THE LINEAR SHAFAREVICH CONJECTURE FOR

QUASIPROJECTIVE VARIETIES AND ALGEBRAICITY OF

SHAFAREVICH MORPHISMS

BENJAMIN BAKKER, YOHAN BRUNEBARBE, AND JACOB TSIMERMAN

ABsTRACT. We prove that the universal cover of a normal complex algebraic variety ad-
mitting a faithful complex representation of its fundamental group is an analytic Zariski
open subset of a holomorphically convex complex space. This is a non-proper version
of the Shafarevich conjecture. More generally we define a class of subset of the Betti
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property. Secondly, we show that for any complex local system V on a normal com-
plex algebraic variety X there is an algebraic map f : X — Y contracting precisely the

subvarieties on which V' is isotrivial.
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In an attempt to describe which analytic varieties arise as the universal covers of complex
algebraic varieties, Shafarevich asked [104, IX.4.3] whether the universal cover X of a
smooth projective variety X is always holomorphically convex, meaning that X admits a
proper holomorphic map to a Stein space. Stein spaces are the analytic analog of affine
schemes; more precisely, they are characterized by the existence of a finite holomorphic
mapping to some C™. This is a difficult question in general, but the following special case
suggests that Hodge theory might be used to answer it. If X supports a variation of integral
pure Hodge structures, then the corresponding period map X*" — G(Z)\D (possibly after
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partially compactifying X) factors as a proper algebraic map X — Y followed by a closed
embedding Y < G(Z)\D [5]. Stein spaces can also be characterized by the existence of
a strictly plurisubharmonic exhaustion function; in this case, at least when the image is
smooth (or in general with some argument), such an exhaustion function can be obtained
by restricting an appropriate function on the period domain D to any component of the
inverse image of Y in D. It follows that the universal cover Y is Stein and the base-change
X3 xyan Y is holomorphically convex.

The Shafarevich question was first taken up for surfaces by Napier [91] and Gurjar—
Shastri [59]. A general approach was investigated by Campana [24] and Kollar [68] [69],
who proved the existence of a rational Shafarevich map, see below. A different strategy
using techniques from non-abelian Hodge theory was developed by Katzarkov, Ramachan-
dran, and Eyssidieux [64] 66, [44] using ideas from Corlette and Simpson [28] 113, 29],
Gromov—Schoen [58], Mok [87], and Zuo [123]. This line of attack culminated in the proof
of Eyssidieux—Katzarkov—Pantev—Ramachandran [45] that a smooth projective variety ad-
mitting an almost faithful representation of its fundamental group has holomorphically
convex universal cover. Subsequent developments have been achieved in [88], 25 147, [79].

Allowing X to be quasiprojective makes the theory substantially more difficult due
to the presence of the boundary. The extension of the archimedean harmonic theory
has been worked out by Simpson, Biquard, Sabbah, and Mochizuki [112} 12, 98|, [84] 86],
and more recently the nonarchimedean harmonic theory has been generalized by Brotbek,
Daskalopoulos, Deng, and Mese [31}, [I4]. This has led to a number of recent developments
in this setting [1I, 56, 20 [39].

Our first main result is the following quasiprojective version of the linear Shafarevich
conjecture.

Theorem 1.1. Let X be a connected normal algebraic space whose fundamental group
admits an almost faithful finite-dimensional complex linear representation. Then there is a
partial compactification X C X by a connected normal Deligne—Mumford staclﬂ with almost
isomorphic fundamental group such that the universal cover of X is a holomorphically
conver compler space. In particular, the universal cover of X is a dense Zariski open
subset of a holomorphically convex complex space.

Here by an almost faithful representation we mean a representation p : w1 (X*" ) —
GL,(C) with finite kernel, and by the fundamental groups of X C X being almost iso-
morphic we mean m1(X®, x) — m(X?, z) has finite kernel and cokernel, although the
cokernel is automatically trivial since X is normal. Passing to a partial compactification
in Theorem [1.1] may be necessary for trivial reasons: A2\ {0} is simply connected and not
holomorphically convex.

As a simple example of Theorem [I.I] we have the following consequence of Corollary [I.4]
and Corollary [T.6] below, but which we state now for concreteness: if the fundamental
group of X admits a complex linear representation with infinite image, then the universal
cover of X admits a nonconstant global holomorphic function.

In fact we prove a much more precise statement. For a connected normal algebraic space
X, let Mp(X) be the stack of local systems on X?"| so that M p(X)(C) is the groupoid of
complex local systems. For any set ¥ C Mp(X)(C) of (isomorphism classes of) complex
local systems, we denote by X* — X® the minimal cover on which all the local systems
in 3 are trivialized.

IThere will be a finite étale cover of X which is an algebraic space. In fact, all of our results generalize
immediately to the setting where X is a stack quotient of a normal algebraic space by a faithful action of
a finite group, and this is the most natural setting. Such stacks are considered by [47].
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Theorem 1.2. Let X be a connected normal complex algebraic space and % C Mp(X)(C)
a nonextendable absolute Hodge subset. Then the complex analytic space X is holomor-
phically convex.

Note that this improves on the result of Eyssidieux—Katzarkov—Pantev—Ramachandran
in the case of compact X as it allows us to take ¥ C Mp(X)(C). Absolute Hodge sub-
sets have a good functorial behavior (see Proposition and in particular include all
subsets that can be made with functorial operations (intersections, unions, Q-irreducible
components, inverse-images under pull-back along arbitrary f: X — Y, images under pull-
back along dominant f: X — Y or the inclusion of a Lefschetz curve) starting from all
of Mp(X,r)(C) (that is, local systems of rank r) or a trivial local system. The nonex-
tendability hypothesis says that for any partial compactification X C X by a connected
normal Deligne-Mumford stack, some element of ¥ does not extend. As noted above, this
condition is necessary, and can always be achieved by replacing X with a partial compact-
ification to which ¥ extends and is nonextendable. The “absolute Hodge” condition should
be thought of as saying ¥ is a non-abelian Hodge substructure of Mp(X), and that it is
algebraic in the Betti stack of every Galois conjugate of X. In particular, Mp(X,r)(C) for
every r > 1 itself is an absolute Hodge subset. This condition is important for the proof,
but not clearly necessary. Note that some condition is needed however, since there exist
rank one local systems on abelian varieties whose trivializing covers are not holomorphically
convex.

Theorem implies (by taking Stein factorization) that X admits a proper surjective
holomorphic map with connected fibers to a normal Stein space Y which is unique (called
the Cartan-Remmert reduction). The fundamental group acts properly discontinuously
on 17, and so the map descends to a proper surjective analytic map X?" — ) (with
connected fibers) which contracts precisely those subvarieties on which the restriction of
the local systems in 3 have uniformly finite monodromy. This observation led Campana
and Kollar to introduce the notion of a Shafarevich morphism. Precisely, given any subset
Y. C Mp(X)(C), an algebraic 3-Shafarevich morphism is a morphism s: X — Y to a
generically inertia-free connected normal Deligne-Mumford stack Y such that:

(1) s: X =Y is dominant and K(Y) is algebraically closed in K(X).

(2) X is the pull back of a large nonextendable ¥y C Mp(Y)(C) and for every point
y € Y(C) the inertia of y acts faithfully on Pycx,, 7}V

(3) If a morphism g: Z — X from a connected Z has the property that g*V is trivial
for every V € X, then the composition Z — X — Y factors through Z — SpecC.

Recall that a subset ¥ C Mp(X)(C) is large if for any non-constant map g: Z — X from
a connected normal variety, some local system in ¢g*X has infinite monodromy.

Provided a X-Shafarevich morphism exists, ¥ will always be a global quotient of an
algebraic space by a finite group action, and after passing to a finite étale cover p: X’ — X
there will be a p*X-Shafarevich morphism whose target is an algebraic space. The above
conditions ensure the Shafarevich morphism is unique and functorial provided it exists (see
Proposition . If 3 consists of a single local system underlying an integral variation of
Hodge structures, then the Stein factorization of the period map provides the Shafarevich
morphism.

For projective X, a rational Shafarevich map was constructed by Campana [24] and Kol-
lar [68], [69]; their construction more generally produces a rational map contracting subvari-
eties Z through a very general point with finite image (up to normalization) in 71 (X, z)/I’
for any normal subgroup I' (not just those cut out by linear representations). In the case
that > consists of semisimple local systems of bounded rank, a >-Shafarevich morphism
was constructed for projective X by Eyssidieux [44] and analytically for quasiprojective
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X by the second author [20] and Deng—Yamanoi [39], who also observed that the map is
algebraic after a modification.
Our second main result is the existence of algebraic Shafarevich morphisms in general:

Theorem 1.3. For X a connected normal algebraic space and ¥ C Mp(X)(C) a set of
local systems of bounded rank, there is a unique algebraic 3-Shafarevich morphism shy(X) :
X — Shx(X), which is proper if and only if ¥ is nonextendable. Moreover, if ¥ consists
of semisimple local systems then the coarse space of Shx(X) is quasiprojective.

As mentioned above, there is always a partial compactification X of X to which ¥
extends and is nonextendable.

Theorem says that any collection of local systems is pulled back from a large collec-
tion on an algebraic space (after a finite étale cover):

Corollary 1.4. For X a connected normal complex algebraic space and ¥ C Mp(X)(C)
any subset of bounded rank, there is a morphism s : X — Y to a generically inertia-free
Deligne—Mumford stack such that ¥ is the pull-back of a large collection of local systems
onY.

In the large case, the statement of Theorem is particularly simple—note that any
covering space of a Stein complex space is Stein [120]:

Corollary 1.5. For X a connected normal complex algebraic space and ¥ C Mp(X)(C)
a large nonextendable absolute Hodge subset, X> (and therefore also any covering space
thereof ) is Stein. In particular, if X admits a large nonextendable representation of its
fundamental group, then the universal cover of X is Stein.

Corollary 1.6. Let X be a connected normal complex algebraic space admitting a large
almost faithful representation of its fundamental group. Then the universal cover of X is
an analytic Zariski open subset of a Stein complex space.

We now summarize the main ingredients to the proofs of Theorem [I.2]and Theorem [T.3]
A salient theme throughout is that while the presence of boundary results in many com-
plications in non-abelian Hodge theory, everything is much better behaved in the case of
quasiunipotent local monodromy, and this is sufficient to “see” all of the Betti stack.

1.1. Definable Stein factorization. As noted above, if V underlies an admissible vari-
ation of integral graded-polarized mixed Hodge structures, the V-Shafarevich morphism is
the Stein factorization of the period map X** — G(Z)\D, and as such Theorem |1.3[is a
version of Griffiths’ conjecture on the quasiprojectivity of the images of period maps. This
conjecture was proven in [5], [8] using definable GAGA [5] and the definability of period
maps [6], [7].

We now briefly summarize the analytic construction of the »-Shafarevich morphism
for a nonextendable collection of semisimple local systems in [20]. Importantly, any 3
will have the same Shafarevich morphism as the smallest closed absolute Hodge subset
containing it, so we may assume X is a closed absolute Hodge subset. Techniques from
non-abelian Hodge theory then ensure Y contains complex variations of Hodge structures,
and combining their period maps with the non-archimedean reductions of the Q-points of
Y yields an analytic map

¢ X* — M™
to an algebraic variety M which contracts exactly those subvarieties on which ¥ is uni-
formly finite. The nonextendability hypothesis implies the connected components of the
fibers of this map are compact, and the Stein factorization o : X* — Y then descends to
an analytic Shafarevich morphism s : X3 — ).
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Definable GAGA implies that algebraizing X' — ) is equivalent to giving it the
structure of a morphism of definable analytic spaces. The main obstacle to generalizing
the proof in the case of period maps of integral variations is that ¢ does not descend to a
reasonable analog of the period map X — G(Z)\D, since the monodromy may act highly
nondiscretely on M?". Instead, we rely on the following:

Theorem 1.7 (Theorem. Let f : X =Y be a proper morphism of seminormal defin-
able analytic spaces. Then the Stein factorization of f exists in the category of definable
analytic spaces.

By lifting a definable cover of X to X% and applying Theorem to ¢, )V is endowed
with a definable analytic space structure as desired. The usual proofs of Stein factorization
in the algebraic and analytic categories do not apply to the setting of Theorem since
cohomology is poorly behaved in the definable analytic category. Indeed, as coverings in
the definable site are required to be finite, there do not seem to be acyclic coverings in
general. Interestingly, Theorem together with definable GAGA gives a new proof of
the algebraicity of period maps X?" — G(Z)\D of integral variations, at least up to a
Stein factorization, which does not depend on the hard input of the global definability of
the period map, and instead only uses the relatively cheap “local” definability—that is, the
regularity of the Hodge filtration (or the nilpotent orbit theorem).

1.2. Hodge and twistor structures on miniversal local systems. As in [44] [45],
to construct the Shafarevich morphism in general, a key observation is that ¥ may be
replaced with its absolute Hodge closure ¥2P% which can be shown to contain local systems
underlying variations of Hodge structures using techniques from non-abelian Hodge theory.
The following result will essentially say these variations are Zariski dense in ¥2P%, provided
we allow artinian thickenings.

Theorem 1.8 (Theorem [£.3). Let X be a connected algebraic space, Vo € Mp(X)(C) a
complex local system underlying an admissible complex variation of mized Hodge structures
(resp. an admissible tame purely imaginary variation of mized twistor structures), and 1%
a minwversal @MB(X),VO-ZOCGZ system for Mp(X) with closed point Vi, where @MB(X),VU
1s a complete local C-algebra. Then:

(1) The miniversal deformation algebra @MB(X),VO admits a canonical pro-complex
mized Hodge structure (resp. pro-mized twistor structure) which is functorial with
respect to pull-back morphisms f* : Mp(Y) — Mp(X) along algebraic maps
f:+ X =Y, direct sums, and tensor products (in a sense to be made precise
m Theorem and Theorem .

(2) The miniversal family V can be equipped with a pro-admissible complex variation
of mized Hodge structure (resp. pro-admissible tame purely imaginary variation
of mized twistor structures) for which the @MB(X)yvo-action 1s compatible with the
Hodge structures (resp. twistor structures).

We also give versions of both theorems for the framed spaces (see Theorem . Note
that by definition a complex variation of mixed Hodge structure satisfies an admissibility
condition and in particular has quasiunipotent local monodromy (see Section . On the
other hand, every local system underlies an admissible tame purely imaginary variation
of mixed twistor structures. Theorem in the Hodge case generalizes the results of [46]
when X is smooth projective, and results of [78, [77] endowing the deformation algebra with
a pro-mixed Hodge structure in general. The twistor case was explained in the compact
case by Simpson [I10]; see also [111] [I07] for some results in the case of quasiprojective
curves. Our approach is quite different from these: rather than using Goldman—Millson
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theory [52], we employ elementary deformation theory together with Saito’s theory of
mixed Hodge modules and Sabbah/Mochizuki’s theory of mixed twistor Z-modules to
equip certain cohomology groups with Hodge/twistor structures. This allows us to avoid
some of the complications in the harmonic theory in the non-proper case (though see
Remark .

Both the Hodge and twistor cases of Theorem are important. In the compact case,
Simpson famously described a C*-action on the good moduli space Mp(X) whose fixed
points are precisely complex variations of Hodge structures; as the image of 2P in Mp(X)
is C*-stable and closed, limits of C*-orbits will produce variations of Hodge structures in
the semisimplification of 2. On the other hand, there might be irreducible components
of Mp(X) which are not generically semisimple and whose semisimplification is strictly
contained in an irreducible component of Mp(X )—it is less clear how to use the C*-action
to produce variations of Hodge structures there. The twistor structures in Theorem
allow for the local germs of Mp(X) to be identified with the local germs of the Higgs
bundle stack, where the C*-action can be understood, via the Deligne-Hitchin space of \-
connections (see Section . Together with Theorembelow, this allows us for example
to establish the following:

Corollary 1.9 (Proposition and Corollary [9.24). Every irreducible component of the
Betti stack Mp(X) contains a point underlying a variation of Hodge structures.

In general the twistor case of Theorem is used to show every irreducible component of
an absolute Hodge subset contains points underlying variations of Hodge structures. Note
that in the non-proper case the Deligne-Hitchin space is complicated by the monodromy
of the residual eigenvalues, but in a neighborhood of the quasiunipotent local monodromy
locus it is well-behaved, and by Theorem below this is sufficient.

1.3. Algebraic integrability of the Katzarkov—Zuo foliation and graded nearby
cycles. The general strategy to prove Theorem is roughly the same as in [44] and [45]
with some important differences. Note that by Theorem it suffices to prove Corol-
lary . Recall that in the projective setting, the semisimple case is handled in [44] using
pure period maps and non-archimedean reductions, and the general case of [45] builds on
[44] by adding mixed period maps associated to miniversal families. The correct division
in the quasiprojective setting is to first prove Theorem in the case the local systems
in ¥ are semisimple with quasiunipotent local monodromy, and then to prove the general
case.

To adapt Eyssidieux’s proof to accomplish the first step, the quasiunipotence of local
monodromy is important for two reasons:

Properness of pluritharmonic maps. Ultimately the proof that X is Stein rests on the
construction of a strictly plurisubharmonic exhaustion function. For a nonextendable Q-
local system V' with reductive algebraic monodromy G, one obtains a candidate by putting
together the pluriharmonic maps at all places X*" — G(Q)\ [[, Av(G) and pulling back an
exhaustion function. Such a function will be plurisubharmonic by general theory, but will
be more easily shown to be proper in the case that V' has quasiunipotent local monodromy,
since in this case the asymptotics of the pluriharmonic maps (specifically the archimedean
one) are better behaved.

Boundary behavior of Katzarkov-Zuo foliation. To show that the exhaustion function de-
scribed in the previous paragraph is strictly plurisubharmonic, one must generalize Eys-
sidieux’s inductive proof (using Simpson’s Lefschetz-type result [I08]) of the algebraic
integrability of the Katzarkov—Zuo foliation.
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Theorem 1.10 (Theorem . Let X be a connected normal algebraic space, ¥ C
Mp(X)(C) an absolute Q-constructible set of semisimple local systems with quasiunipotent
local monodromy, and v a nonarchimedean valuation on Q. Then the v-adic Katzarkov—Zuo
foliation of X associated to the Q-points of ¥ is algebraically integrable.

In the quasiprojective setting the induction step requires the foliation to restrict to a
Katzarkov—Zuo foliation in the boundary, even when the local system does not extend.
To do this, the key observation is that in the nonarchimedean setting, a local system
with quasiunipotent local monodromy locally has an integral structure at the boundary,
so the pluriharmonic map associated to a pluriharmonic norm extends even though the
local system may not. We show that this can be interpreted as equipping the graded
nearby cycles functor with a pluriharmonic norm. The Katzarkov—Zuo foliation of the
graded nearby cycles local system on the boundary is then cut out by the restrictions
of the symmetric forms cutting out the Katzarkov-Zuo foliation on the open part (see

Theorem [10.48)).

We further introduce two simplifications to Eyssidieux’s proof:

(1) We use the Ax-Schanuel theorem [4] for abelian varieties in place of the higher-
dimensional Castelnuovo—de Franchis theorem.

(2) We use a Steinness criterion due to Mok [88] instead of the Demailly—Patin theorem
[38].

1.4. Density of quasiunipotent local systems and the Simpson—Mochizuki cor-
respondence. To go beyond semisimple local systems with quasiunipotent local mon-
odromy, a new strategy to prove Steinness is needed. Part of this is for the same reason
as in [45]: if G is not reductive, the pluriharmonic maps described above need not exist.
But even when G is reductive, if the local monodromy is not quasiunipotent it is unclear
how to proceed. The mixed variations provided by Theorem at points of 3 underlying
complex variations of Hodge structure with quasiunipotent local monodromy handle both
issues (the first as in [45]), since their relative period maps are affine.

Crucially, to ensure there are enough points of > underlying variations of Hodge struc-
tures with quasiunipotent local monodromy, we need two results. The first is a generaliza-
tion of a result of Esnault-Kerz [42]:

Theorem 1.11 (Corollary [9.17). Let X be a connected normal complex algebraic space
and ¥ C Mp(X)(C) be an absolute Q-constructible subset. Let X be the locus of points
with quasiunipotent local monodromy. Then X9 is Zariski dense in 3.

The idea behind Theorem is also present in [22]. Here, “absolute Q-constructible”
means every Galois conjugate of ¥ is Q-algebraic, where the Galois action is made sense
of via the Riemann—Hilbert correspondence, see Section In fact, Q-absoluteness is
equivalent to Q-bialgebraicity with respect to the Riemann-Hilbert correspondence (see
Corollary . With the correct setup, Theorem follows rather easily from the
Riemann—Hilbert correspondence and the Gelfond—Schneider and Ax—Schanuel theorems
for the exponential.

