and singular bicusps
of X(p) x X(p), which live above the cusp (00, 00); the latter is reduced to the diagonal in
(X(p) x X(p))?. We denote by CM* (resp. CM ™) the set of Heegner (resp. anti-Heegner)
CM points and by SBC the set of singular bicusps.

There are two errors:

e [3| Prop. 14] states that CM points of the same type with the same projection
to X (1) x X(1) which are close to each other lie on a low-degree Hecke curve.
As anti-Heegner CM points cannot lie on Hecke curves, this in particular implies
anti-Heegner CM points always repel (see |3, Remark 16]). This is false: the real
analytic involution which conjugates the second factor preserves the hyperbolic
metric and swaps Heegner and anti-Heegner CM points. Close anti-Hegner CM
points will however lie on low degree conjugate Hecke curves, and this is what was
used in the original argument (as well as in [I]).

e The proof of [3, Prop. 26] concludes with multspc(C) < p~ '+ Deg(C), but we
need multggc(C) < p~ 1% Deg(C). A slightly more careful analysis of singular
bicusps lying on low degree Hecke curves must be used, which again appears in the
original preprint.

2. Repulsion of CM points. The correct version of [3| Prop. 14] is the same statement,
but only for Heegner CM points.
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Proposition 2.1 (cf. [2, Prop. 15|, [I, Prop. 8]|). For all sufficiently small 6 > 0
and sufficientlty large p we have the following. Let £,& € CM™ be distinct Heegner CM
points in X (p) x X(p) with the same projections to X (1) x X (1) such that B(§,6px ) N

B(&,0px(p) # D- Then & and &' lie on a Hecke divisor Tr, with m = p 00),

The proof is the same taking hg = 1 (which is the Heegner CM point case). Let n € X (p)
be the image of i € H or ¢'™/3 € H, H its stabilizer in PSLy(FF,). In general there does not
exist hg € SLa(Z) reducing to the non-identity coset of H in the normalizer N(H), and
this is the error.

3. Relative volume estimates for the conjugate diagonal. As described above, to
handle anti-Heegner CM points we need a bound on the volume acquired by a curve
near the conjugate diagonal. Recall that we denote by a(r) the area of a 1-dimensional
hyperbolic disk of radius r; normalizing the metric to have holomorphic sectional curvature
—1, we have a(r) = 4 sinh?(r/2).

Proposition 3.1 (cf. [2, Prop. 26|, [I, Prop. 11]). Let X be a compact hyperbolic complex
curve with constant holomorphic sectional curvature, A C X X X the conjugate diagonal,
and C C X x X a complex curve. Then for r < px /2,

W vol(C' N B(A, 7))

s an increasing function of r.

Proof. The proof is very similar to |3, Prop. 23|. Consider the function ¢ on D x D given
by
2

—Z

Y(z,w) = tanh?(dp(z, w)/2) = ‘

1—zw

? is invariant under the conjugate diagonal action and descends to B(A,r) provided r <
px /2. For any function h : R — R, we compute that at (0,w), the potential h o yields a
form

_ Cnl2)2 .2 a2
08(h o) = h(1) ((1 " ) W) (' Sl S >> |
Taking f(s) = —log(1 — s), for instance, we have by direct computation

o0 = ) =5

Note that f(tanh?(d/2)) = logcosh?(d/2). Taking g(s) = 2sin~'v/1 — e~ then (g o
f)(s) = 2sin™! /s and we compute

(gof)/(s) = m

" 25 —1
(go f)'(s) = 233/251 _ 8)3/2

which by the above yields
i00(go fo) >0
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By Stokes’ theorem,

vol(C N B(A,r)) =2 /C s )iaé(f o)
2 _
_ ,00(go f o
/CmB( ' (g f Tl))

- g'(log cosh®(r)) Ar)

_ 2sinh(r) /C e Pgoio0)

and therefore m vol(C'N B(A,r)) is an increasing function. O
4. Multiplicity estimates. Recall that we denote by Deg(C) the degree of C' C X (p) x
X (p) with respect to the canonical bundle, which up to an absolute constant is equal to

vol(C).