The second is to prove that the non-abelian Hodge correspondence of Simpson and
Mochizuki yields a homeomorphism between the moduli spaces of polystable logarithmic
Higgs bundles with nilpotent residues and vanishing rational Chern classes, semisimple
logarithmic connections with nilpotent residues, and semisimple complex local systems
with unipotent local monodromy, at least in the case of curves.
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Theorem 1.12 (Corollaryand Theorem|7.13). Let (X, D) be a log smooth proper curve.
Then the correspondence via purely imaginary tame harmonic bundles yields identifications

nilp / v ~ nilp / v ~ uni
MDO?(X,D)((C) = MDI%’(X,D)((C) ~ M5 (X)(C)
where the first is a homeomorphism and the second is a complex analytic isomorphism.

This leads to finer control on the C*-action on the Betti stack with unipotent local
monodromy, whose fixed points underlie variations of Hodge structures.

1.5. Acknowledgements. The authors benefited from discussions with S. Boucksom, J.
Daniel, C. Sabbah, C. Schnell, C. Simpson, and T. Mochizuki. We are particularly grateful
to C. Sabbah for communicating the proof of Lemma [8.12] B.B. was partially supported
by NSF grant DMS-2131688. Y.B. is partially supported by the French Agence Nationale
de la Recherche (ANR) under reference ANR-23-CE40-0011 (CYCLADES).

1.6. Outline. In Section [2| we prove the existence of Stein factorization in the definable
analytic category, Theorem In Section [3| we give an algebraization criterion for coher-
ent sheaves coming from a flat principal bundle. In Section [] we prove the existence of
functorial mixed Hodge structures on the local rings of the Betti stack at points underlying
variations of mixed Hodge structures and functorial mixed twistor structures at arbitrary
points to prove Theorem In Section [5| we develop some general properties of bialge-
braic subsets of a stack with respect to an analytic correspondence and prove Theorem[1.11
using the Riemann—Hilbert correspondence. In Section [6] we review the general theory of
(pluri-)harmonic maps to NPC spaces. In Section [7| we discuss the Dolbeault realization
and prove Theorem [I.12] In Section [§] we construct the Deligne-Hitchin space and use the
results of Section [4 to understand its completion along preferred sections. In Section [J] we
assemble some properties of constructible subsets of the Betti stack including: nonextend-
ability, the equivalence between Q-bialgebraic (with respect to the Riemann-Hilbert corre-
spondence) and Q-absolute subsets, the graded nearby cycles functor. We also define and
prove some basic properties of absolute Hodge substacks of the Betti stack. In Section [I0]
we develop some properties of pluriharmonic norms on non-archimedean local systems to
show that the graded nearby cycles functor is compatible with the Katzarkov—Zuo folia-
tion for semisimple local systems with quasiunipotent local monodromy, Theorem [10.48]
In Section [TI] we prove the algebraic integrability of the Katzarkov—Zuo foliation of an
absolute Q-absolute set of semisimple local systems with quasiunipotent local monodromy
(Theorem . In Section (12| we give a simple characterization of Stein complex spaces
which is implicit in the work of Mok. In Section[I3]we prove Theorem [I.3]in the semisimple
case and Theorem in the semisimple quasiunipotent local monodromy case using the
results of Section [3] Section and Section In Section [14] we upgrade Theorem
and Theorem [1.3] to the general case using Theorem Theorem Theorem and
Theorem [1.12

1.7. Notation. Unless otherwise indicated, all algebraic spaces (resp. definable analytic
spaces, resp. analytic spaces) X are separated algebraic spaces (resp. definable analytic
spaces, resp. analytic spaces) of finite type over C. Definability will always be meant with
respect to a fixed o-minimal structure for general results, and with respect to Rap exp in
applications.

The only stacks we will consider for the most part (namely the Betti stack of any con-
nected algebraic space, and the De Rham and Dolbeault stacks of a log smooth projective
variety in the unipotent case) are global quotients of quasiprojective schemes by a reduc-
tive group. In several places (specifically the De Rham stack of a log smooth algebraic
space in the non-quasiunipotent case and in the construction of the Deligne-Hitchin space
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of a log smooth algebraic space), we will consider stacks which are the quotient of possibly
non-separated algebraic spaces (or analytic spaces) which admit a countable open cover
by finite-type algebraic spaces (or analytic spaces) by a reductive group.

Throughout we use the following notation. For a subset ¥ C Mp(X)(C) of complex
points of the Betti stack, we will denote: 3% C X the subset of semisimple local systems;
Y4 C X the subset of local systems with quasiunipotent local monodromy (see Section;
for any n € N, 29" 3 the subset of local systems for which the eigenvalues of the local
monodromy have order dividing n. For a substack Z C Mp(X), we therefore refer to
Z(C)* and Z(C)%, but in the last case we denote Z(C)d" = Zal"(C) since Z(C)aI"
will underlie a closed substack Za" ¢ Z.

2. DEFINABLE ANALYTIC STEIN FACTORIZATION

Recall that we say a map f : X — Y of algebraic spaces, definable analytic spaces,
or analytic spaces is a fibration if it is proper and the pullback map Oy — f.Ox is an
isomorphism. Recall also that if f : X — Z is a morphism of algebraic (resp. analytic)
spaces such that the fibers of f have compact connected components, there is a diagram
in the category of algebraic (resp. analytic) spaces

x—71 Lz
N
Y

such that g is a fibration and h has discrete fibers. Such a diagram is uniquely determined
up to isomorphism (compatible with f) and is called the Stein factorization of f. In both
categories, the map g : X — Y is the quotient of X by the equivalence relation z ~ 2’
if x,2' are contained in a connected component of a fiber of f. We call this equivalence
relation in the topological /definable topological /definable analytic/analytic categories the
connected fiber equivalence relation.

The goal of this section is to extend the existence of the Stein factorization to the

definable analytic category, at least for seminormal varieties (we say a reduced definable
analytic space X is (semi)normal if the analytification is):

Theorem 2.1. Let X be a seminormal definable analytic space, Z a definable analytic
space, and f : X — Z a morphism with compact fibers. Then there is a diagram, unique
up to isomorphism (compatible with f: X — Z)

x— 1 .z

(2.0.1) \ /

where g is a fibration and h is quasifinite. Moreover, g is the quotient by the connected
fiber equivalence relation in the definable analytic category, and (2.0.1) analytifies to the
analytic Stein factorization.

Note that allowing for X to be seminormal will be important in the following section.
2.1. Definable Spec and (semi)normalization.

Proposition 2.2. Let Z be a definable analytic space and A a definable coherent sheaf of
Oz-algebras. Then there is a unique definable analytic space h :' Y — Z equipped with an
isomorphism ¢ : haOz — A which is finite over Z, up to isomorphism as spaces over Z
that are compatible with ¢. We define Y = Spec A.
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Proof. The uniqueness is clear. For the existence, we may therefore assume we have a
surjection 0% — A. Let a1, ..., a, be the corresponding sections of A. Let 7 : C"xZ — Z
be the second projection and consider the surjection Ocnyz — 7 A defined by sending the
ith coordinate z; to a;. The kernel is an ideal sheaf for a subspace Y C C" x Z together
with a natural map ¢ : h,Oz — A with the required properties. O

Proposition 2.3. Let Z be a reduced definable analytic space. There is a definable analytic
space h 1 Y — Z uniquely determined by the property that it analytifies to the analytic
normalization.

Proof. The uniqueness is clear by [5, Proposition 2.45|, as for any other such morphism
n Y — Z the analytic isomorphism Y?" — Y’a" ig the closure of the identity on
the (definable) dense Zariski open subset of Z where both h,h’ are isomorphisms, hence
definable.

For the existence, recall the Oka criterion for normality [54, Chap. 6 §5.2|: a reduced
space ) is normal if and only if the natural map Oy — &nd(Iysing) is an isomorphism,
where Iysing is the ideal of the reduced singular locus. Moreover, £nd(/ysing) is naturally a
coherent sheaf of Ox-algebras (in particular commutative, see [54, Chap. 6 §5.1]). Thus,
defining Zyp = Z and Z; = Spec 5nd(I(Zi71)sing) inductively, we have a tower of finite
morphisms h; : Z; — Z. The supports of the cokernels of the maps

OZ:OZO%hl*Ozl_>"'_>hi*OZi_>"'

yield a decreasing chain of subspaces which can only stablize when Z; is normal, and by
noetherian induction the claim is proven. O

Corollary 2.4. Let Z be a reduced definable analytic space. There is a definable analytic
space h 'Y — Z uniquely determined by the property that it analytifies to the analytic
seminormalization.

Recall that the analytic seminormalization J — Z is uniquely characterized by the
property that its regular functions are meromorphic functions on Z which extend contin-
uously [55]. This means that if )’ — Z is the normalization, ) is the quotient by the
equivalence relation )’ xz )’ C V' x )’ with the reduced structure.

Proof of Corollary[2.4. The uniqueness is again clear. Let b’ : Y/ — Z be the normaliza-
tion, Y — Z" the analytic seminormalization, and R C Y’ x Y’ be the reduced definable
subspace whose underlying set is the support of Y/ xz Y’ C Y’ x Y'. Let r,70: R — Y’
be the two finite projections; the compositions with h’' are equal, t = b’ o r;. Let A be
the kernel of rf — 75 : h Oy — t,Opr. It follows from the above that A4*" is h,Oy and
therefore Spec A is the required Y. O

Corollary 2.5. Theorem holds if and only if it holds additionally assuming X is
normal.

Proof. The forward implication is clear. For the backward implication, let f': X’ — Z’ be
the maps on normalizations, and X’ — Y’ — Z’ the Stein factorization. The equivalence
relation in Y/ x Y’ defining Y is the image of the equivalence relation X’ x x X’ € X' x X',
and as in the previous corollary we obtain h : Y — Z analytifying to the finite part of the
Stein factorization. The composition X’ — Y’ — Y factors through X analytically, so by
[5, Proposition 2.55] we obtain the morphism g: X — Y. O

2.2. Stein factorization of definable topological spaces. Recall the following impor-
tant result of Van den Dries on equivalence relations in the category of definable topological
spaces.
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Theorem 2.6 (Van den Dries [12I, Chap. 10, (2.15) Theorem]). Let X be a definable
topological space and R C X x X a proper definable equivalence relation. Then the quotient
q: X — X/R exists as a definable topological space. Moreover the map q is proper.

The quotient is both a categorical quotient (in the sense of being universal with respect
to morphisms X — Y which are equal on the relation) and a geometric quotient (in the
sense that the topology is the quotient topology and fibers are equivalence classes).

Proposition 2.7. Let f : X — Z be a morphism of definable topological spaces with
compact fibers. Let R C X x X be the equivalence relation x ~ x' if x,x’' are in the same
connected component of a fiber of X. Then the quotient g : X — Y by R exists in the
category of definable topological spaces. Moreover, there is a factorization

S~

uniquely determined by the property that g has connected fibers and h is quasifinite. Finally
g 1S proper.

Proof. Connected components are always closed and compact subsets of X are separated
by a nonzero distance, so R is a closed proper equivalence relation. There is a definable
stratification of Z by locally closed subspaces over which f is definably trivializable [121],
Chap. 9, (1.2) Theorem|, hence R is definable. Thus, by Theorem the quotient
Y = X/R exists, and the quotient map ¢g : X — Y is proper. The remaining statements
are clear. O

Lemma 2.8. Let f :' Y — Z be a quasifinite morphism of regular definable topological
spaces. Then up to a definable cover of Z, f factors as Y — Z' — Z where Y — Z' is
finite and Z' — Z is an open embedding on each component.

Proof. First observe that we may assume f factors as Y — Y — Z where j : Y — Y is an
open embedding and f : Y — Z is finite. Indeed, we may assume Y is embedded in R”,
and therefore that f factors as Y — R"™ x Z — Z where the first map is a locally closed
embedding and the second is the projection. After a definable open cover of Z, we may
assume the last coordinate separates points in the fiber, and thus that n = 1. We then
take Y to be the closure of the image of Y in ]P’]%{ x Z. Let Y =Y \ Y, which is closed in
Y.

The argument of [5, Proposition 2.4] produces the following, possibly after a definable
cover: triangulations {C} and {D} of Y and Z such that

(1) 9Y is a subcomplex of Y.
(2) for each open simplex D of Z, f~1(D) is a disjoint union of open simplices of Y,
each mapping isomorphically to D;

(3) the closure of each simplex in Y injects into Z.
As in [5], for any simplex D of Z take Z(D) to be the star of D and likewise for Y (C'). Then
{Z(D)} is a definable open cover of Z for which f~(Z(D)) is the disjoint union of the
stars Y (C) of the lifts C of D. Moreover, for any D, and any lift C of D, Y(C)N Y # &
if and only if C' C dY. Finally, if C C Y, Y(C) := Y(C)NY is finite over Z(D)\ f(9Y),
which is open in Z (D). The cover {Z (D)} then satisfies all the required properties. O

Remark 2.9. Note that the definable topological spaces underlying definable analytic
spaces are locally isomorphic to a locally closed subset of R", and are therefore regular
(see [121]).
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2.3. Proof of Theorem The Stein factorization exists if and only if the
quotient g : X — Y by the connected fiber equivalence relation exists in the category of
definable analytic spaces, hence the uniqueness. The Stein factorization exists both
in the analytic category and the definable topological space category, by Proposition [2.7]
In both categories the map g : X — Y is the quotient by the connected fiber equivalence
relation, hence the uniqueness, and for both the map |g| : |X| — |Y| on underlying
topological spaces is also the quotient by the connected fiber equivalence relation, so the
diagrams on underlying topological spaces are isomorphic. It follows by [5l Proposition
2.45] that if a morphism g : X — Y exists in the definable analytic category which gives the
quotient in the analytic and definable topological space categories then it is the quotient
in the definable analytic category.

We now show the existence. By Corollary we may assume X is normal. By the
uniqueness statement we may freely pass to definable open covers of Z. In particular,
by Proposition and Lemma [2.8] we may assume f is proper. We may also assume
Z is a basic definable analytic space—that is, the zero-locus of finitely many definable
analytic functions on a definable open subset of C™. By definable Noether normalization
[96, Theorem 2.14|, we may assume there is a finite linear projection Z — A for A C C™
open, so we may replace Z with A and thereby assume Z is a definable open subset of C".
The existence will be a consequence of the following result.

Proposition 2.10. Let Z be a definable open subset of C*. Let f: X — Z be a proper
surjective morphism of normal definable analytic spaces. Let X® — Y — Z®" be the Stein
factorization of its analytification. Then, up to passing to a definable cover of Z, there
exists V.= Z\T C Z the complement of a nowhere-dense Zariski-closed definable subset
T C Z, a positive integer N and a morphism g: Xy := X xz V — AN such that there is
a commutative diagram

(fxg)*» pan x (CN

N

yvan

where the right diagonal map is a closed immersion of Yyan := Y X gan V3,

an
XV

Corollary 2.11. Assume the hypothesis of Proposition [2.10, Then, up to passing to a
definable open cover of Z, there is a reduced irreducible definable analytic space Y' and
a factorization X — Y' — Z with X — Y’ proper surjective and Y' — Z finite which
analytifies to the Stein factorization of X2 — Z®" over a dense definable analytic Zarisk:
open subset V C Z.

Proof of Corollary [2.11) assuming Proposition [2.10. After passing to a definable cover of
Z, we may assume the ideal sheaf of T is globally generated, and by multiplying g by
sufficiently high powers of these generators we may assume the function g extend to X,
by [8, Lemma 3.2|. Consider the definable analytic map f x g: X — Z x CV. Being a
proper map, it follows from Remmert theorem that its image is a closed analytic subvariety
which is clearly definable, hence by [5, Proposition 2.45| it is a definable closed analytic
subvariety Y’ of Z x CN. This variety is finite over Z and its analytification contains Yy an
as a dense Zariski open subset by construction. ([l

Proof of Theorem [2.1] assuming Corollary[2.11} Let Y — Y’ be the normalization of Y,
as guaranteed by Proposition [2.3] Since X is normal, the analytic Stein factorization Y
is normal, hence equal to the normalization of Y'2*. By |5, Proposition 2.45| we therefore
have a factorization X — Y — Z in the definable analytic category. U
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We now proceed with the proof of Proposition 2.10] Let X** — ) — Z°" be the
analytic Stein factorization. Observe that there is a nowhere dense reduced closed definable
subspace T' C Z such that Y — Z?" is étale in corestriction to the complement V := Z\T.
Indeed, we may take T to be closure of the locus of points where the fiber of X — Z
is everywhere nonreduced on some connected component. We may as well assume 7' has
pure dimension n — 1. By definable Riemann existence (which follows from the existence
of quotients by closed étale equivalence relations [5, Proposition 2.57]), this means there
is a finite étale cover U — V which analytifies to the restriction of the map Y — Z2" to
Van,

Proposition [2.10] is clearly true when )Y — Z2" is finite étale, so in particular true
over V. Finally, we may further assume there is a linear projection Z — B C Cr~!
for an open definable B C C*~! which is finite on 7" by another application of definable
Noether normalization, and we therefore think of Z as a definable open in B x C. The
map p: T — B is étale over some dense definable Zariski open By C B ¢ C*~1.

Lemma 2.12. Let B C C"! be a definable open subset, T C B x C a reduced definable
analytic subspace of pure dimension n—1 which is finite over B, T C Z C BxC a definable
open neighborhood. Let U — V' be a finite connected étale cover of V := Z \ T. Then up
to passing to a definable open cover of B, shrinking Z as a neighborhood of T, and taking
connected components of Z, there is a dense Zariski open subset By C B such that, setting
Uy C U to be the preimage of By in U, we have a commutative diagram

Uo : Co \ @

By
where j is an open embedding and Cy — By is a smooth proper definable analytic family
of curves with a definable analytic Cartier divisor qo which is finite étale over By.

Proof. We denote by T, C Z, C C the fibers over b € B. Note that T is the closure of
T NUy. For z € C we denote by Bg(z) the open disk of radius R centered at z and for a
subset X C C we denote by Kg(X) the convex hull of |,y Br(p). Assume first that for a
continuous definable function 7 on B, Zy = K, 4)(T}). Then Vj := By x C\ T deformation
retracts onto V) := By x CN V. It follows that Uy — Vj, the restriction of U — V to
Vb, extends to a finite étale cover Uj — V{j, which then extends to a finite ramified cover
C — By xPL. The divisor qq is simply the reduced preimage of the point at infinity (which
is étale over By possibly after shrinking By), and this proves the proposition in this case.
It therefore remains to show that after a definable cover of B and shrinking and taking
components of Z we are in the above case. In particular we may assume 7" is connected.
Let d be the degree of T'— B. There is a natural morphism B — Sym?C such that T
is contained in the pullback of the universal d-tuple. Let C?* — Sym?C be the obvious
quotient map, and v : B’ — B the base-change to B. There are then sections t1,...,t4
of the projection B’ x C — B’ whose union is the base-change of T' generically. For any
partition 7 of [d], consider the set B, C B’ of points b’ such that there is some € > 0
satisfying:
(1) For each ¥ € m we have K (ts(b')) C Z,(), where we denote ts (V') = {t;(0) | i €
Ih
(2) The closed convex hulls K,(tx(V')) are pairwise disjoint for distinct parts ¥ of 7.

Note that if a set B. contains a point &', then the orbit decomposition of [d] under the
stabilizer of ¥ in S, yields a partition 7, which necessarily refines , since for any part
Y. € my the sections t;(b') are equal for i € X.
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The {B.} are a definable cover of B’. By [5, Proposition 2.4| there is a definable open
cover {W} of B such that for each W, every connected component of v~1(W) is contained
in some B.. Moreover, because of the way this cover is constructed, the stabilizer of a
component in Sy is equal to the stabilizer of a point in that component. It follows that 7
is invariant under this stabilizer.

Passing to this cover, there is a partition mp of the irreducible components of 7' and a
definable continuous function r : B — R<( such that

(1) For each ¥ € 7 we have K,.(X) := Upcp K1) (Xp), where ¥y is the set of points
of T}, contained in a component in ¥;
(2) The closures K, (X) are pairwise disjoint for distinct parts ¥ of 7.

We may therefore replace Z with K,.(3), in which case we are in the above situation.
O

Returning to the proof, we make the following:

Claim. After passing to an open definable cover of T in Z and a dense definable Zariski
open of By, Uy has a definable divisor Dy C Uy which is finite étale over By and such that
the generic fiber of the pair (Co, Dgy) has no automorphisms.

Proof. X is covered by basic definable analytic open subspaces X;. As f is generically
smooth, each f(X;) has nonempty interior, and further Z is covered by the interior closures
of the images f(X;). Thus we may assume by passing to a cover that one basic definable
analytic subspace X; has dense image in Z.

Lemma 2.13. Let Z C C" be a definable open subset. Let X C C™ be an irreducible
basic definable analytic space and f : X — Z a morphism with dense image. Let Zy C Z
be a dense definable Zariski open where f is equidimensional and Xo = f~%(Zy). Fix
k> dim X —n and let W be a dense definable open subset of the space of affine codimension
k subspaces H C C™ which meet X. Then there is a definable open cover Z; of Z such
that for each i there is a H; € W for which H; N f~1(Z; N Zy) is finite over Z; N Zy.

Proof. Let 0X = X \ X be the boundary of X in P"; X is closed in P". Note that the
projection HNX — Z will be finite on the open set Z\ f(HNOX), and if f(HNOX) has no
interior then, the desired property will be satisfied on the interior closure of Z\ f(H N90X)
in Z. Observe that for any closed definable ¥ C Z, we have

S\ fHNIXNfFE) CZ\ fHNIX).
Setting X9 = ¥ N Zy we also have dimg 0X N f~1(Zg) < dimg ¥g + 2(dim X — n). There
is then a H € W for which H N 0X is not saturated with respect to f and further
dimg H N0X N f~1(X) < dimg Zg + 2(dim X —n) — 2k < dimg Y.

Thus, starting with ¥ = f(0X) by induction on dimg 3¢ we inductively build the desired
cover by adding the interior closure of Z \ f(H N 0X) to our cover and replacing ¥ by
F(HNOX N f~1(X)) at each step. O

Applying the lemma with £ = dim X —n+ 1, pushing forward and using [5, Proposition
2.45| we have a divisor Dy on Uy and after shrinking By and taking the divisor sufficiently
generally, we may ensure the claim holds. ([l

Let g be the genus of the general fiber of Cy, m the degree of Dy over By, d the degree
of go over By, and let M := S, 4\’ Mg 1q be the moduli stack of genus g curves with two
sets of unordered points of cardinality m and d. Let C — M be the universal curve. Up
to passing to a dense definable Zariski open of B, we may assume there is an open affine
subscheme A C M consisting of curves with no automorphisms and a definable analytic
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morphism By — At such that Cj is the pullback of the restriction of the universal curve
C A — A.

Note that the family C% — A obtained by puncturing C4 at the order d set is affine, as
therefore is C%. Let x; be coordinate functions on C4. Replacing T with T'U w; *(B \ By)
where m1 : Z — B is the projection, we have a map Xy — U — C% and pulling back the
functions x; yields the required morphism g : Xy, — AN, O

Remark 2.14. The proof of Theorem [2.1] also gives an elementary proof of Stein factor-
ization in the analytic category assuming Remmert’s proper mapping theorem, at least for
morphisms of seminormal spaces (whose fibers have compact connected components).

3. QUASIPROJECTIVITY OF COMPLEX PERIOD MAPS

In this section we prove a general algebraicity result which among other things should
be viewed as showing that the image of the period map associated to a complex variation
of mixed Hodge structures is an algebraic space (quasiprojective in the pure case), up to
a Stein factorization and assuming a weak properness assumption. In this sense it is a
version of the Griffiths conjecture [5] [§].

3.1. Algebraicity. The setup is as follows:

Setup 3.1. For an algebraic space X suppose we have:
(1) A finitely generated group T
(2) A definable analytic space .# with an action by I' such that each v € I acts by a
definable analytic automorphism.
(3) A normal covering space 7 : X — X with deck transformation group T
(4) A m-definable I'-equivariant morphism ¢ : X — 22"

Here we have used the following definition:

Definition 3.2. Let 2" be a definable analytic space and 7 : X — 2 a covering space.
Let .# be a definable analytic space and ¢ : 2~ — 4" a morphism of analytic spaces. We
say ¢ is m-definable if for any definable analytic space .7 and any commutative diagram

X
(3.1.1) / lﬂ

ﬂ*tm%” gan ____y gran

an

the resulting map ¢ o 7 : 7" — Z*" is the analytification of a morphism p : 7 — #
of definable analytic spaces. Note that by definable triangulation it suffices to check the
property for open definable subspaces T .

In practice, Setup will arise when .# has an action of 71 (X", z) (for some choice
of baepoint x) by definable analytic automorphisms and ¢ will be 71 (X?", x)-equivariant,
in which case it is sufficient to check the w-definability on a fundamental set of Z . Note
that if we are in Setup for some algebraic space Y and g : X — Y is a morphism, then
X naturally inherits all of the structures in Setup |3.1]

Now if we have Setup for an algebraic space X and in addition the fibers of ¢ have
compact connected components, recall that there is then a factorization in the category of
analytic spaces

X d Vs

N, <
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where 1 is a fibration and x has discrete fibers. Moreover, I' acts properly discontinuously
on ) so the map v descends to a fibration o : X?* — ). We refer to o as the Stein
factorization of ¢.

Theorem 3.3. Assume Setup[3.]] for a seminormal algebraic space X with the additional
assumption that the fibers of ¢ have compact connected components. Then the Stein fac-
torization o : X®*™ — Y of ¢ is the analytification of an algebraic map g : X — 'Y, uniquely
determined up to isomorphism (as a map with fived source).

Proof. By definable GAGA an algebraic structure X — Y on ¢ : X?" — ) is equivalent to
a definable analytic space structure X9¢f — ¥, and moreover either is uniquely determined.
Thus, it suffices to find a finite open analytic cover ; of Y such that o=1(;) = X2 for
a definable open cover X; C X9 and definable analytic space morphisms X; — % which
analytify to X" — ;. This has the following consequence:

Lemma 3.4. If the underlying map on topological spaces |o| : | X**| — |V| has a definable
topological space structure | X9t| — ), then o has a definable analytic space structure.

Proof. First observe that by definable triangulation there is a finite open cover ); of ) by
contractible open sets such that the X; := 671());) form a definable open cover of Xd°f,
Now, there is a finite map Y/ — J; which is a quotient by a finite group G; such that
V! lifts to Y. The preimage of the lift in X is a finite étale Gy-cover X! — X;. The
resulting map X/ — .# is a morphism of definable analytic spaces with compact fibers.
By Theorem there is a Stein factorization X; — % — .#, where % analytifies to
Y!. Taking the quotient by G; using [5, Proposition 2.63|, we obtain a definable analytic
morphism X; — %; where %; analytifies to ); as required. O

Returning to the proof of the theorem, we first reduce to the case that X is normal.
Let X’ — X be the normalization of X, )’ — ) the normalization of ), and suppose
X'™ — )’ is algebraized by X’ — Y. The topological space underlying Y is the quotient
of |Y’2| by the image of the equivalence relation | X’ xx X'| C | X’ x X'| in |V’ x Y’|.
This equivalence relation is clearly definable, closed, and proper, so by Theorem [2.6] the
quotient exists in the category of definable topological spaces, and by the lemma we are
done.

Thus we may assume X is normal, and we proceed by induction on dim X, the base
case being trivial. By a Hilbert scheme argument as in [5] we have the following:

Proposition 3.5 (Compare with [II7, Proposition III]). Let X be a connected normal
algebraic space and f: X*™ — Y a holomorphic fibration onto a normal analytic space Y.
Then there exists a fibration g: X' — Y’ between two connected normal algebraic spaces, a
proper modification X' — X and a holomorphic proper modification (Y')*™ — Y such that
the diagram

(X/)an Xan

lgan J‘f
(Y/)al’l y.
18 commutative.

Proof. One can assume that X is smooth quasiprojective. Let Hilb(X) be the Hilbert
scheme of proper algebraic subspaces of X. Its analytification is the Douady space of
compact analytic subspaces of X" (see [0, p.200]). Let &4 C ) be a non-empty Stein
open subset over which f is smooth. By Remmert proper mapping theorem, every irre-
ducible compact complex subspace of X" contained in f~!(Uf) is contained in a fiber of
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f. Therefore, the induced holomorphic map & — Hilb(X)?" is an open immersion. Let
H C Hilb(X) be a irreducible component such that H*" contains &/. The compact complex
analytic subspaces of X 2" that are contained in a fiber of f form a closed analytic subset of
Hilb(X)?" that contains the image of U. Since U is open in H*" for the Euclidean topology,
it follows that (the analytification of) every proper algebraic subspace of X corresponding
to an element of H is contained in a fiber of f. Therefore, letting Y’ be the normalization
of H, we get a holomorphic map (Y')** — Y, which is a biholomorphism in corestriction
to U. If we denote by g: X’ — Y’ the normalization of the base-change of the universal
family to Y/, we get a commutative diagram

(X/)an Xan

L

(Y/)an y

Since the induced map (X')*® — ) is proper and its image contains U, it is surjective. A
fortiori, the map (Y”)** — Y is proper and surjective. Finally, ¢*" and f coincide over U.
The remaining claims follow. ([l

Thus we may assume o is a proper modification. The étale locus of ¢ is definable and
p-equivariant, so there is a Zariski open subset U C X on which ¢ is an isomorphism. Let
S:=X\U and T C Y the image of S®" under . By the inductive hypothesis, if S" — S
is the seminormalization, and S"** — T’ — T the Stein factorization of S"* — T, then
S0 — T has an algebraic structure S — T”. Since S is saturated with respect to the
map 1, the fibers are connected, and therefore 72" = 7’ — T is the seminormalization.
Since seminormalizations are homeomorphisms on the underlying topological space and
o is an isomorphism on U, it follows that the set-theoretic equivalence relation of o is
definable, hence again by Theorem the quotient as a definable topological space exists,
and by the lemma the claim is proven. O

3.2. Quasiprojectivity. We now address the question of when line bundles on . induces
semiample bundles in the context of the previous section. We first describe when bundles
pulled back from .# have a natural algebraic structure, as in [3, §6.2| (see also |8, §2.3]).

Setup 3.6. Assume Setup for an algebraic space X. Suppose further that, for a chosen
basepoint x of X, we have

(1) G a linear algebraic group acting definably on ..

(2) A homomorphism p : m(X*",2) — G(C) with norm one eigenvalues of local
monodromy.

(3) The covering map = is the covering 7 : XP — X2 corresponding to the subgroup
ker p C m(X?", x).

(4) The map ¢ is m (X", :U)—equivarianﬂ where the action of m (X?", x) on . is via
p-

Here we have used the following:

Definition 3.7. We say p : m(X*",z) — G(C) has norm one eigenvalues of local mon-
odromy if for some log smooth compactification X’ of a resolution r : X’ — X and some
faithful complex representation V' of G, taking V to be the local system on X?" induced
by V via p, the the local monodromy of r*V around any divisor has (complex) norm
one eigenvalues. Note that if this is satisfied, the same will be true for any log smooth
compactification of any resolution and any complex representation of G.

2In this case we say ¢ is p-equivariant.
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Recall that by [9], the eigenvalues of local monodromy having norm one implies that
the two natural structures as a definable coherent sheaf on Oyaer ®z ., V' coming from
the flat sections and the canonical algebraic structure of the associated flat vector bundle
are equivalent.

Observe that in Setup for an algebraic space X and for any G-equivariant definable
analytic vector bundle bundle & on .#, there is a natural analytic vector bundle £x on
X" together with a natural m;(X®", x)-equivariant isomorphism o : 7*EY" =N Pp* &,
Here the naturality means that for any morphism ¢g : X — Y there is an isomorphism
A (g*)*Ey — Ex fitting into a commutative diagram

TxEX

ﬂxi\

EY W ¢Xéaan — (gan)*Qs;éoan
with the obvious notation, where g : X%x — YX¥ ig the map induced by f on covers.
In the following, by a constant G-equivariant vector bundle on .#Z we mean a G-
equivariant vector bundle of the form O , ®c V for a G-representation V.

Lemma 3.8. Assume Setup 3.6 for an algebraic space X, and suppose & is a subquotient
of a constant G-equivariant vector bundle on . Then:

(1) There is an algebraic vector bundle Ex analytifying to Ex which is uniquely de-
termined by the property that for any diagram (with & = X9°t) and the
induced map p = T — M, the isomorphism T 1 (t*")*E3 — (u®)*E™ is the
analytification of an isomorphism t*EBi(ef — ué.

(2) For any morphism g : X — Y, there is an isomorphism g*Ey — Ex analytifying
to the above isomorphism X : (¢°*)*Ey — Ex.

Proof. There is clearly a definable analytic vector bundle & with all the required prop-
erties. By the assumption on &, &y is a subquotient of the flat definable vector bundle
corresponding to a local system induced by p, so by [9] and definable GAGA &y has a
unique algebraic structure which moreover satisfies all the required properties. ([l

Setup 3.9. Assume Setup [3.6] for an algebraic space X, and further suppose we have:

(1) A line bundle .Z on .# which is a subquotient of a constant G-equivariant vector
bundle.

(2) For any morphism g : Z — X from a smooth algebraic variety Z with a log smooth
compactification (Z, D), if ¢z has generically discrete fibers then Ly extends to a
big and nef line bundle Lz on Z. Moreover, this extension is functorial with respect
to morphisms (Z’, D') — (Z, D) of log smooth pairs which are isomorphisms on
the open part.

Proposition 3.10. Assume Setup[3.9 for an algebraic space X and assume ¢ has discrete
fibers. Then Lx is ample. In particular, X is a quasiprojective variety.

Proof. Immediate by [5, Theorem 5.4]. O

Critically, complex variations of pure Hodge structures fall within the framework of
Setup 3.9 The following is a consequence of the main theorem Theorem [I.3] but we
include it now as an example.

Theorem 3.11. Let (X, D) be a smooth proper log-pair and X := X\ D. Let V be a pure
C-VHS on X whose underlying local system has discrete monodromy T'. Assume that V
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has infinite local monodromy. Then the Stein factorization of the associated period map
X — T\A is the analytification of an algebraic morphism X — Y, with Y normal
quasiprojective.

Proof. In the notation of Setup we take . to be the period domain and ¢ : XV — &
to be the period map. The definability condition follows from [9] and the fact that the
Hodge filtration extends to the Deligne extension (see the proof of Lemma 7.4 in [18]) and
the algebraicity follows from Theorem Note the fibers of ¢ have compact connected
components since the condition on the local monodromy implies by the Griffiths criterion
[57, Proposition 9.11] that X" — I'\.Z is proper.

It remains to show the quasiprojectivity. By replacing X with Y we may assume ¢ has
discrete fibers. We take . to be the Griffiths bundle; then Setup [3.6] is satisfied, and
Lemma |3.8] applies to .Z. By the following lemma, Setup applies.

Lemma 3.12. Let X be a smooth algebraic variety, V o C-VHS with unipotent local
monodromy, and Nx the Griffiths bundle. Then there is a functorial nef extension Ny
to any log smooth compactification. Moreover, if the period map ¢ of V has generically
discrete fibers, then N is big.

Proof. The Griffiths bundle of the R-VHS V @ V is a power of that of V, so it suffices to
consider a R-VHS and this is [5, Lemma 6.15]. O

O

Remark 3.13. There is a version of Theorem [3.11]in the mixed case, but the condition of
infinite local monodromy must be replaced with the nonextendability of the local system

(see Section [9.1).
4. HODGE AND TWISTOR THEORY OF MINIVERSAL LOCAL SYSTEMS

In this section we construct functorial mixed Hodge structures on the miniversal defor-
mation rings at points of the Betti stack Mp(X) (see Section underlying complex
variations of mixed Hodge structure, as well as complex variations of mixed Hodge struc-
tures on the miniversal families themselves. In fact, we will need the same statement in the
category of variations of mixed twistor structures (see Section for definitions), which
gives additional structure to the miniversal family of Mp(X) at every point.

We leave some relevant definitions for Section [£.6] but the precise statements are The-
orem [£.2] and Theorem [£.3] below. Before stating it, we make the following notational
convention:

Notation 4.1. Starting in Section [£.4] we develop the theory in the Hodge and twistor
cases largely in parallel. We therefore use the phrase “complex mixed structure” (C-MS)
as a stand-in to mean either a complex mixed Hodge structure (C-MHS) or complex mixed
twistor structure (C-MTS), and C-VMS (C-AVMS) to mean an (admissible) variation of
complex mixed Hodge structures or complex mixed twistor structures. In either category,
we denote by T(0) the weight 0 Tate object, that is, the unit for the tensor structure.

We first state the result for the framed Betti moduli space, where the lack of automo-
prhisms makes the universal properties better behaved.

Theorem 4.2. Let X be a connected algebraic space, x € X a basepoint, and V €&
Mp(X)(C) a complex local system equipped with an admissibleﬁ (graded polarizable) com-
plex variation of mized structures (C-AVMS). Let ¢ : V, — C" be a framing of V at

3Here7 the admissibility hypothesis in the Hodge case includes the condition that the local monodromy
is quasiunipotent, see Definition
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x. Let M be C" equipped with the mized structure induced via ¢. Let (@RB(X,Q:),(V,¢)’V)
be the universal local system at (V,¢) for Rp(X,x) with universal framing ¢ : Vi —
Orp(x.2),(vi9) @ T

(1) There exists a pro-T(0)-MS-algebra structure on ORB(X 2),(V,¢) and a pro- ORB(X m) (V.b)~

AVMS structure on' V that is compatible with V' and such that the framing i
ORB(X 2),(V,¢) ©1(0) M is a morphism of pro- ORB(X 2),(v,¢)-MS-modules.

(2) For a fixed C-AVMS structure on V', the pair (ORB(X 2),(V,$)» (V,9)) is uniquely
determined by the following universal property. For any artinian local T(0)-MS-
algebra A and any A-AVMS U which is equipped with a framing ¢ : Uy — A@m)M
which restricts to (V, ¢) mod m 4, there is a unique morphism @RB(X7$)7(V7¢) — A of

local pro-T(0)-MS-algebras such that (A, (U,)) is isomorphic to A®(@RB(X,I)7(V7¢), (V,9)).
(8) These structures are functorial. For any morphism f : (Y,y) — (X,z) of con-

nected algebraic spaces respecting basepomts,Athe induced pullback‘Amorphism f*

Rp(X,r) — Rp(Y,y) induces a morphism Or,v.y),(r+v.f+¢) = ORp(x.2),(vi¢) Of

pro-T(0)-MS-algebras. In the same way, these structures are compatible with the

direct sum and tensor product morphisms.

On the other hand, the Hodge/twistor structures on M p(X) are more intrinsic because
they do not depend on the choice of basepoint. The functoriality properties are better
understood in terms of the framed space, and the representability of the diagonal in part
(3) of the next theorem allows us to pass from the framed to the unframed space and vice
versa.

Theorem 4.3. Let X be a connected algebraic space, and V' € Mp(X)(C) underlying a

C-AVMS. Then for any miniversal family (OMB(X) Vs ) of Mp(X) at V, the following
are true:

(1) There exists a pro-T(0)-MS-algebra structure on @MB(X),V and a pro—(’A)MB(X),V—
AVMS structure on 'V that is compatible with V. )
(2) For a fired C-AVMS structure on V', the pro-T(0)-MS-algebra structure on Oy, (x),v

is uniquely determined (up to isomorphism) by the existence of a pro- @MB( X), V"

AVMS structure on V compatzble with V. If V is a simple local system, the pro-
OMB( x),v-AVMS structure on V is unique as well (up to isomorphism,).

(3) The diagonal A : Mp(X) = Mp(X) x Mp(X) is representable by mized struc-
tures in the following sense. Suppose A is a pro-T(0)-MS-algebra and Uy, Uy two
AN-AVMSs. Let fo : T(0) ®p Uy — T(0) @p Uz be an isomorphism of C-AVMS.
Form the fibered 2-product

Spec [ J— > SpecO —— Spec A

e ]

Mp(X) —25 Mp(X) x Mp(X)

and let O be the completion of O at the point fy. Then ) Aadrpits a unique structure
of pro-A-MS-algebra such that the induced isomorphism f: O @5 Uy = O ®@p Us is
a morphism of pro-O-AVMS.