4.1. Anti-Heegner CM points. |3, Prop. 25| is still correct, but the proof as written only
applies to Heegner CM points. We use [Proposition 3.1| (as in [I]) instead:

Proposition 4.1 (cf. [2, Prop. 28|, [1, Prop. 13|). For all sufficiently small § > 0, all
sufficiently large p, and for any non-Hecke curve C C X (p) x X (p),
multey,- (C) = O(p~° Deg(C)).

Proof. Take d = p°*. We would like to perform the same trick as in [3, Prop. 25| for the
anti-Heegner CM points, and we again partition the points of CM™ into

T=CM NUpnedly, and S=CM —-T

where ~ denotes complex conjugation on the second factor. For sufficiently small d5 > 0,
it will still be the case that balls of radius d2px () around points of S are disjoint, but the
multiplicity of a curve C along T;,, doesn’t make sense, so we adjust the argument slightly:

multey - (C) = mults(C) + multy(C)
1

<K —— ) vol(CNB(& dapx)) + multy -7 (C)
a(52PX(p))5z€;g ( x())) mz<d CMATm
(1.1) < p 7?2 Deg(C) + > multey-na(ThC).
m<d

Balls of a fixed small radius e > 0 (e = %dX(l)p (g2, ¢3) is sufficient) around points in
CM™ N A are disjoint, and therefore by the theorem of Hwang-To [3, Thm. 19] we have

* 1 k
mult ey 4 (T50) < ol > 7 vol(T%C' N B(E, €))
¢eCM—NA
< vol(T;E,C N B(A¢€))
sinh(px(p)/2)
sinh(e)

where we’ve used Proposition (and [3, Cor. 8|) in the last step. Combining this with

equation (|1.1)), we have
multey,- (C) < (p~2%2 + d3p~!) Deg(C)

and the result follows. O

vol(T% C)
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4.2. Singular bicusps. The statement of [3, Prop. 26| is correct, but the proof is incomplete.

Proposition 4.2 (cf. |2, Prop. 29]). For all sufficiently small 6 > 0, all sufficiently large
p, and for any non-Hecke curve C C X (p) x X(p),

pmultspa(C) = O(p~° Deg(C)).
Proof. Take d = p®, and again partition the points of SBC into
T =SBCNUu<dl, and S=SBC-T.

By [3, Prop. 17], for d, a sufficiently small multiple of 41, any point in X (p) x X (p) is
in at most two of the balls B(&, (1/2 + d2)px(p)) for £ € S. By [3, Thm. 19(a)], for each
¢ € SBC,

1
a((1/2 4 62)px(p))

and it therefore follows that

multe (C) < vol(C'N B(&, (1/2+ b2)pxp))))

vol(C)
((1/2+62)px(p))
(1.2) < p 1722 Deg(0).

multg(C) < .

Now for any m < d, and sufficiently small 3 > 0 (independent of §; and ds),

multspenr, (C) = Z multe (C)
£€SBCN T,

< Y multg(T;0)
£€€ANSBC

1 *
< a((1/2 + 03)Px (p)) §€A;SBC vol(Tr,C N B(&, (1/2+ 53)pX(p)))_

By [3, Prop. 12(b)|, any point within (1/2 + d3)px(p) of two distinct singular bicusps on
A must be within d3px () + O(1) of A, so by [3, Thm. 19(b)]

d2 - vol(C) vol(T5,C N B(A, 83px () + O(1)))
maltssonm (C) < G5 ) pxg) (172 + )px()
d? - vol(C) _ cosh(dzpx(p) + O(1))
< W12+ 3)px () ( T cosh(px ) /2) >

< p717253+251 Deg(c)
where the second inequality follows from [3, Prop. 23]. Thus,
multy(C) < p~ 172937391 Deg ().

Combining this with equation (1.2) yields the claim.
[l

5. Finishing up. All remaining statements and their proofs from [3] are correct as written.
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