Finally, if X is normal and V' underlies a complex variation of pure structures, then the
mazimal ideal of Opaqpx),v 18 Wo1005(x),v -



THE LINEAR SHAFAREVICH CONJECTURE FOR QUASIPROJECTIVE VARIETIES 21

The Hodge cases of Theorem [£.3] and Theorem [£.2] were proven for X smooth projec-
tive and V' a complex variation of Hodge structures in [46], and part (1) of Theorem
has been addressed in the quasiprojective case in 78, [77]. The twistor case has been in-
vestigated by Simpson in the compact case [109], and some partial results given in the
case of a quasiprojective curve [I11} 107]. In all of these cases, the approach is by the
Goldman—Millson description of the deformation ring [52]. Our approach is instead by
elementary deformation theory, relying on the results of Saito/Sabbah and Mochizuki to
equip various ext groups with functorial Hodge/twistor structures, which allows us to
handle Hodge/twistor structures on the deformation ring and the universal family simul-
taneously.

Remark 4.4. The Goldman—Millson approach can be carried out as in [46] without mod-
ification for the substacks of Mp(X) where we fix the conjugacy class of the local mon-
odromies. These are in some sense pure non-abelian Hodge substructures; their defor-
mation theory is governed by the intersection cohomology, so in particular pure, and the
harmonic theory carries through.

Remark 4.5. The category of complex mixed Hodge structures is equivalent to the cate-
gory of G,,-equivariant mixed twistor structures. While this perspective might streamline
some of our constructions and proofs, for simplicity of exposition we prefer to understand
mixed Hodge structures in terms of the classical description.

4.1. The Betti stack. Let X be a connected algebraic space. We denote by Mp(X) the
algebraic stack of local systems on X?". We can think of its points over an affine scheme
Spec A as the groupoid of local systems of finite-rank free A-modules on X?2", which we
just refer to as free A-local systems on X. It is the disjoint union of the stacks Mp(X,r)
of rank r free local systems. Concretely, after choosing a basepoint x € X(C), we may
identify Mp(X,r) := [GL,\Rp(X, z,r)], where Rp(X,z,r) := Hom(m(X?*",z), GL,) is
the affine scheme whose A-points are homomorphisms 7 (X*",z) — GL,(A) and where
GL, acts by conjugation. We can also think of an A-point of Rp(X,z, ) as a free A-local
system V' on X?" equipped with a framing at z—an isomorphism V,, =, A", The algebraic
stack M p(X) is naturally defined over Z but we usually consider it over Q.

The stack Mp(X) admits a quasiprojective good moduli space Mp(X) in the sense
of 2] (or GIT [90]). This in particular means there is an affine scheme Mp(X) and
a morphism c¢x : Mp(X) — Mp(X) which is surjective on C-points and universally
closed (see [118, Tag 0513]) in the Zariski topology (see Section for more discussion
on the Zariski topology for stacks). We may construct it as follows. After choosing a
basepoint z, observe that Rp(X,z,r) = Spec HO(RB(X,$,T),ORB(X7LT)) is affine. Then
Mp(X,r) = Spec(H*(Rp(X,x,7),Opp(x2n) ") is the spectrum of the invariant ring
and the C-points of Mp(X) are naturally identified with isomorphism classes of semisimple
complex local systems [115, Proposition 6.1]. Denote by Mp(X,r)(C)* C Mp(X,r)(C)
the set of rank r semisimple local systems, which is easily seen to be Q-constructible.
We call the restriction px : Mp(X)(C)* — Mp(X)(C) and the resulting constructible
retraction ssy = py' ocx : Mp(X)(C) = Mp(X)(C) the semi-simplification.

Lemma 4.6. For any (Zariski/euclidean) closed ¥ C Mp(X)(C), ssx(X) C X.

Proof. The proof is standard: for a representation V', taking a filtration with semisimple
subquotients V; and choosing a splitting V' = @,-, Vi as complex vector spaces, conjuga-
tion by the operator @, t" limits to the semisimplification as ¢t — 0. O

For any morphism f : X — Y of algebraic spaces there is a representable Q-morphism
of algebraic stacks f* : Mp(Y) — Mp(X) given by pull-back, which is in fact the disjoint
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union of the quotients of the natural pull-backs f* : Rp(Y,y,r) — Rp(X,z,r) of framed
local systems.

Remark 4.7. More generally, observe that for any finitely generated group I, there is
a representation stack Mp(I') with affine good moduli space Mp(I'). Moreover, these
structures are functorial with respect to I'.

It will be useful throughout to restrict to curves, so we introduce the following:

Definition 4.8. Let X be a connected normal algebraic space. A Lefschetz curve is
a locally closed immersion ¢ : C' — X of a connected smooth affine curve such that
isx @ m(C,c) — m(X,x) is surjective (for compatibly chosen basepoints) and for some
projective resolution 7 : X’ — X for X’ = X'\ D with (X', D) a log smooth projective
variety, there is a factorization i’ : C'— X’ of i through 7 such that the closure of #/(C') in
X' meets every irreducible component of the regular locus of D’.

Lemma 4.9. For any connected normal algebraic space X a Lefschetz curve i : C — X
er1sts.

Proof. Since X is normal, m (X', 2’) — 71(X,x) is surjective for 7 : X’ — X as in the
definition, so it suffices to take X = X \ D for (X, D) a log smooth projective variety,
which is given by [53] §I1.5.1]. O

Remark 4.10. Recall that a local system V on a connected normal algebraic space X has
quasiunipotent local monodromy if for some (hence any) projective resolution 7 : X’ — X
by X’ = X'\ D for (X', D') a log smooth projective variety, the local monodromy of 7*V is
quasiunipotent. It follows that for any Lefschetz curve ¢ : C' — X, ¢*V has quasiunipotent
local monodromy if and only if V' does.

4.2. Mixed twistor/Hodge structures and their variations: definitions. In this
section we recall the definitions of complex mixed Hodge structures (C-MHSs), mixed
twistor structures (C-MTSs), admissible complex variations of mixed Hodge structures
(C-VMHSSs), and admissible complex variations of mixed twistor structures (C-VMTSs).
The main references are Deligne [35] and for example [46] (and the references therein) in
the Hodge case, and [110, [86] in the twistor case.

4.2.1. Ower a point: Hodge case.

Definition 4.11. Let £ € Z. A complex pure Hodge structure (C-HS) of weight & is
a triple (V, F*, F'®) where V is a finite-dimensional C-vector space and F'*,F'® are k-
opposed decreasing filtrations. Recall that this means that grf. grf, V = 0if p+ ¢ # £k,
and implies that there is a splitting V' = @, ., VP such that F? = P, Vik=i and
1=, VE=ii given by VP4 = FP N F'%. We often refer to the C-HS by just V.

Morphisms of C-HS are filtered morphisms. A polarization of V is a hermitian form h
on V such that the splitting V = @ VP4 is orthogonal and B, ,—1.(—=1)Phlvra is
positive definite.

Note that any C-HS is polarizable.

Definition 4.12. A complex mixed Hodge structure (C-MHS) is a quadruple (V, W,, F'*, F'*®)
where V' is a finite-dimensional C-vector space, W, is an increasing filtration (called the
weight filtration), and F'®*, F'® are decreasing filtrations, such that (grkw V,F* ngV V,F'® ngV V)
is a weight k& C-HS for all k. Equivalently, we ask that grf. gr%, gr}/ V. =01if p+ ¢ # k.

Morphisms of C-MHS are morphisms compatible with all three filtrations. A graded
polarization he is a polarization hg on the graded object gr,ZV V for each k.

Note that any C-MHS is graded-polarizable. Morphisms of C-MHS are automatically
strict for each filtration, and so the category of C-MHS is abelian.

ptg=w
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4.2.2. Over a point: twistor case.

Definition 4.13. A complex mixed twistor structure (C-MTS) is a pair (V, W,) where V'
is a locally free coherent Opi-module on P! and W, is an increasing locally split filtration
(called the weight filtration) by Opi-submodules such that for each k, gry V = Op: (k)™
for some ng. A C-MTS is pure of weight k if gr}/V V =0 for all j # k. A morphism of
C-MTS is a filtered morphism of Opi-modules.

Morphisms of mixed twistor structure are automatically strict with respect to the weight
filtration.

4.2.3. Splittings of C-MTS. Deligne [35] shows the existence of functorial splittings of
either (W,, F'*) or (W,, F’®) in the category of C-MHS. We do the same for C-MTS.

It is first useful to have the following version of the Rees construction, which is the
twistor version of [95]. Let LL be the total space of the line bundle Op1(1) on P! with the
scaling action by G,,, 0r, C L the zero section, and 7 : L. — P! the projection. There is a
natural equivalence of categories between coherent sheaves V on P! and G,,-equivariant
coherent sheaves V on L\ O, given by pullback along the quotient L\ 0, — P! by the G,,-
action. There is moreover an equivalence of categories between filtered G,,-equivariant
coherent sheaves (V,W,) on L\ Oy, and G,-equivariant coherent sheaves V on L with no
embedded points along the zero section. In the forward direction, we associate to a filtered
equivariant sheaf (M, W,) (corresponding to a filtered sheaf (V, W,) on P!) the equivariant
sheaf on L generated by 7*Wj(—kOr), or equivalently generated by the sections of Wi
with torus weights > k. Note that Vo, is canonically isomorphic to @, 7* gry V(—k),
and 7* grE/(—k) has pure torus weight —k. An equivariant sheaf V on L has a natural
filtration Wy, by sections of torus weight > —k, and we associate the restriction to IL'\ Of.
We have therefore proven the following:

Lemma 4.14. There is a natural equivalence of categories as above between the category
of complex mized twistor structures and the category of G, -equivariant locally free sheaves
on L. whose restriction to O, is trivial.

As a consequence, we obtain a version of the Deligne splitting.

Lemma 4.15. Fiz a point A € P'. Then every mized twistor structure admits a functo-
rial splitting of its weight filtration in restriction to P1 \ {\}. The splitting is moreover
compatible with tensor products and duals.

Proof. Let s C L be a section of Opi1(1) vanishing at A\. To any mixed twistor structure
(V,W,), consider the corresponding Gy,-equivariant sheaf V on L. Observe that since V|o,
is trivial, the same is true for V|s. Indeed, this is true in the pure case, since it is true
for line bundles on P!, and so V|, is an iterated extension of trivial vector bundles, hence
trivial. It further follows that the filtration restricted to s is by trivial subbundles. If 0,
is the zero of s (which maps to A), then the fiber of V at 0, has a canonical grading which
splits the weight filtration. Since V|s = H°(V|s) ® O and the filtration is induced by the
filtration on H%(V|,), the claim follows. Note that the splitting only depends on A and not
s, since there is a unique s vanishing at A up to scale, and the splitting is functorial and
compatible with tensor products and duals. O

In the case of C-MHS (that is, the Gy,-equivariant C-MTS case), we obtain the two
Deligne splittings by taking sections vanishing at the two torus fixed points, since the
fibers there are canonically grp gr'V and grp gr'V.
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4.2.4. Over a base: Hodge case.

Definition 4.16. Let X be a complex manifold. A graded polarizable complex variation
of mixed Hodge structures (C-VMHS) on X is a quadruple (V, W, F*, F'®) where

e V is a complex local system:;
o W, is a flat increasing filtration of V' (called the weight filtration);
e F'*is alocally split decreasing filtration of Ox ®c, V such that VFP C Fr1lgoQOyx
for each p, where V is the natural flat connection;
e ['*is alocally split decreasing filtration of Ox ®c,, V such that VF? ¢ FP 10y
for each p, where V is the natural flat connection;
e There exists a flat hermitian form hg on each grkW V such that for each z € X,
(Va, (We)z, (he)z, Fr, Fi?) is a graded polarized C-MHS.
A C-VMHS for which ngV V' = 0 for all but one & is a polarizable complex variation of
pure Hodge structures (C-VHS). A morphism of C-VMHS is a morphism of local systems
which is compatible with all three filtrations.

For background on the definitions of (pre)-admissibility, see [119, 63].

Definition 4.17. Let (V,W,, F*, F’*) be a C-VMHS on the punctured disk A*. Assume
V has unipotent monodromy. We say (V, W,, F'*, F'®) is pre-admissible if:
e ['* (resp. F'*) extends to a filtration of the Deligne extension V (resp. V) of
(Ox ®cy V, V) (resp. (Ox ®cy, V,V)) such that each grh, gr}V'V (resp. grf, gr}V' V)
is locally free.
e There exists a relative monodromy-weight filtration.

Definition 4.18. Let (X, D) be a log smooth compact manifold with X = X \ D. An
admissible graded polarizable complex variation of mixed Hodge structures (C-AVMHS)
on X is a C-VMHS (V, W,, F**, F'®) such that
e V' has quasiunipotent local monodromy.
e For any map f : (A,0) — (X, D) such that f*V has unipotent local monodromy,
(V. W, F*, F'*) is pre-admissible.

4.2.5. Over a base: twistor case.

Example 4.19. Let X be a complex manifold. Let V = (V,h,V) be a tame harmonic
bundle on X with underlying C* bundle V and V = Vj + 0 + 0* (see Section for
background). Let «x := C% X Op1 be the sheaf of C™ functions on Xp1 = X x P! which
are holomorphic in the P! direction. Let # := VXOp1, which is naturally an «/x-module on
Xp1. Then, choosing generating sections z,y of Op1(1) vanishing at 0 and oo respectively,
there is a natural $8X[P1/P1 + ygxpl/prconnection 9DV = VR QX]Pl/Pl(l) given by
9 = xD' + yD" where D' = V;L’O +6* and D" = V?L’l + 6 which satisfies the integrability
condition 0 = 2?2 = 22D”? + xy(D'D" 4+ D"D') + y>?D". The resulting (¥, 2) is the
variation of pure twistor structures (C-VTS) of weight 0 associated to the tame harmonic
bundle V. If the harmonic bundle is tame and purely imaginary, the harmonic metric
is unique up to flat automorphism, and such an automorphism induces an isomorphism
of the associated C-VTS. Thus, any semisimple complex local system underlies a C-V'TS
which is unique up to isomorphism.

Definition 4.20. Let X be a complex manifold. A graded polarized variation of mixed
twistor structures (C-VMTS) on X is a triple (¥, We¥, Z) where

e 7 is a @/x-module on Xp1; B
* 7:V =V eQx, /pm (1) is an integrable 20x,, /pr +Yy0x,, /p1-connection as above;
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o W7 is a Z-flat increasing filtration of V (called the weight filtration);
e There exists a harmonic hermitian metric hy, on each gr}’ ¥ such that (gr) ¥, grlV 9)
is the C-VTS of weight k associated to a tame purely imaginary harmonic bundle
by shifting by Op:1 (k) (see Section [7.3)).
A morphism of C-VMTS is a morphism of &/x-modules which is compatible with the
filtration and the operator Z.

Remark 4.21. Mochizuki [86] develops the theory quite generally, but we will only con-
sider tame purely imaginary variations of mixed twistor structure. In fact, only the results
of this section in the quasiunipotent local monodromy case will be used.

The admissibility conditions are more complicated in the twistor case, so we make the
following definition without fully explaining what twistor Z-modules are. See [86] for
details.

Definition 4.22. Let (X, D) be a log smooth projective variety with X = X\ D. A
C-AVMTS on X is a mixed twistor Z-module on X whose restriction to X underlies a
tame purely imaginary graded polarized variation of mixed twistor structures as above.

4.3. Ext groups over a point. We employ Notation so most results are stated for
“mixed structures”. For notational simplicity we denote “Homgc ms” and “Hom ps(cvs)” by

b

“Homys”, and “Exth " by “Extig

Lemma 4.23 (Beilinson [IT}, Cor. 1.10]+¢). Let M and N be two C-MS. Then Ext};q(M,N) =
0 for i > 1. Thus, for any object E of DP(C-MS), there is a noncanonical isomorphism
E =, 2 (E)[—i.

Proof. The result of Beilinson is in the case of R-MHSs, and since the functor V +— V @&V
is an exact functor to the category of R-MHS, so we obtain the result for C-MHSs.

In the twistor case, morphisms of mixed twistor structure are strict with respect to the
weight filtration, so Wy is an exact functor. Clearly H°(P', Wy Hom (M, N)) = Homys(M, N),
and the claim follows. g

As usual, the splitting is not canonical, but there is a canonical filtration which is
noncanonically split.

Corollary 4.24. For any object M of DY(C-MS), there is a canonical short exact sequence

0 — Extyq(T(0), 7 1(M)) — Homys(T(0), M[i]) — Homyg(T(0), 2% (M)) — 0.
In fact, the proof of [IT] shows that, for any object M of D?(C-MHS) (thought of as a
complex), there is a natural identification
R Homyms (T(0), M) = [FOWoM & FOWoM =5 WoM)

where ¢ : FOWoM — WoM and ¢/ : FOWoM — WyM are the inclusions, since the
functors FOW,, F'OW,, Wy are exact by strictness of the morphisms in (C-MHS). Putting
this together with the proof of Lemma in the twistor case, we obtain:

Corollary 4.25.
(1) For any C-MHS M, we have a natural identification
Extis(T(0), M) = WoM/FOWoM + FOWoM.
(2) For any C-MTS M, we have a natural identification
Extips (T(0), M) = HY (P, WoM).
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We can think of how an element o € Extyq(M, N) acts on an extension
0O—>N—->FE—->M=0

in the two cases as follows. In the Hodge case we represent a by f € Wy Hom(M, N) and
twist F’® by the endomorphism 1+ f of E. In the twistor case, we may represent « by a
Cech 1-cocyle f valued in Wy Hom(M, N), and twist the gluing map for the filtered bundle
E by 1+ f. The result is a mixed twistor structure by the twistor version of [46, Lemma

1.6 using Lemma

4.4. The results of Saito, Sabbah and Mochizuki. In this section we review the re-
sults of Saito, Simpson, Sabbah, and Mochizuki putting functorial mixed Hodge/twistor
structures on the cohomology groups of admissible variations of mixed Hodge /twistor struc-
tures.

4.4.1. Hodge case. Cohomology groups of C-AVMS are equipped with functorial C-MSs
by using Saito’s theory of mixed Hodge modules in the Hodge case and Mochizuki’s theory
of mixed twistor modules in the twistor case. The latter is developed in the case of
complex coefficients, so we may quote the necessary results. In the former case, most of
the results in the literature are stated in the case of Q or R coefficients, so we take some
time to precisely define the required notions for complex coefficients. For background, see
[99, T00], and specifically [I0T] for the case of real coefficients. The extension to complex
coefficients is discussed in [40, §3.2].

For any algebraic space X, there is a category MHM (X, R) of algebraic real mixed Hodge
modules. The algebraicity condition means they extend to an algebraic compacification.
For smooth X, the category of pure Hodge modules HM (X, R) is a subcategory of the cat-
egory MF (X, R) of filtered regular holonomic D-modules with real structure (M, F*, o, V),
where (M, F'®) is a filtered regular holonomic D-module, V' a R-perverse sheaf on X, and
a : DR(M) — Cx ®g, V an isomorphism in D’(Cyx) between the De Rham complex of
M and Cx ®gr, V. The category of mixed Hodge modules is then a subcategory of the
category MFW (X, R) of filtered objects (M, W,) in MF(X,R).

Again for smooth X, the subcategory of smooth objects in MHM (X, R) (namely those
for which V' is a shifted local system) is equivalent to the category of admissible graded
polarizable real variations of mixed Hodge structures on X [I01I]. For arbitrary X, we can
still make sense of the category MFW (X, R) locally using an embedding in an ambient
smooth variety and gluing, or globally for projective X using a projective embedding, and
this is how MHM(X,R) is defined. Note that the category MFW (X, C) can be naturally
defined as well, although in this case the complex perverse sheaf is redundant.

The derived category D® MHM(X,R) admits a faithful exact functor

coeff : D" MHM(X,R) — D%(Ry)

to the derived category of constructible Rx-modules by extracting the underlying R-
perverse sheaf. The restriction to MHM(X,R) is faithful and exact. For algebraic maps
f: X =Y, the categories D MHM (X, R) admit natural exact functors f., *, fi, f',Dx, ®
which are compatible with the corresponding functors on D?(Rxan) via coeff.

As in 40l §3.2], we make the following definition.

Definition 4.26. Let X be an algebraic space. An algebraic complex mixed Hodge module
is a direct factor of an algebraic real mixed Hodge module in MEFW (X, C). A morphism of
algebraic complex mixed Hodge modules f : M — N is a morphism in MFW (X, C) which
arises from restriction to direct factors of a morphism of algebraic real mixed Hodge mod-
ules. We denote the category of algebraic complex mixed Hodge modules by MHM(X, C),
and the derived category by D® MHM(X,C).
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We have the following version of the six functor formalism.

Theorem 4.27 (Saito [99, [100]). Let X be an algebraic space.
(1) There is a natural faithful exact functor

coeff : D* MHM(X,C) — D%(Cy)

by passing to the underlying perverse sheaf.

(2) There are natural functors f, f*, fi, f',Dx,® (the first four associated to any al-
gebraic map f : X —Y) lifting the corresponding functors on D*(Cx). The pair
(f*, f+) is adjoint, and f' = Dx f*Dx, fi = Dx f.Dx.

(3) For smooth X, the category of smooth objects of MHM(X,C) is equivalent to the
category of C-AVMHS.

Proof. The functors are defined on the level of filtered D-modules and compatible with
taking direct summands, hence follow from the case of real coefficients. O

4.4.2. Twistor case. We denote by MTM'™!(X,C) the full subcategory of the category
of mixed twistor Z-modules consisting of tame purely imaginary algebraic mixed twistor
Z-modules. The algebraicity condition means the twistor Z-module extends to X.

Theorem 4.28 (Sabbah [98], Mochizuki |83} 84, [86]). Let X be an algebraic space.

(1) For each A € Gy, there are natural exact specialization functors

DY MTM®™ (X, C) o pb Hol(X

S 1

Db(Cx)

by scaling the A-connection to the derived category of reqular holonomic D-modules
and the derived category of constructible sheaves, where the right functor is the
Riemann—Hilbert functor.

(2) For X\ = 1, sp¥P is faithful, and there are natural functors fo, £5 11 Dx, ®
(the first four associated to any algebraic map f : X — Y ) commuting with
the corresponding functors on D*(Cx) wvia spP. The pair (f*, f.) is adjoint, and
f'=Dx f*Dx, fi = Dx fuDx.

4.4.3. Consequences. We now deduce some consequences in both the Hodge and twistor
case. By a “mixed module” we mean either an algebraic complex mixed Hodge module or
a tame purely imaginary algebraic mixed twistor Z-module. We denote the category of
mixed modules by MM(X, C) and the derived category by D® MM(X,C). We make the
following definition (see also [§]):

Definition 4.29. For a connected algebraic space X, we define a C-AVMS to be a smooth
object of D® MM(X,C) whose image under coeff in the Hodge case (or the specialization
at A = 1 in the twistor case) is supported in degree 0 (with respect to the standard
t-structure)—that is, an object whose image under coeff is a local system in degree 0.

We abusively denote “Hompsyni(x,c)” by “Homaiv™. Note however that if X is not
smooth, smooth objects of D® MM(X,C) will not generally be elements of MM(X,C),
even up to shifts. We also denote by (Cx-Mod) the category of constructible Cx-modules
and we likewise denote “Homppc,y” by “Homc,". Note that if LS(X, C) is the category
of complex local systems, then the natural functor LS(X,C) — (Cx-Mod) is fully faithful
with extension closed image.
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Lemma 4.30. Let X be an algebraic space and M, N two C-AVMSs on X (supported in
the same degree).

(1) The groups EXt(iCX(Ma N) carry functorial C-MSs.

(2) There is a natural short exact sequence

0 — Ext;5(T(0), Home, (M, N)) — Homyp (M, N[1])
— Homys(T(0), Extg (M, N)) — 0
Corollary 4.31 (cf. [30, Lemma 4.3]). For X, M, N as above, an extension of local systems
0O—+N—-FE—-M-—0

can be lifted to a distinguished triangle of smooth objects in D* MM(X,C) if and only if
the extension class in Ext(lcx (M,N) is a Tate class. In this case, the set of isomorphism

classes of such lifts is a torsor under Extys(T(0), Homg, (M, N)), which acts naturally on
the filtrations F*, F'® in the underlying C-AVMS via the identification of Corollary .

Proof of Lemmal[{.30. (1) follows from Theorem since for M, N smooth we have
Exte (M, N) = H'(X,Hom(M, N)).

For (2), let pty : X — SpecC be the map to a point. Because M and N are smooth
we may naturally identify

Homy (M, N[1]) = Homyv (ptx T(0), Hom (M, N)[1])

and thus assume M = pt5T(0). There is an adjunction morphism ptipty, — 1 in
D’ MM(X, C). Thus, we have a natural identification

Homynv (pt%T(0), N[1]) = Hompys(T(0), pt . N[1]).
Since J#'pt, N = H'(X,N), by Lemma there is a natural short exact sequence
0 — Homys(T(0), H*(X, N)[1]) = Hompys(T(0), pt x, N[1])
— Homys(T(0), H'(X,N)) = 0
which yields the claim. O

4.5. Recollections from deformation theory. We briefly recall some elements of de-
formation theory as in [118, Tag 06G7]. In practice, one can often get by with the more
classical deformation functor of isomorphism classes, but the entire category of deforma-
tions (which is naturally fibered in groupoids over the category of artinian affine schemes)
is more natural.

Let A be a complete local noetherian C-algebra with residue field C. Let (Art/A) be
the category of local artinian A-algebras. We identify (Art/A)°P with the category of
artinian local A-schemes. A deformation category is a category cofibered in groupoids
D — (Art/A) (meaning D°P? — (Art/A)°P is fibered in groupoids) for which D(C) is
equivalent to a point and such that the Rim—Schlessinger gluing condition holds: for any
morphisms A; — A and Ay — A in (Art/A) with A7 — A surjective, the natural functor
D(A1 x4 Az2) — D(A1) xpea) D(Az) is an equivalence of categories’| The condition in
particular implies the set of isomorphism classes in D(C@® Ce) (where € = 0 and my kills €)
has the structure of a C-vector space, called the tangent space tp. It also implies that there
is a C-vector space ap (the infinitesimal automorphisms) which is identified with the group
of automorphisms of any object in D(C @ Ce). We assume both to be finite-dimensional.

4The fiber product is a fiber product of groupoids, so the objects are pairs (z1,z2) of objects in D(A;)
and D(Az) with a choice of isomorphism of the pullbacks to A.
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For any A € (Art/A), we define (Art/A)4 to be the category of A" € (Art/A) equipped
with a morphism A" — A. For € D(A), we define D, to be the category cofibered in
groupoids over the category (Art/A)4 whose objects are morphisms 2’ — = in D lying
over A — A in (Art/A) 4 and whose morphisms are morphisms of D commuting with the
map to z. For A’ € (Art/A) 4 the groupoid D,(A’) is then the category of lifts of x to A’

For a complete noetherian local A-algebra (B, mp) with residue field C, a formal point
& € D(B) := limD(B/m}) consists of an assignment to each n of objects z,, of D lying
over B /n‘t’é+1 and morphisms x,+1 — , lying over B /m’g+2 — B /m’];l. The formal
point & is versal if for any solid diagram in D

T B/m7
lying above

[ yy —— y B/mptt »y Al — A

where A’ — A is surjective, there exists an m > n and the dashed arrows making the
diagram commute, where the vertical arrows are the canonical ones. The formal object Z is
miniversal if in addition the natural map on A-tangent spaces tg,y — tp is an isomorphism,
where tg/y := Dery(B,C) = (mp/m%; 4+ mpB)Y.

Let X be an algebraic stack over C (which we think of as a category fibered in groupoids
over the category (Aff/C) of affine C-schemes). For any A € (Art/C) and any A-point
z € X(A), we define X, to be the category fibered in groupoids over the category (Art/C)%
whose objects are morphisms z — 2/ in X lying over Spec A — Spec A" in (Art/C)9 and
whose morphisms are morphisms of X commuting with the map from z. The groupoid
Xz (A’) is then the category of lifts of = to A’, and if xg € X(C), (X,,)°P is a deformation
category.

We pause to make these notions more concrete for ¥ = Mp(X). We use the following
terminology.

Definition 4.32. Let A be a C-algebra and X a topological space homeomorphic to a
finite CW-complex. By a (free) A-local system on X we mean a local system of finitely
generated (free) A-modules on X.

4.5.1. An object V of Mp(X) lying over Spec(A) € (Aff/C) is a free A-local system on
X, and a morphism V — V' in the category Mp(X) lying over a morphism Spec(A) —
Spec(A’) in Aff¢ consists of a free A-local system V (resp. a free A’-local system V') and
a morphism V' — V of A’-local systems which is an isomorphism upon tensoring with A
(we say it is an isomorphism over A).

4.5.2. For Vj € Mp(X)(C), the category M p(X)y, is the category of free A-local systems
V for A € (Art/C) equipped with a morphism V' — V{ of A-local systems which is an
isomorphism over C. Morphisms in M p(X)y;, are morphisms (of the V' factor) in Mp(X)
commuting with the structure map to Vj.

4.5.3. More generally, for A € Art/C and a free A-local system V, Mp(X)y is the
category whose objects are pairs (A" — A, V' — V) where A" — A is in (Art/C)y, V'
is a free A’-local system, and V' — V is a morphism of A’-local systems which is an
isomorphism over A. Morphisms in M p(X)y are morphisms in Mp(X) (of the V' factor)
commuting with the structure map to V. Note that if A’ — A is surjective with ideal .J,
then V’ — V is an isomorphism over A if and only if it is surjective with kernel is JV”.
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4.5.4. For a complete noetherian rlng (9 a formal point of Mp(X) over O arises from
an ordinary O-point, namely a free O-local system V. Then V is versal if the morphism
Spec @ — M p(X) is formally smooth, meaning that for any:

e surjection A" — A of artinian C-algebras;

e C-algebra homomorphism O — A;

e free A-local system U with a morphism V — U of O-local systems which is an
isomorphism over A;

e free A'-local system U’ with a morphism U’ — U of A’-local systems which is an
isomorphism over A;

there is a lift @ — A’ of O — A and a lift V — U’ of V — U which is an isomorphism
over A'.

In particular, for any A € Art/C, any free A-local system U, and any isomorphism
V/moV — U/muU, there is a C-algebra homomorphism O — A and a morphism V — U
of O-local systems which is an isomorphism over A and equal to V/moV — U/mU over
C. If V is miniversal then the map @ — A is uniquely determined to first order.

Returning to the general setup, we now briefly describe Schlessinger’s construction of
a miniversal formal point of D. A canonical first order object y; is constructed over
O = C @ t, (with the trivial A-algebra structure), using the gluing condition. Let S =
A[[th]] = Ac ® Sym™* t}; be the formal power series ring over A (over a basis of t;) and let
S — O7 be the canonical quotient which is the identity on A-tangent spaces. Suppose we
have inductively constructed a quotient S — O,, as well as an object y,, in D(O,,) lifting
y1. Let I be the ideal of O,, in S, and form the maximal small extension of O,, which is
an isomorphism on tangent spaces, explicitly given by

(4.5.1) 0—I/mgl — S/mgl — O, — 0.

Then (by the gluing condition again) there is a smallest ideal I’ with mgl C I’ C I such
that y, lifts to S/I', and we take y,11 to be any such lift and O,,41 = S/I".

Theorem 4.33 (Schlessinger [102], see also [118| Tag 061X|). The formal point y = lim y,
over O = lim O, is miniversal for D.

4.6. Pro-Hodge/twistor structures and their variations. In this section we collect
some straightforward definitions that will be needed for the sequel.

Definition 4.34.

(1) By a pro-C-MS we mean a pro-object of the category of C-MS.

(2) By a pro-T(0)-MS-algebra we mean a T(0)-algebra object in the category of pro-
C-MS. Likewise, for any pro-T(0)-MS-algebra A, by a pro-A-MS-algebra we mean
a pro-T(0)-MS-algebra A equipped with a morphism A — A of pro-T(0)-MS-
algebras.

(3) We say a pro-T(0)-MS-algebra is (complete/noetherian/artinian/local) if the un-
derlying C-algebra is.

(4) An ideal I of a pro-T(0)-MS-algebra is a C-MS-ideal if it is a sub-pro-C-MS.

(5) For A a pro-T(0)-MS-algebra, we define a pro-A-MS-module as a pro-A-module
object in the category of C-MS.

In practice, all of the pro-T(0)-MS-algebras we will consider will be complete noetherian
local rings A, where each A/m% is equipped with a T'(0)-MS-algebra structure such that the
quotient maps A/ mk+1 — A/ mf\ are morphisms of C-MS. These algebras are particularly
Well behaved if my = W_1A. If A is local complete noetherian and ma = W_1 A, then each

grk A is finite-dimensional and WyA = A.
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Lemma 4.35. Let A — B be a morphism of pro-T(0)-MTS-algebras. Then A — B is
locally trivial over P! as a morphism of sheaves of algebras.

Proof. Tt suffices to prove that artinian T(0)-MTS-algebras A are functorially trivializable
on any (fixed) affine open subset of P!, and this is what we’ll show. First, observe that
gr™' A is trivial, since R = @, H'(gr}’ A(—k)) has a natural graded ring structure and
we can identify gr'V' A = @, Rr ®c Op1 (k) as sheaves of algebras. Now, for any A € P!,
A|]p1\)\ has a splitting of the weight filtration compatible with the algebra structure thanks
to Lemma , hence isomorphic to gr'V A]]Pn\  as a sheaf of algebras, and in particular
trivial. ([l

Lemma 4.36. Let A be a local complete noetherian pro-T(0)-MS-algebra withmpy = W_1A.
Then the nilradical and minimal prime ideals are C-MS-ideals.

Proof. We first treat the Hodge case. First, by Deligne [35] there is a functorial splitting
of (W,, F'*) for any C-MHS, and likewise for (W,, F’®). Observe that for a C-MHS V and
a subspace U C V, for U to be a sub-C-MHS it suffices to show it is strict with respect to
each splitting. By functoriality, the splittings for A/mﬁ are compatible with the algebra
structure and the quotient maps, so in particular any element x € A can be written as
x =) xPi.

Now, take nonzero z,y € A with splittings x = > P with respect to (W,, F*®), and
likewise for y. Since mp = W_1A, there is a nonzero term zP°% with (py + qo,po) lexi-
cographically maximal. If zy = 0, then it follows by induction that a power of xPo+do.ro
annihilates each component of y. This first shows that if x is nilpotent, each component
of x is nilpotent. Second, for any minimal prime p, if y is contained in the intersection of
all other minimal primes and not in p while & € p, then zy is nilpotent, and it follows that
each component of z is contained in p. This completes the proof.

For the twistor case, by the same proof the nilradical and minimal prime ideals are
graded with respect to the splittings of Lemma on two open sets P!\ A\, P*\ \. Since
the sheaf of algebras is Zariski locally trivial, each yields a subsheaf of ideals which is strictly
compatible with the weight filtration. Moreover, each such ideal I maps isomorphically
to an ideal of the corresponding type (either the nilradical or a minimal prime) of gr'¥ A.
The nilradical and minimal primes of the ring R from the proof of Lemma [£.35] are graded,
so the corresponding ideals of gr'V' A are twistor ideals, and this completes the proof. [

Definition 4.37. Let X a connected algebraic space and A a pro-T(0)-MS-algebra whose
underlying algebra is a complete noetherian local C-algebra. By a pro-A-AVMS on X we
mean a pro-object of the category of C-AVMS on X of the form V = lim Vi where
(1) V has an underlying A-local system,
(2) each Vi := V/m]ZHV has the structure of a C-AVMS for which the natural map
Vitr1 — Vi is a morphism of C-AVMS and for which A/mf{H C End(V%) is a
sub-C-MS.

We say a pro-A-AVMS is (free/miniversal) if the underlying A-local system is.

4.7. Hodge/twistor enhancements of deformation categories. Let A be a complete
local noetherian C-algebra with residue field C and let D be a deformation category over
(Art/A). An obstruction theory for D consists of a complex vector space op and an
assignment, to each small extension J — A" — A in (Art/ A)|E| and =z € D(A), of an
element obs 4,4/ (7) € J ® op which detects obstructions in the sense that obs4,4/(z) = 0 if
and only if z lifts to A’ and which is functorial in the sense that for any morphism of small

SMeaning that A’ — A is a surjective morphism in (Art/A) whose kernel J is annihilated by m 4.



32 B. BAKKER, Y. BRUNEBARBE, AND J. TSIMERMAN

extensions J; — A} — A; to Jy — A, — Ay and an element z1 € D(A;) we have that
obs 4,/4; (z2) is the image of obsy, /4r (#1) under the natural map Ji ®c op — J2 ®c op,
where x3 is the push-forward of ;. See for example [48, Definition 6.1.21] for details.

Assume now A is further equipped with a T/(0)-MS-algebra structure and let (MS-Art/A)
be the category of artinian local A-MS-algebras. Denote by | — | : (MS-Art/A) — (Art/A)
the forgetful functor in the Hodge case, or the fiber at 1 € P! in the twistor case, and
likewise for A-MS-modules.

Let A be an object of (MS-Art/A). Then A = T(0) & m4 as C-MS, and the projection
A — my induces a natural group homomorphism Extyg(ma, J) — Extig(A, J). It follows
that via the natural group homomorphism Extyg(t} ad ) — Extisg(ma, ), the group

Extllvls(tx//\, J) acts on the set of extensions of A by J as C-MS.

Lemma 4.38. For any small extension J — A’ — A in (MS-Art/A), the group Extyg (tX/A, J)

acts transitively on the set of small extensions J — B — A in (MS-Art/A) whose under-
lying small extension in (Art/A) is |J| — |A'| — |A|, up to isomorphisms of the diagram
which are the identity on J, A.

Proof. We have a commutative diagram with exact rows

0 > J my/ > My 0

| I

0 —— J —— J+m% +mA —— m% +mpd —— 0

where the bottom row is the pullback extension. The bottom middle term is the image of
J@(my®amy) dmyA under the natural maps associated to the A-algebra structure, and
therefore has a fixed C-MS. Moreover, the map from J @ (mq ®4 my) & mpy A determines
the A-algebra structure. Thus, the twist by an element of Exty;q(ma,J) is compatible
with the A-algebra structure if and only if the image in Extllws(m?4 + mp A, J) is trivial,
which is the case if and only if it is in the image of the group Extjg(t} INEA ). O

Proposition 4.39. Let A be an object of (MS-Art/A) with A-tangent space ty/y. Let

S be a pro-A-MS-algebra with |S| = S/yElTAHtZ‘/A] admitting a quotient map q : S — A

of pro-A-MS-algebras. Then for any small extension J — A’ — A in (MS-Art/A) with

tX'/A =N t\f/l/A, there is a possibly different pro-A-MS-algebra structure S’ on |S| and a

quotient map q' : S — A" of pro-A-MS-algebras lifting |q|.

Corollary 4.40. Any object A of (MS-Art/A) is a pro-A-MS-algebra quotient of a pro-A-

MS-algebra S with |S| = Sym\*Al‘tX/A’-

Proof of Proposition[{.39. We first discuss pro-A-MHS-algebra structures on smooth A-
— %

algebras in the Hodge case. Let t' be a C-MHS and consider Sy = Sym,|t/|. Given a

lift V' C mg,, by lifting either Deligne splitting of tV we uniquely obtain a bigraded A-

algebra structure on Sy (using the corresponding bigrading on A). Suppose V, V' are two

lifts; by lifting the Deligne splitting of (Wet", F*tY) (resp. (WetY, F'*t")), we therefore

obtain filtrations (WeSy, F*Sy) (resp. W(So, F'*Sy), giving Sy the structure of a bifiltered

A-algebra, where A is given the filtrations (WeA, F*A) (resp. (WA, F'*A)).

Claim. We have W, V' = W.V' if and only if WeSy = W[Sy and (WeSo, F*Sy, F'*Sp)

give Sy the structure of a pro-A-MHS-algebra.

Proof. The reverse implication is clear. Consider the isomorphism f : V — V' given as

the composition V' — t" <= V', which maps W,V to W/V'. There is a unique derivation
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0 € Dery (S0, m%o)/\ such that 149 agrees with f on V. The resulting algebra automorphism
e 1 Sy — Sy clearly maps WeSy to W.Sy. Since €’ is trivial on ', S0, it is nilpotent
in each So/mlg, so €® preserves WoSy iff & € Wy DerA(So,n‘%o)A iff f € WyHom(V,V")
(equipping V' with W,V') iff W, V' = W/V'. Since the filtrations (W,, F'*, F'®) induce
C-MHSs on gr,,,, So and are compatible with the algebra structure, it follows by [46, Lemma
1.6] that they give Sy the structure of a pro-A-MHS-algebra. O

We now handle the twistor case of the above claim, which is largely the same. Let t¥ be a
C-MTS, choose A, X' € P'\ \g, and set U) = P\ AU, For lifts V) € myg, of [t], we obtain
gradings on So® Oy (and filtrations W,, W) such that e So®@Opnpr — So @ Opnur as
in the previous proof maps WeSo® Opnpr to WeSo @ Opnpr. If we have W (V' @ Opnyr) =
WV ® Oy, then gluing the two filtrations produces a pro-A-MTS-algebra structure
lifting Sp by the twistor version of [46, Lemma 1.6] using Lemma [4.14]

We now prove the proposition. Let I be the ideal of A. Any lift ¢ : |S| — |A'| of |q|
yields a map |I| — |J| which is independent of the choice of lift. Since a lift can be chosen
to be compatible with either Deligne splitting, it follows that / — J is a morphism of pro-
C-MS. It therefore follows that the ideal I’ of |A’| in |S| can be lifted to a pro-C-MS-ideal,
and the quotient A” = S/I’ equips |A’| with a pro-A-MS-algebra structure which is a small
extension of A by J. By Lemmal[4.38] the pro-A-MS-algebra structures A” and A’ differ by
an element of Extllws (’c\f/l /A0 J). Concretely, up to automorphisms, we can take this to mean
in the Hodge case (resp. the twistor case) that there is an element f € W, Hom(t} /A J)
(resp. a 1-cocycle) such that A” and A’ differ by the twist by id+f as described after
Corollary Any such f can be lifted to an element f € Wy Hom(t} s D" (resp. a

1-cocycle), and any lift V'’ as above can be modified by id + f. The claim (and its twistor
version) then shows there is a pro-A-MS-algebra structure S’ on |S| for which ¢’ : 8" — A’
is a morphism of pro-A-MS-algebras and which lifts q. U

Definition 4.41. Let D be a deformation category over (Art/A) equipped with an ob-
struction theory (with obstruction space op). A MS-enhancement consists of:

(1) The structure of a T(0)-MS-algebra on A.

(2) A deformation category DM over (MS-Art/A), meaning a category cofibered in
groupoids over the category (MS-Art/A) for which DMS(T(0)) is equivalent to a
point and such that the natural analog of the Rim—Schlessinger condition holds.

(3) A commutative diagram of functors

pus Il

(4.7.1) l l

(MS-Art/A) ——1 (Art/|A])

where the vertical functors are the structural ones and the bottom functor is the
forgetful functor.

(4) An object M of D?(C-MS) together with isomorphisms J#1 (M) = tp, #%(M) =
0p.

satisfying conditions (5) and (6) below:

(5) The universal first order object in D(C @ t}) lifts to an object in DMS(T(0) @ t}).

(6) For J — A" — A a small extension in (MS-Art/A) together with an object
r € DMS(A), there is an obstruction obsl\A/I/SA, (z) € Homys(T(0), J @) M[2]),
functorial with respect to morphisms of small extensions as above, such that:
(a) obsIXI/SA, (z) = 0 if and only if  lifts to an object 2’ € DMHS(A4").
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(b) In the natural short exact sequence

(4.7.2) 0 — BExtyg(T(0), J @10y tp) — Homys(T(0), J @0y M[2])
— Homps(T(0), J ®@x(g) 0p) — 0,

the class obSIXI/SA, (7) maps to obs4|/14//(|7]), via the inclusion Homys(T(0), J @ (o)
op) — J ®1(0) OD-

(c) The class obslj\f/SA/ () is equivariant with respect to the natural action of
Extis(T(0), J ®m(0) tasa) on the small extension J — A" — A (by changing
the C-MS on A’) and on the space Homyis(T(0), J @7y M[2]) (via the natural
map induced by the map on tangent spaces t4,p — tp).

We say the enhancement is precise if it furthermore satisfies:

(7) There is an isomorphism #°(M) 2 ap.

(8) Suppose given J — A’ — A a small extension in (MS-Art/A) and x € DMHS(A)
admitting a lift to DMS(A’). Then the set of isomorphism classes of the category of
lifts DMS(A’) admits a transitive action by Homyyg(T(0), .J ®r(0)M[1]), functorially
in J. The natural functor

DS (A) = Da(|4'))

on isomorphism classes is equivariant with respect to the two natural actions via
the second map in the exact sequence

0 — Extyg(T(0), J @10y ap) — Homyg(T(0), J @g) M([1])
— Homys(T(0), J &m(0) tp) =0
and the inclusion HOmMs(T(O), J ®T(0) fp) —J ®T(O) tp.
(9) In the context of (8), the automorphisms of an object 2’ € DMS(A’) are identified
with Homys(T(0), J @) ap) (functorially in J), and the natural map from the

automorphisms of 2’ to the automorphisms of |2'| € D, (]4']) is identified with
the natural map Homys(T(0), J @1y ap) — J @(0) ap-

We typically refer to the MS-enhancement simply by DMS — D. The following lemma
follows immediately from the definitions and Lemma [4.38]

Lemma 4.42. Let DMS — D be a MS-enhancement. Let (A,x) be an element of DMS,
J — A" — A a small extension in (MS-Art/A), and (|A'],y) a lift of (|A|, |x|) in D. Then:
(1) The set of isomorphism classes of lifts of |J| — |A'| = |A| to a small extension of

A by J which admits a lift of (A, x), if nonempty, is a torsor for

ker (Ethl\/[S(T(O), J ®7(0) tA/A) — Ethl\/IS(T(O), J ®1(0) fD)) .

In particular, if ta/a =N tp, then there is at most one such lift.
If in addition DMS — D is precise, then:

(2) The set of isomorphism classes of common lifts of (A,x) and (|A'|,y) to A’, if
nonempty, admits a transitive action by the inverse image of the stabilizer of y in
Homys(T(0), J @) tp) in Homys(T(0), J @1y MI[1]). In particular, if ap = 0,
then there is at most one such lift.

Proposition 4.43. Let D be a deformation category over (Art/A) equipped with an ob-
struction theory and a MS-enhancement DMS — D. Then:
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(1) Any miniversal point (@, 9) of D lifts to (@MS, &) in DMS. The lift OMS s uniquely
determined up to isomorphism.

(2) If the enhancement is precise and ap = 0, then DMS is equivalent to the category
(MS-Art/OMS). In particular, there is a family (OMS,EMS) in DMS such that
any object (A,x) of DMS is pulled back from (@MS,:?:MS) via a unique morphism
OMS 5 A of pro-A-MS-algebras.

Proof. We begin with part (1). The uniqueness statement of (1) follows immediately
from Lemma so we need only show such a lift (@Ms,a?) exists. We prove that the
miniversal element from Schlessinger’s construction described in the previous section lifts
to each order. By condition (5) the first order object lifts, and we may take any such
lift. Assume inductively there is a lift (OMS 2,,) of the pair (O,,y,) constructed in the

nth step of the proof of Theorem 4.33] Assume also that we have equipped S/YTHTAH"X / Al

with the structure of a pro-A-MS-algebra S and that we have a quotient S — OMS of
pro-A-MS-algebras.

The resulting maximal small extension A — OMS with ideal Jy from is a small
extension of A-MS-algebras, so the obstruction obsp, /14|(yn) € Jo ®7(0) 0p is a Tate class,
which we interpret as a morphism Jy' — op of C-MS. The image N of this map yields
a sub-C-MS NV C Jy, and we define B = A/NV. Let J = Jy/NV be the ideal of OMS
in B. The resulting obstruction in D vanishes, so by the class obsl(\g{l\?s / p(Tn) is

an element of Exti(T(0),.J ®(0) tp). Since the map on tangent spaces toms n — tp
is an isomorphism, it follows that after changing the mixed structure on B (as a small
extension in (MS-Art/A) without changing the underlying algebra structure) by an element
of Extis(T(0),J ®m(0) toms/y), the obstruction vanishes and there is a lift z,11 of .
We let (’)g/[fl be B with this new mixed structure and choose any such lift z, 1, as we may
take any lift of y, to 0,41 in Schlessinger’s construction. Finally, we must show that the
pro-A-MS-algebra structure on S can be changed to S’ so that the quotient S" — O%El is
a morphism of pro-A-MS-algebras, and this is Proposition .39

We turn now to the proof of part (2). It suffices to show that for a small extension
J — A" - A in (MS-Art/A) and an object (A4’,2’) lifting (A, z) for which z is pulled
back via f : OMS — A from #MS, there is a unique lift f/ : OMS — A’ by which 2/
is pulled back. The uniqueness follows from the representability of D. Moreover, since
Homyis(T(0), J ®(o) tp) acts simply transitively on the lifts of (A4,z) to A, it is enough
to construct a morphism OMS 5 A",

Let S be a smooth pro-A-MS-algebra with a quotient S — OMS of pro-A-MS-algebras
that is an isomorphism on tangent spaces. We have the solid diagram with exact rows

0 1 S > A > 0
A
0 J > Al > A > 0

The lift g exists forgetting the mixed structures, as therefore does the left vertical map
h. Note that h is independent of the choice of g. In particular, since g can be chosen to
be compatible with either splitting, it follows that I — J is a morphism of pro-MS-ideals.
Taking the quotient of S by the kernel, we obtain a morphism S — A” for some choice
A" of A-MS-algebra structure on |A’|. Moreover, since S — A factors through a finite
level quotient @TI\L/[S — A, and since obs4|/jar(x) = 0, it follows as in the usual proof of
Schlessinger’s theorem (see [118, Tag 06IX|) by considering S — A’ x 4 OMS that there is
a morphism @%El — A" lifting it. In particular, there is a lift f” : OMS — A7 of f.
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The A-MS-algebra structure on A’ differs from that of A” by twisting by an element
£ € Extllws(tx/A, J). Let E be the image of tq/n — toms /p and consider the short exact
sequence

0= E = tous)y = E' =0

which leads to the exact sequence

Homys (E"Y, J) — Extyg(EY, J) — Extlg(t J).

\2
@MS/A>

Since both A" and A” admit lifts of z, it follows that the image of £ in Ethl\/[s(%Ms X J) van-

ishes. Thus, the image in Exty;s(EY, J) may be lifted to ¢ € Homyg(E"Y, J). In the Hodge
case (the twistor case is similar), let & be a lift of ¢ to FOW) Hom(%MS e J) and & a lift

to FOW, Hom(téMs/A, J). We can then think of ¢ as a lift b € Wy Hom(t} J)/F'Wy +

FOWy of é — & € WoHom(E",J)/F°Wy + F°W,. It follows that by modifying the lift
to | f"| + ¢ : |OMS]| — |A”|, we obtain the required morphism OMS — A’. Indeed, |f”| + ¢
respects the weight filtration and F'®, while

(|f//| —i—c)F/.@MS _ (‘f”‘ —I—E/)(l—i-E—E/)F/.@MS — (1+b>(’f”’ —i-é/)Fl.A” _ (l—i-b)F/.AH.
]

4.8. Deformation theory of local systems. Let X be a topological space homeomor-
phic to a finite CW complex and (Cx-Mod) be the abelian category of contructible Cx-
modules on X. The deformation theory of the Betti stack Mp(X) is well-known; we first
briefly summarize the straightforward approach in terms of group cocycles.

Remark 4.44. Given a rank r local system Vy € Mp(X)(C) with monodromy represen-
tation py, . @ m = m(X,x) - GL(V,) for a choice of basepoint x € X and a small
extension J — A’ — A of artinian C-algebras, a deformation V of Vj over A will have
monodromy representation py, : m1 — GL(V,). Identifying V, = A ® V., we write
pvae = (1+ f)pvye for f € Homges(m1, mg ® End(Vp ;). Then choosing an arbitrary lift
/'€ ma ® End(Vp5), we have

L+ f(mr2)pve.e(1y2) = A+ £ (r)pve.e () (1 + £/ (92)pvo.e (12) + 0(71572)

for a 2-cocycle o with values in J ® End(Vp ), and the corresponding element of J ®
H?(m1, End(Vp ;) is the obstruction for lifting both V and py., to A’-points of Mp(X) and
Rp(X,,r). Note that since we have a natural injection H? (w1, End(Vp ;) — Ext%x Vo, Vo),
we may equally well use the image of o as an obstruction.

The first order deformations of V; (resp. py, .) are naturally identified with H' (71, End(Vp .)) =
Ext(lcx (Vo, Vo) (resp. the group 1-cocycles Z1(my, End(Vo ) = H((X,x),End(Vp))). The
first order obstruction map is also easily computed to be the self-commutator

[,]: H(m,End (Vo)) — H?(m1, End(Vo 1))

We will instead need a treatment of the deformation theory from which the existence
of Hodge enhancements will easily follow in the next section. Essentially this means we
need to construct the obstruction classes functorially in terms of functors that lift to the
category of mixed Hodge/twistor modules.

Let J — A" — A be a small extension of artinian local C-algebras. Let V be a free
A-local system and set Vy = V/m4V. By tensoring the sequence of A-modules

0—=J—omy —-my =0
with V', we obtain an exact sequence of A-local systems

(4.8.1) 0—=-J®cVo—-mye 4V >ma®4V — 0.
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By tensoring the sequence of A-modules
0—-my—>A—-C—0

we also have an exact sequence of A-local systems

(4.8.2) 0—-ma®sV =V 5 Vy—=0
and therefore an exact sequence of C-vector spaces
(4.8.3)

0 —— Homg, (Vo, J ®c Vo) SIEN Homc, (V,J ®c Vo) —— Homce, (my ®4 V,J @c Vb)

— s Exth, (Vo, J @c Vo) —— Extl, (V,J @c Vo) — Extl (ma®@4V,J @c Vo)

_% EXt(%X(‘/O, J @c V).

Let ny,a/4r € Ext%:x (mga®aV,J ®c Vo) be the class of the extension (4.8.1)).

Lemma 4.45. The category of commutative diagrams of C-local systems with exact rows
and columns

00— J®@c Vg ——mpy @4V — maq4V —— 0

H :
00— Joe Vo — 5 V7 A % 0
s
Vo o
0 0

where all maps but «, B, 1 are the canonical ones and whose morphisms are morphisms of
diagrams of C-local systems which are the identity on all but the V' factor is equivalent to

the category of lifts Mp(X)y(4').

Proof. Given such a diagram, (8 induces a morphism my ®c V' — mg ®4 V, whose
composition with the morphism ma ®4 V £ V7 defines the structure of a A’-local system
on V' for which V' — V is a surjective morphism of A’-local systems with kernel JV'.
Thus, V' is a free A’-local system, and the adjoint A ® 4+ V' — V is an isomorphism. A
morphism of diagrams in the above sense is clearly equivalent to a morphism of A’-local
systems which commutes with the projection to V, and any free A’-local system V' with
an isomorphism A ® 4+ V' — V comes from such a diagram. O

Corollary 4.46.
(1) V can be lifted to A’ if and only if dany asar = 0 € J ®c Extz_(Vo, Vo).
(2) The group J Q¢ Ext(%:X(Vo, Vo) acts transitively on the set of isomorphism classes
of Mp(X)y(4"), provided it is nonempty.
(3) Ty, MB(X) is naturally identified with Ext(lcx Vo, Vo).
(4) The automorphisms of V' — V in Mp(X)y(4") are given by id+aon for o €
J ®c Homg (Vo, Vo).

Proof. By Lemma and the long exact sequence (4.8.3)). O
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We now give a slightly more flexible version of Lemma [£.45] Consider the natural
two-term complex

-1 0
N:[mA/®AV—>V]

where the map is induced by the composition my4 — my4 — A. We have a natural diagram
whose rows and columns are distinguished triangles

V |4

J ®c Vol1] y N s Vo » J @c Vol2]

J@c W[l] —— my @4 VI[1] —— my @4 V[1] —— J ®c W[2].

V1] =———= V][]

Lemma 4.47. There is a lift V' — V if and only if N splits, and isomorphism classes in
Mp(X)y(A") are naturally identified with splittings.

Proof. A lift gives a splitting via the diagram

mA/®AV*>V

! |

Vi—— V

and isomorphic lifts give the same splitting (as a morphism in the derived category).
A splitting N — J ®c Vp[1] gives a lift by taking cones, from the diagram

J @c Vo =———= J ®c Vo
my a4V s V! s Vo > ma @4 VI[1]
|
may Q@ V s V N my ®‘L V[1].
J ®c Wll] == J &c Vo[1]

While the cone V' is not unique, another choice of cone fits into an isomorphic diagram (via
an isomorphism of diagrams which is the identity at every other node), and therefore gives
a well-defined isomorphism class of lift. These two maps are easily seen to be mutually
inverse. g

We now treat the absolute and relative deformation theory of some related stacks, in-
cluding the framed moduli space, the pullback morphism, and the fixed local monodromy
leaves, as this will give us the desired functoriality properties of the Hodge/twistor struc-
tures.
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4.8.1. Pullback. For a continuous map f : X — Y of topological space (with the above
finiteness assumptions), consider the pullback f* : Mp(Y) - Mp(X). Let Vj € Mp(Y)(C)
and let (A, U) be a A-local system for M p(X) with closed point f*Vy. Let D be the cate-
gory cofibered in groupoids over (Art/A) whose objects over a local artinian A-algebra A
are pairs (V,b) where V € Mp(Y)(A) and b: U — f*V is a morphism of A-local systems
which is an isomorphism over A. A morphism (V,b1) — (Va,b2) lying over a morphism
a: A — Ay of (Art/A) consists of a morphism g : V3 — V4 of Aj-local systems which is
an isomorphism over As and which form a commutative diagrams

AL onU -2y %
(4.8.4) am{ lf*g
Ag p U L) f*VQ.

Then Dy p,) is a deformation category over (Art/A), where by : U — f*Vp is induced

by the chosen identification. The family (A, U ) yields a morphism SpecA — Mp(X),
and Dy p,) is easily seen to be the deformation category associated to the fiber 2-product
Spec A X pq,(x) MB(Y) at the point (Vp, bp). In particular, since f*: Mp(Y) = Mp(X)
is representable, Dy 3,) will be equivalent to Spec O for a complete A-algebra O. If (A, U )

is miniversal, the morphism Spec O — M p(Y) will only be versal in general.
The relative deformation theory will be governed by the natural exact triangle

Cy — Rf*CX — MX/Y — (Cy[l].

As before, the splitting of f*N gives a morphism N — Rf, f*(J ®c Vo)[1] and a commu-
tative diagram

J @c Voll] » N Vo J @c Vol2]

| | |

J ®&c Voll] —— Rff*(J @c Vo)[l] —— J ®&c Mx)y @c Vo[l] —— J ®c Vo[2].

Lemma 4.48.
(1) The resulting element of Homc (Vo, J ®c Mxy ®c Vo[l]) is uniquely determined
and vanishes if and only if there is a relative lift V! — V, U — f*V'.
(2) The group J @c Homcy (Vo, Mx/y ®c Vo) acts simply transitively on the set of
isomorphism classes of such lifts D(ij)(A'), provided it is nonempty.
(8) The relative tangent space is Home (Vo, Mx/y ®c Vo).
(4) There are no first order automorphisms.

Proof. For (1), the dashed arrow is uniquely determined up to Home  (J®cVo[2], Rf« f*(J®c
Vo)[1]) = 0, and if it vanishes there is a splitting N — J ®c Vp[1l] compatible with the
splitting of f*N. Part (4) is clear from the definition. Since J®@¢c Homc, (Vo, Vo ®c My y)
acts transitively on the splittings of N compatible with that of f*NN, this together with
(4) yields (2) and therefore (3). O

4.8.2. Framing. Note that for X = pt we have Mp(pt,r) = [GL,\pt] and the miniversal
family is the quotient morphism pt = Rg(pt, pt,r) — Mp(pt,r). For general X, Rp(X, x)
is the fibered 2-product of i* : Mp(X) — Mp(z) and Rp(x,x) - Mp(z) where i : {z} —
X is the inclusion, so the deformation theory of Rp(X,x) can be thought of as the relative
deformation theory of ¢*.
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4.8.3. The diagonal. Let A be a complete noetherian local ring, Uy, Us two free A-local
systems, and fo : Ur,o — Us,0 an isomorphism over the closed points, U; g := C®p U;. The
deformation category Dy, of the fibered 2-product of the resulting morphisms Spec A —
Mp(X) at the point (Ui, Uz, fo) is the category cofibered in groupoids over (Art/A)
consisting of pairs (A, f) where A is a A-algebra and f : A®p Uy — A ®p Uz is an
isomorphism of A-local systems, with the obvious notion of isomorphism.

Let J — A’ — A be a small extension in (Art/A) and (A, f) an object of Dy,. We have
a short exact sequence of A’-local systems

0— HOIH(UL(), J Q¢ Uz,o) — HomA/(A' ®a U, A’ &A Ug)
(4.8.5) — Hom (A @p U, A®p Us) — 0.

Taking cohomology, there is an exact sequence

0— Hom(cx (UL(), J Q¢ UQ’O) — HOHlAfX (A/ XA Ul,A/ XA UQ) — HomAX (A QA U, A®p UQ)
1o}
— EXté:X (UL(), J Q¢ U27())

Lemma 4.49.

(1) The element Of € J Q¢ Ext%:X(ULO, J @ Us ) is an obstruction for lifting (A, f).
(2) The tangent space of Dy, is naturally identified with Homc , (Ut,0,Us2).
(8) There are no infinitesimal automorphisms.

4.8.4. Fized local monodromy. For simplicity, let (X, D) be a log smooth projective curve
with X = X \ D and j : X — X the inclusion. Note that in this case, for a complex local
system W on X, the intermediate extension ji.(W/[1]) is just (j.W)[1], and that Rj, is
perverse-exact. For each Z € D take a small embedded punctured disk j; : D* — X whose
interior closure is a small disk neighborhood of Z and consider the representable morphism
of algebraic stacks

(4.8.6) vp =[] i Mp(X) = [ MsD).

zeD zeD

where by D* we mean the germ of D* around the origin. For Vy € Mp(X)(C) we define
the fiber of this morphism over the image of Vp, namely FM (Vp) := (¢¥p) " (vp Vo), to be
the fixed local monodromy leaf at Vy. Here by j7),.Vo we mean the locally closed substack
supported at V. As the terminology suggests, this is the locally closedﬂ substack of Mp(X)
of local systems with the same local monodromy as Vj up to conjugation (separately for
each point of D). It does do not depend on the choice of the cover.

We now consider the relative deformation theory of the embedding F'M(Vy) C Mp(X).
Fix a miniversal local system (A, V) at Vy and let D be the full subcategory of (Art/A) of
A for which A ®A V has fixed local monodromy. Let J — A’ — A be a small extension
of local artinian A-algebras and suppose V := A ®, V has fixed local monodromy. Set
V= A@aV. According to Remark the obstruction at each point z € D is naturally
an element of the stalk J ® (R'j,Hom(Vp, Vo))z, but we want to interpret this obstruction
in terms of functors that lift to Hodge/twistor modules. Note first that we can interpret
this group as J @ HY(Z, ¥z jiHom(Vy, Vp)), where 1)z := 1y, is the nearby cycles functor
for a choice of coordinate gz at Z equipped with its natural C[T, T~ !]-module structure
given by the local monodromy operator.

6Note: For every X, every C-point of M p(X) is locally closed: every orbit O in Rg (X, ) is constructible
and irreducible, hence contains a point p which is in the interior of the closure O, and so the same is true
for every point of O.
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Since ¥z j1« is exact on local systems, we have a short exact sequence
0 — YzjuHom(Vo, Vo) = YzjHom(Vo,mar @4 V) — YzjiHom(Vo,mga @4 V) — 0

of C[Z] = CI[T, T_l]—quules, and because V' has fixed local monodromy, this sequence is
exact after applying H'(Z,—). Thus there is a natural short exact sequence

0 — HY(Z,¢¥zjuHom(Vo, Vo)) — HY(Z, bz Hom(Vo, mar @4 V)
— HYZ, Yz ji Hom(Vo,my @4 V)) =0

Consider £’ € Hom(Vp, V') the sub A’-local system of C-linear morphisms for which
the composition Vy — V' — V; is a multiple of the identity. Define E similarly for V.
Then we have a commutative diagram with exact rows and columns:

0 0
J® HOI;(VO, W) ——J® Hofx;(%, Vo)
0 —— Hom(Vo,my @4 V) B Cyx 0
I |
0 —— Hom(Vp,my ®4 V) S E Cx 0
0 0

After applying tzjis, the bottom row splits as an extension of C[T, 7~ !]-modules, so the
extension class of the middle row yields a class obs /4 € J ®@ H'(Z, hzji. Hom(Vp, Vp)).
This class vanishes if and only if V’ has fixed local monodromy, so we have proven:

Lemma 4.50.

(1) There are no relative automorphisms or deformations for FM(Vy) C Mp(X).
(2) The class obsyjar € J ® HY(Z,pzjiHom(Vo, Vo)) is a relative obstruction for
FM (V) € Mp(X).

Proof. The first part is clear since F'M (Vp) C Mp(X) is a substack, and the second part

is the above argument. O

We can interpret the obstruction naturally in terms of the intersection cohomology
TH(Hom(Vp, Vo)) := HOpt,ji.(Hom(Vp, Vo)[1]) using the canonical short exact sequence
of perverse sheaves

0 — jiW[1] = RjW[1] — dvi'ji, (W[1])[1] — 0.

Lemma 4.51. Let iz : & — X be the inclusion. For any local system W on X the natural
morphism of functors 1z — it induces an isomorphism HY(Z, 1z ji W[1]) — i% (i W[1])[1].
In particular, there is a natural exact exact sequence
0 — THY (X, Hom(Vp, Vo)) — HY(X, Hom(Vy, Vo)) — HY(Z, ¢zjis Home,, (Vo, Vo))
— TH*(X, Hom(Vp, Vo)) — 0.

Moreover, if Vo underlies a pure C-VMS, then j.(Hom(Vy, Vo)[1]) = Wi (Hom(Vh, Vi)[1])
is pure, as is TH' (X, Hom(Vo, Vp)) = Wi H' (X, Hom(Vp, Vp)).
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Proof. The first part is standard from the description of perverse sheaves on the disk.
For the second part, the mixed module Hom(Vp, Vp)[1] has pure weight one, as does
Gix(Hom(Vy, Vo)[1]), so i*ji (Hom(Vo, Vo)[1])[1] has weights > 2, and proper push-forward
preserves weights. O

4.9. Hodge/twistor enhancements for local systems. Let X be a connected algebraic
space. Let DMS — (MS-Art/T(0)) be the category cofibered in groupoids whose objects
over A are free A-AVMSs V. A morphism V' — V lying over a morphism A’ — A in
(MS-Art/C) is a morphism V' — V of A’~AVMS which is an isomorphism over A. We
define D%\//IS for V in DMS as before to be the category obtained by including the data of a
morphism to V.

Proposition 4.52. Suppose Vi € Mp(X)(C) underlies a C-AVMS which we fix. Then
D%S — (MS-Art/T(0)) is part of a precise MS-enhancement of MB(X)C‘)}; — (Art/C)
with its standard obstruction theory.

Proof. We verify the conditions in Deﬁmtlon The cofibered category DMS — (MS-Art/T(0))
clearly satisfies condition (2) and in condition (3) we take (4.7.1] - ) to be the obv1ous forgetful
diagram. Condition (1) is trivial (A = T(0)).

For (4), let pty : X — Spec C be the map to a point. Taking M = pty,Hom(Vp, Vo) (as
in Lemma , we have natural isomorphisms #*(M) = Extfcx (Vb, Vo), equipped with
their natural mixed structures.

For (5), the universal extension

(4.9.1) 0 — Exte, (Vo, Vo)Y @70y Vo — Vi = Vo — 0

can be lifted to the category of C-AVMS (with the fixed lift of V) by Lemma since
the classifying map is the identity Ext(lcx Vo, Vo) — Ext(lcx(Vo,Vo) and in particular a
morphism of C-MS.

For (6), suppose (A, V) is an element of DMS (A), which comes equipped with a morphism

of V= Vp in DMS which becomes an 1som0rphlsm over C. Then and ) live
in the category of C-AVMS, so there is an exact sequence (all Homs are in D° MM X C))

(4.9.2)

0 *) HOHI(‘/O, J®T(O) ‘/0) *) HOHI(V J ®T(O) Vvo) — Hom(mA RaV,J ®T(O) ‘/0)
? Hom(VO,J®T(0) Vo[ ]) *> Hom(V J®T(0) Vb[ ]) — HOHI(I'(IA XA V,J(X)T( 0) Vb[ ])
2 Hom(Vo, J @7(0) Vo[2])-

and the class of the extension (£.8.1)) yields n5 Jar € Homym(ma ®4 V, J @1y Vo[l])-
We take obsl\AfI/SA,(V) = 8277\1\//51/A/ € Homym (Vo, J ®1(0) Vo[2])-
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Lemma 4.53. The category of commutative diagrams of smooth objects of D? MM(X, C)
with distinguished rows and columns

(4.9.3) H " H
J @) Vo v’ N ey ]
Vo Vo

where all morphisms but o, 8,7, it are the canonical ones and whose morphisms are mor-
phisms of diagrams in D* MM(X,C) which are the identity on all but the V' factor is
equivalent to the category of lifts D‘l\//IS(A’).

Proof. As in Lemma using that an exact triangle of smooth objects in D® MM(X, C)
(supported in the same degree) has an underlying short exact sequence of local systems. [J

From the definition, if obs%/SA,(V) = 0, then there is a diagram (4.9.3)), so V lifts, thus
giving condition (a). Condition (b) is clear. For condition (c), the composition

Extlys(T(0). J&1(0)ta) = Homys(£, J[1]) — Homs (6. J[1]) > Homn (Vo. /9 Vo[2)
can be thought of as precomposing (ty — J[1]) @) Vo with the composition
Vo = th @) Vo[1] = £ @m(0) Vol1]

where the first morphism is the universal extension. This composition is equal to the
composition

Vo — ma ®4 V(1] = ) @) Vo[1]

where the first map is the one associated to myg — my /m124 = tll. The obstruction
obs%S}A(V) can be thought of as the composition of Vp[—1] - mga ®4V and my @4V —
J @10y Vo[l]. A map ty — J[1] acts on the extension J — A’ — A and modifies the
corresponding map mg ®4 V. — J @) Vo[1] by adding the composition mg ®4 V. —
t) @10y Vo = J @m0y Vo[1] while fixing V[—1] = ma ®4 V. The obstruction element is
then modified by adding the composition Vo[—1] = ma®@4V — t4@10) Vo — J (o) Vol[1],
so by the above (c) is proven.

The remaining conditions (7)-(9) are easily verified using Lemma [4.53 and (4.9.2)) as in
Lemma [.45] g

4.9.1. The diagonal. We continue the discussion from Section

Let A be a pro-T(0)-MS-algebra, U;,Us two pro-A-AVMS, and fo : Uig — Usp
an isomorphism of closed points as C-AVMS. We let D%S be the category cofibered in
groupoids over (MS-Art/A) consisting of pairs (A, f) where A is a pro-A-MS-algebra and
f:A®AU; = A®p Uy an isomorphism of A-AVMS.

Proposition 4.54. D%S — (MS-Art/A) is part of a precise MS-enhancement of Djz| —
(Art/|A]).
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Proof. We take M = pt ., Hom (U o, Uz )[—1] and set t = 51 (M) = Homc, (U 0, U2y),
0 = (M) = Ext (U1, Uszp). The first order element is given by the universal homo-
morphism

T(0)[t'] ©a Ur = T(0)[t'] @A Uy

where t¥ is square zero and T(0)[t"] has the trivial A-algebra structure.

Suppose J — A’ — A is a small extension in (MS-Art/A) and (A, f) an object of
D%S. Then (4.8.5)) is a short exact sequence of A’-AVMS, and as in (4.49) the element
of € Homym(Ut0,J @0y Uz0[1]) obstructs the existence of a lift. Moreover, twisting
the mixed structure on A’ by an element of Exti(T(0),J ®1(0) tasa) will act in the

required way on the obstruction class. Finally, the set of lifts is clearly a torsor over
Homys(T(0), J @10y 1) O

Proof of Theorem [{.3 Parts (1) and (2) follow from Proposition [£.52]and Proposition [4.43]
while Proposition and Proposition m give part (3). The last statement follows since
if X is normal and V) underlies a C-VHS then the Hodge structure on Ext(lcx (Vo, Vo) has
weights > 1, for instance by the computation in Lemma (after reducing to a curve by
Lefschetz). O

4.9.2. Pullback. We continue the discussior[] from Section [4.8.1]

Let f : X — Y be an algebraic map, f* : Mp(Y) — Mp(X) the pullback, V €
Mp(Y)(C) underlying a C-AVMS, and suppose A (resp. U) is equipped with a pro-
T(0)-MS-algebra (resp. pro-A-AVMS) structure. Let DMS be the category cofibered in
groupoids over (MS-Art/A) whose objects over A are pairs (V,3) where V an A-AVMS
onY and B:U — ¥V a morphism of pro-A-AVMS which is an isomorphism over A. Let
Bo : U — f*Vo be the morphism coming from the chosen identification of closed points.
The notion of morphism in PMS is as before but now respecting the mixed structures.

Proposition 4.55. D?‘/I/E o) (MS-Art/A)°P is part of a precise Hodge enhancement of
D — (Art/|A|)°P.

Proof. We take M = pty,Hom(Vo, Mx/y ®r(0) Vo)[—1]. The discussion leading up to
Lemma applies to D? MM(X, C) as well, in particular giving an obstruction element
in Homys(T(0), J @1y M[2]). The verification of most parts of the definition is as in
Proposition [1.52} except (5) and (6)(c).

For (5), let t := Homg, (Vo, Mx/y ®1(0) Vo) = (M) with its natural mixed structure.
The natural morphism Vy — tV ®1(0) Mx/v @1(0) Vo yields by taking cones a lift of the
universal first order element:

Y @1(0) Vo > V1 > Vo » £/ @1(0) Voll]

H | H

t @1 Vo —— tV () R Vo —— t @10) Mx/y @10) Vo — t @1(0) Vo[1]-

For (6)(c), for a small extension J — A" — A in (MS-Art/A) and an object (A, V) of
DMS unwrapping the definitions, the obstruction class is given by the morphism induced

"We will in fact only need the relative deformation theory of the pullback to a point. The deformation
theory of the framed space can be carried out directly as in the treatment of Mp(X); Proposition
below will however show that the pullback morphism f* : Mp(Y) — Mp(X) is representable by mixed
structures as in Theorem
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on total complexes by

J@po) Vo —— ma @AV ———— V

| l J

J @) Vo —— Rf.(A’ @x (j) —— Rf.(A®x U)

where the bottom left map comes from the composition J @) Vo — Rf«(J @4 U) —
Rf. (A ®, U) using the identification on closed points induced by the map U — f*V.
Twisting by an element ¢ of Extjg(t} o ) we obtain a new small extension J — A” — A,

with the same underlying small extension of |A|-algebras. As in Lemma [4.38] the two
extensions are isomorphic on J + m%, + my A’ = J +m?, + my A”; the element ¢ can be
thought of in the derived category as the map of complexes

J —1 (ma Sm, man) /(J+mE, + mpyA)p = B

|

J > 0
where i is the inclusion j — (—4,0) = (0,5), and (J + m%, + myA’)a is the diagonal
embedding of J +m? +my A’

The difference of the obstruction classes obsl\AA/SA,,(V) - obslxl/SA,(V) is the element in
Homyn (Vo, J @10y Mx/y @1(0) Vo[l]) given by

J @1(0) Vo —t (Mg ®m, mar/(J —i—mi, +mpAA) R4V —m—— V/(mi +mpA)V

| I l

J @10y Vo —— RE((A @4 A")/(J +m2, + mpyA)a @4 U) —— Rf((A/m% +mpA) @4 U)

where i is the antidiagonal embedding as above and the vertical maps are the natural
ones. This is identified with the image of ¢ in Homn(Vo, J @10y Mx/y @10y Vo[1]),
which is the composition of the universal evaluation Vo — t ® My,y ®x) Vo with the
map JV — t[1] given by ¢ tensored with Mx/y ®@1(0) Vo. Indeed, it is identified with the
following composition in the derived category

00—t o ——— W T
0 —mM8M sty ——— t¥ ®Rf*[7 t @) Mx/y &7(0) Vo

12
JoVy —— JORfU®B®Vy —— B® Rf.U t ®70) Mx/y @1(0) Vo
JoVy ——— JOQRfFU ———— 0 J ®@1(0) Mx/y @10) Vo

O

Proof of Theorem[{.2 Since the deformation theory of Rp(X,z) is identified with the
relative deformation theory of the pullback to a point (see the discussion in Section 4.8.2)),
Proposition and Proposition [4.43) give (1) and (2), using that the universal property
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from Proposition m@) applies. The universal property immediately implies (3), since
pullbacks, direct sums, and tensor products of AVMSs are AVMSs. O

4.9.3. Fized local monodromy. We continue the discussion of Section [£:8.4]

If Vy underlies a C-AVMS, then we may equip A (resp. V) with a pro-T(0)-MS-algebra
(resp. pro-A-AVMS) structure by Theorem Let DMS be the full subcategory of
(MS-Art/A) (considered as a category cofibered in groupoids over (MS-Art/A)) whose
objects are A for which A®p V has fixed local monodromy as a local system at each point
of D.

The following proposition demonstrates that showing a full sub-deformation category of
a deformation category admitting an enhancement itself admits an enhancement is much
easier—we must just verify the relative obstructions are Tate classes in a mixed structure.

Proposition 4.56. DMS — (MS-Art/A)°P is part of a precise Hodge enhancement of
D — (Art/|A|)°P.

Proof. As there are no infinitesimal automorphisms or deformations, we need only show
the relative obstruction class for a small extension J — A" — A in (MS-Art/A) for which
A ®, U has fixed local monodromy is a Tate class of J ® i'(ji,Hom(Vp, Vp)[1]), which is
clear from the construction leading up to Lemma [£.50] O

4.9.4. Fized residual eigenvalues. Continuing the setup of Section [£.8:4] consider instead
the map to the good moduli space

Mp(X,r) — H Mp(D*, r) = H Sym" G,
zeD zeD

where the isomorphism is by taking the characteristic polynomial. We call the fiber through
Vo € Mp(X)(C) the fixed residual eigenvalues leaf F'/E(V}). If V underlies a C-AVMS and
we again equip A (resp. V) with a pro-T(0)-MS-algebra (resp. pro-A-AVMS) structure
by Theorem then for each z € D, wg—cV is a pro-A-MS-module, and comes equipped
with an endomorphism T3 compatible with this structure. Then the ideal of FE(V}) is cut
out by the coefficients of the characteristic polynomial pr, of Tz for each z € D, which is
naturally a pro-MS-ideal.

4.10. Hodge/twistor substacks of Mp(X). Observe for the following definition that for
a morphism of algebraic stacks f : M — A and miniversal points 7i2 : Spec O Mm — M,
7L : Spec @/\/,n — N at closed points m € M(C), n := f(m), respectively, the composition
Spec @M,m — N lifts to Spec @M,m — Spec @N,n and so there is a pullback map (’A)N,n —
@ M,m Which is noncanonical but determined up to first order.

We have the following compatibilities:

Lemma 4.57. With the above notation, assume we have a closed immersions g : Z — N
and z € Z(C) with g(z) = n (with a choice of isomorphism). Then:

(1) Spec @Zz := Z X Spec @N,n — Z 1is minversal at z.

(2) Spec O := Spec(Oz . Vo, Optm) = Z xnr M is minwersal at (z,m).

Proof. For any group G and any G-representation V', the only closed substacks of [G'\ Spec(C®
V)] are of the form [G\ Spec(C & U)] for a subrepresentation U C V. This implies that
the base-change of the first order neighborhood [G'\ Spec(C @ t; )] of n is the first order
neighborhood [G\ Spec(C @ t% )] of z, where G is the inertia of n (and thus z). Since the
base-change of 7 is formally sn?nooth, this gives (1).
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For (2), we have the following diagram

Spec @) Spec (’A)Mm
Z xny M l > M
Spec Oz » Spec Onrn
Z / N /
with Cartesian front, bottom, and back faces. It follows that the top face is Cartesian, so
by (1) the conclusion follows. O

In the following definition we only consider the formal twistor geometry at semisimple
points with quasiunipotent local monodromy: the former condition ensures there is a
canonical choice of variation of twistor structures, and the latter, while not necessary here,
allows for a simpler construction of the Deligne-Hitchin space in Section [§] and will be
sufficient for our purposes.

Definition 4.58. Let X be a connected algebraic space and Z C Mp(X) a locally closed
algebraic substack.

(1) We say Z is formally Hodge at a Rso-fixed point V' € Z(C)4"* (see Section if,
equipping V' with its canonical weight zero C—VHﬂ there is a surjective morphism
of pro-C(0)-MHS-algebras Opq,(x),y — Ozv for which Oz y is miniversal for Z
at V.

(2) We say Z is a formally twistor at a point V. € Z(C)4%* if equipping V with
its canonical (tame purely imaginary) variation of twistor structures (as in Exam-
ple , there is a surjective morphism of pro-T(0)-MTS-algebras O, (x)v —
0] z,v for which [0 z,v is miniversal for Z at V.

(3) The substack Z is formally twistor if Z(C) is closed under semisimplification,
formally twistor at every point of Z(C)9 and formally Hodge at every point
underlying a C-VHS with quasiunipotent local monodromy.

We likewise define formally twistor subvarieties of Rp(X, ).

Note that by Lemma any closed subset of Mp(X)(C) is closed under semisimplifi-
cation.

Lemma 4.59. Let Z C Mp(X) be a locally closed algebraic substack, V € Z(C), Spec A —
Mp(X) a versal family at V underlying a A-AVMS, and Spec Az := Z X pq,(x) Spec A —
Spec A the base-change. Then Z is formally Hodge (resp. twistor) at V if and only if
A — Az is a (surjective) morphism of pro-C(0)-MHS-algebras (resp. pro-T(0)-MTS-
algebras).

Proof. Let Spec ® Mp(x),y — Mp(X) be the miniversal family at V, and consider the
completion of the fibered 2-product at an identification of the closed points of Spec A and

8By Deligne |33, Proposition 1.13], for any Rso-fixed semisimple complex local system V, there is a
unique weight zero C-VHS structure on V for which any simple sub-local system is a sub-C-VHS.
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Spec @MB(X),V in the solid diagram below

Spec S > Spec A

T

Let the diagonal arrows be the base-change of Z — Mp(X). By Theorem [4.3(3), the solid
left and solid top arrows correspond to morphisms of pro-T(0)-MS-algebras. The diagonal
morphisms are surjective on algebras, and the horizontal and vertical ones are injective on
algebras (as they are formally smooth), except those involving Z. Thus, if S — Sz is a
morphism of pro-T(0)-MS-algebras, then so are the composition @MB(X) -5 — Sz and

its corestriction to its image o Mp(X),V — Oz. The converse is clear since S — Sz is the
tensor product of (’A)MB(X)J/ — Oz by (’A)MB(X),V — §. By the same argument, S — Sz
is a morphism of pro-T(0)-MS-algebras if and only if A — Az is. O

Corollary 4.60. Let Z C Mp(X) be a locally closed algebraic substack and RZ C
Rp(X,x) the base-change by the quotient map. Then Z is formally twistor if and only
if RZ is.

Proposition 4.61. Let X be connected normal algebraic space.

(1) For any r, Mp(X,r) and {triv,} are formally twistor substacks of Mp(X).

(2) Assume X is a curve. For any V € Mp(X)(C)4%, the fized local monodromy leaf
FM(V) Cc Mp(X) is formally twistor at V. For any V € Mp(X)(C) the fized
residual eigenvalues leaf FE(V) C Mp(X) is a closed formally twistor substack.

(8) Intersections and reductions of formally twistor substacks are formally twistor sub-
stacks. Irreducible componentaﬂ of reduced twistor substacks are formally twistor
substacks. Finite unions of closed twistor substacks are twistor substacks.

(4) Let f : X — Y be a morphism of connected normal algebraic spaces and f* :
Mp(Y) = Mp(X) the pullback morphism. Then:

(a) For any formally twistor substack Z C Mp(X), (f*)"42) € Mp(Y) is a
formally twistor substack.

(b) For any formally twistor substack Z2 C Mp(Y), f*Z C Mp(X) is a for-
mally twistor substack provided f is dominant or a Lefschetz curve (see Defi-
nition @)

(5) Inverse images of formally twistor substacks under the direct sum and tensor prod-
uct morphisms ©,® : Mp(X)? = Mp(X) are formally twistor substackﬂ.

Proof. The first part of is clear and the second follows from via pullback from a
point. In parts (2) and (3), the closure under semisimplification follows since the semisim-
plification of a point is contained in the closure of that point, by Lemma . Part is
then Proposition and the discussion in Section The reduction and irreducible

9These operations are defined by taking the quotients of the corresponding operations on the base-
change to the framed moduli space—see Section
10With the obvious definition of formally twistor substack of Mp(X )2.
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component part of follows from Lemma since by Theorem and the normality
of X the maximal ideal of the twistor algebras are the weight -1 part.

For the remaining parts of —, all of the operations are compatible with the quotient
map from the framed moduli space, so by Corollary [£.60]it suffices to prove the correspond-
ing statements in the framed case. The intersection part of is clear. The union part
follows since the completed local ring of the union is the image of the completed local ring
of the product.

For part (4b), under the hypotheses on f, f* is immersivﬂ by Lemma below.
The closure under semisimplification condition in parts and follows from the fact
that semisimplification commutes with pullback, direct sum, and tensor product—in the
pullback case we must use Theorem [7.9] This in particular implies that semisimple points
map to semisimple points and semisimple points in an image lift to semisimple points
under these functors. Moreover, the pullback of a local system with quasiunipotent local
monodromy has quasiunipotent local monodromy, and in part (4b) under the assumptions
on f the converse also holds by Remark . Altogether, this implies that in part (4a)
we have ((f*)~1Z)(C)a% C (f*)~1(Z(C)9*) and in part (4b) we have (f*Z)(C)4uss =
fH(Z(C)a5), Finally, we must use the same property for C-VHS (which follows from the
R g-action—see Section .

Part is then immediate from Lemma [4.57)(2) and Theorem [4.2)3). Part follows
from Theorem (3) as well since the completed local ring of the image is the image of
the pullback map on completed local rings. For part , we consider the fiber product

S > RB(X,.%')

| !

Rp(X,2)? —— Mp(X)? 2% Mp(X).

Since sums and tensor products of AVMS are AVMS, by Theorem (3) the top induces
a morphism of pro-T(0)-MS-algebras on completed local rings, and so images and inverse
images of formally Hodge/twistor subsets along the top map are formally Hodge/twistor.
By Lemma this is enough. O

Lemma 4.62. Let f: X — Y be a morphism of algebraic spaces.
(1) If fo: 7(X,2) = m(Y,y) is surjective, then f*: Mp(Y) = Mp(X) is a closed
1MMersion.

(2) If f is dominant and Y is normal, then f*: Mp(Y) — Mp(X) is immersive.

Proof. The first part is clear on representation spaces. For the second part, there is a
locally closed subspace i: Z — X such that f|z: Z — Y is generically finite, and if
fl% =i* o f* is immersive, then so is f*. Thus we reduce to f generically finite. There is a
dense Zariski open U C Y for which the base-change fyy: Xy — U is finite étale, and since
by normality and part (1) the restrictions Mp(X) - Mp(Xy) and Mp(Y) = Mp(U)
are closed immersions, we reduce to the case f is finite étale. In this case, Cy — f.Cx
splits, so the map on tangent spaces Ext(lcy (V,V) — Ext(lcx (f*V, f*V) is split as well,
hence injective. 0

5. BIALGEBRAIC SETS OF LOCAL SYSTEMS AND DENSITY OF THE QUASIUNIPOTENT
LOCUS

In this section we define constructible, bialgebraic, and Q-bialgebraic sets of local sys-
tems, and prove Theorem [1.11] Once the basic definitions are made, the result will follow

11By immersive we mean a locally closed immersion locally on the source.
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rather easily from known transcendence theorems (namely Ax—Lindemann for the exponen-
tial map and the Gelfond—Schneider theorem). The main subtlety is that for X non-proper,
some care must be taken on the De Rham side, as the naive De Rham analytic space does
not have an algebraic structure. This is essentially because the condition that the singular-
ities be regular implicitly makes reference to the existence of an extension as a connection
with log poles to a log smooth compactification, and there is a non-finite-type choice of
such an extension.

Much of the general formalism of constructible subsets of stacks and bialgebraic subsets
of the Betti stack have been treated elsewhere (Simpson [106] in the projective case, and
Budur, Wang, and Lerer [23, 22] in the quasiprojective case) in roughly equivalent ways.
We direct the reader to the corresponding sections along the way.

5.1. Constructible subsets of algebraic stacks. For the remainder, unless otherwise
indicated, X will be a connected smooth algebraic space defined over an algebraically
closed subfield £ C C. We use the embedding to define the analytification X?2". We say a
subset ¥ C X(C) has nonempty interior in each component of X if, for each irreducible
component Xy of X, the intersection X N Xy has nonempty interior in Xy with respect to
the euclidean topology.

Given an algebraic stack M over C, it will be useful to have a reasonable notion of
constructible subsets of M(C). We have the following easy lemma:

Lemma 5.1. Let f : V — U be a smooth morphism of finite type complex algebraic spaces
which is surjective on points. Then ¥ C U(C) is Zariski (open/closed/constructible),
(open/closed) in the euclidean topology, or analytically constructibld 4 if and only if f~*(X)
1S.

Proof. All the claims follow from the existence of sections locally on U (using surjectivity)
in the euclidean and étale topologies and Chevalley’s theorem. O

For some smooth atlas 7 : U — M by an algebraic space, we may equip M(C) with the
quotient Zariski or euclidean topology via the surjective map 7 : U(C) — M(C), which by
the lemma is independent of the atlas. We say a subset ¥ C M(C) is (Zariski/analytically)
constructiblﬂ if 7=1(¥) is, which by the lemma is again independent of the atlas, and
we may likewise define both the Zariski closure £%%% and the euclidean closure 3. Note
that 7~ 1(2)%r = 7~1(X%7) and 7~ 1(X) = 77! (X) for any atlas. We say ¥ is irreducible
if it is irreducible with respect to the Zariski topology, meaning every nonempty open
subset of X is dense. This is equivalent to there being a morphism f : Z — M from an
irreducible algebraic space Z whose image is contained and dense in X% since on the
one hand images of irreducible topological spaces are irreducible, and on the other hand
any irreducible component of the preimage of 3 in an atlas has image in ¥ with nonempty
interior. Finally, observe that for any Zariski closed > C M, there is a unique closed
immersion of algebraic stacks N' C M with 3 = N(C). Indeed, given a presentation in
groupoids R = U 5 M, we take the closed subspace V = 7~1(X) and the induced full
presentation in groupoids Ry = V where Ry = R xyxy V x V.

Remark 5.2. In the case of a global quotient M = [G\X] of an algebraic space by an
algebraic group, the Zariski/euclidean topology on M(C) is the quotient topology, and
the algebra of constructible subsets is equivalent to the algebra of invariant constructible
subsets of X.

12T hat is, in the Boolean algebra generated by closed analytic subvarieties.
13We often just say “constructible” if we mean Zariski constructible if there’s no chance of confusion.
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Corollary 5.3. Let M be an algebraic stack over C. The algebra of constructible subsets
of M(C) is the Boolean algebra generated by finite type Zariski closed subsets.

Corollary 5.4. Let f : M — N be a C-morphism of algebraic stacks over C. For any
constructible subset . C M(C) (resp. constructible subset T C N'(C)), the image f(¥) C
N(C) (resp. preimage f~1(T) C M(C)) is constructible.

Lemma 5.5. Let f: M — N be a C-morphism between two finite type algebraic stacks
over C.

(1) if ¥ C M(C) has nonempty interior in each component of its Zariski closure, then
f(3) € N(C) has nonempty interior in each component in its Zariski closure.

(2) Assume that f is universally open (e.g. flat). If T C N(C) has nonempty interior
in each component in its Zariski closure, then f~1(T) C M(C) has nonempty
interior in each component in its Zariski closure.

Proof. One reduces immediately to the case where both M and A are algebraic spaces
of finite type. We start with (1). Let Z be an irreducible component of the Zariski
closure ¥%2" of ¥ in M. Then ¥ N Z(C) is Zariski dense in Z and has nonempty interior
in Z(C) with respect to the euclidean topology. Therefore, one is reduced to consider
the case where both M and N are irreducible algebraic spaces and f is dominant. In
particular, every Zariski closed strict subset of M(C) or N (C) has empty interior with
respect to the euclidean topology. Let U C N be a dense Zariski-open subset such that
My — U is flat. The induced holomorphic map M7 — U?®" is therefore flat too, hence
in particular open. The set ¥ N My (C) has nonempty interior in My (C), hence its image
fENMy(C)) = f(X) NU(C) has nonempty interior in U?". A fortiori, f(X) has non-
empty interior in A/**. This shows (1).

Let us now prove (2). Base-changing f along the open inclusion T C N, one can
assume that T is Zariski-dense in N. Moreover, working component by component, it is
sufficient to treat the case where N is irreducible. Since f is universally open, one has
fHT?%r) = f71(T)%r. Let Z C M be an irreducible component of f~*(T)%¥. Since f is
open, its image f(Z) is a dense constructible subset of N, hence it contains a non-empty
Zariski open subset U C N. Let V be a nonempty euclidean open subset of N'*" contained
in ¥. Since U?" is dense in N?", the intersection U?* NV is nonempty. Therefore, by
shrinking V', one can assume that V' C U?". It follows that Z2" contains the nonempty
open subset f~1(V). Since f~1(V) c f~(T), this completes the proof. O

If M is defined over £ C C we likewise define the notions of k-constructible subsets
of M(C) and their k-Zariski closures by using a smooth atlas defined over k. For any
k-morphism f : M — N of k-algebraic stacks, there is an induced map f(C) : M(C) —
N(C) under which images and preimages of k-constructible subsets are k-constructible.

5.2. Correspondence stacks and morphisms. By a correspondence stack (Mpr, Mg, Z)
we mean a pair of algebraic stacks Mpgr, Mp together with an analytic stack Z and a

diagram
Z
N
B M.

If Mppgr, Mp are algebraic spaces (in which case we can always take Z to be an analytic
space, see below), we call (Mpgr, Mp, Z) a correspondence space. At the moment the
subscripts DR and B are merely suggestive, and the abstract definition is symmetric in
the two “realizations”. We will be mainly interested in correspondence stacks where Z is
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the graph of a holomorphic map M3, — M%'. We often refer to the correspondence
stack as just the pair (Mpgr, Mp) when the correspondence Z is clear.

A morphism of correspondence stacks f : (Mpgr, Mp) = (M'yp, M’s) consists of
algebraic morphisms fpr : Mpr — Mpp and fp : Mp — M'’; such that the image
of the natural map Z — M} x ME" is contained in the image of Z’ on the level
of points—that is, if the natural map Z X (M/an x MUan) Z' — Z is surjective on points.
Observe that with this notion of morphism, any correspondence stack (Mpgr, Mp, Z) is
naturally isomorphic to the correspondence stack (Mpgr, Mp, Z~) obtained by replacing
the analytic correspondence by Z for any morphism Z — Z of finite type analytic stacks
which is surjective on points. A morphism (Mpgr, Mp) — (Mg, M'g) is then given
by compatible morphisms fpr : Mpr = Mg, fB: Mp = M, ¢ : Z — Z" up to
replacing Z in this way.

For every algebraic stack M defined over C and every field automorphism o € Aut(C/Q),
we write M7 := M®,C. For asubfield K C C, a K-correspondence stack (Mpg, {Mps})
consists of an algebraic stack M pg defined over C and correspondence stacks (M, MB o, Z5)
for each o € Aut(C/Q), where each Mg, is defined over K. A morphism of K-correspondence
stacks f : (Mpr,{Mpeo}) = (Mpg,{Mp,}) consists of a morphism f : Mpr —
Mg and K-morphisms fp, : Mps — Mp , such that (f7, fpo) : (MHr Mpo) —
(Mg, ’B7 ) is a morphism of correspondence stacks for each o. Given a correspondence
stack (Mpgr, Mp) with Mppr defined over Q and Mp defined over K, we get a natural
K-correspondence stack (Mpgr, {Mp}) by taking all the correspondences to be the same
as that of (Mppr, Mp).

Example 5.6. Let A be a finitely generated free Z-module. There is a natural correspon-
dence space Exp(A) := (G, ® A, G, ® A) whose correspondence is

CoA

CoA C*®A.

As above, there is a naturally associated Q-correspondence space Expg(A) = (G, ®
A {G,, ® A}). The construction is functorial in that a homomorphism A — A’ yields a
morphism (G, ® A, G, ® A) — (G, @ A, G, ® A') of correspondence spaces, as well as
a morphism (G, ® A, {G,, ® A}) = (Gq @ A, {G,, ® A'}) of Q-correspondence spaces.

Taking A = Z", denote Exp(n) := Exp(Z™). Taking the quotient of both sides by the
symmetric group &,,, we have a natural correspondence space Sym Exp(n) := (Sym”" G,, Sym" G,,)
as well as its powers. There is a natural quotient morphism Exp(n) — Sym Exp(n). Like-
wise for the K-analogs, Expy(A), Expg(n) and Sym Expg(n).

5.3. Bialgebraic subsets. Let (Mpr, Mp) be a correspondence stack with correspon-

dence
Z
N,
an
DR

Definition 5.7. (Mppg, Mp) is irreducible bialgebraic if Mpgr, Mp, Z are irreducible and
imgmpr and img7p have nonempty interior. We say a pair (Xpgr,2p) C (Mpgr, Mp)
of constructible subsets YXpr € Mppr(C) and X C Mp(C) is bialgebraic if there is
a correspondence stack (Npgr, Np) which is a finite disjoint union of irreducible bialge-
braic correspondence stacks and a morphism f : (Npr,Ng) — (Mpgr, Mp) such that

an
Ma,
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forRWNDR(C))%™ = Y24 and fp(Np(C))%r = $%r. We say a constructible Spr C
Mpr(C) (resp. X € Mp(QC)) is bialgebraic if it can be completed to a bialgebraic pair
(XpR:XB).

By definition, bialgebraicity is a property of the Zariski closures. We immediately have
the following:

Lemma 5.8. A constructible subset Xpr C Mpgr(C) (resp. ¥p C Mp(C)) is bialgebraic
if and only if for every irreducible component X of ZZDB}E (resp. Z%ar) there is an irre-
ducible component Zy of Tpp(Zo) (resp. w5 (20)) such that 7p(2o) (resp. mpr(Zo)) has
nonempty interior in 7g(20)*™ (resp. Tpr(Z0)%).

We have the following consequence of Lemma [5.5]

Lemma 5.9. Let f : (Mpgr,Mp) = (Mpp, M'g) be a morphism of correspondence
stacks.

(1) If (Xpr,XB) C (Mpgr, Mp) is bialgebraic, then so is (fpr(Xpr), fB(XB)) C
(Mpg, Mlp).
(2) Assume fpr, f are both universally open, and that the natural map
(531) Z X(M/S%XM%"') ZI — ( BDHR X M%n) X(M'g‘}%XME}“) Z/

is surjective on points. Then if (Xpp, X5) C (Mg, M%) is bialgebraic, so is
(for(Epr) f5' (X5)) € (Mbr, Mp).

Proof. (1) is immediate from Lemma For (2), observe that the condition on the
correspondence in ([5.3.1)) is preserved under base-change. For (Npgr, Np) a disjoint union
of irreducible bialgebraic correspondence stacks and g : (Npr,Np) = (Mg, M) a
morphism, we may therefore reduce to the base-change

(Npr:NB) = (Npr X m1,,, MDRNE XM, MB) = (Npg. Np)

and so assume (M, 5, M’5) is irreducible bialgebraic and (Xpr, X p) = (M, z(C), M5(C)).
By the universal openness, there is an open set U, C M’ p with Up,p(C) C ¥, such
that f5,5(Upg(C)) is dense in f,5(3hp) and is a disjoint union of irreducible constructible
sets each dominating U}, ; likewise for M'. Thus, by restricting to a dense open set on
the target and connected components on the source, we may assume each of Mpgr, Mpisa
disjoint union of irreducible stacks and fpgr, fp are surjective on each component. Finally,
the condition on the map implies f5(imgn)p) C imgmpr and f5'(img7ry) C imgmp.
By Lemma for each irreducible component Npgr of Mpgr there is some irreducible
component Ng of Mp and an irreducible component W of the correspondence such that
(Npr,NB, W) is irreducible bialgebraic and (Npgr,Ng) — (Mhp, M) is a morphism
(and likewise for irreducible components of Mp), so the conclusion follows. O

Let (Mpgr,{MBpB}) be a K-correspondence stack with correspondences

Z5
WDy Y:
( ag )an an
DR B,o*

Definition 5.10. (Mppg,{Mp}) is irreducible bialgebraic it (Mpr, Mp ) is irreducible
bialgebraic for all . We say a pair (Xpgr,{¥ps}) C (Mpr,{Mp,}) consisting of
a constructible subset ¥pr C Mpgr(C) and K-constructible subsets £p, C Mp,(C)
is K-bialgebraic if there is a K-correspondence stack (Npr,{Nps}) which is a finite
disjoint union of irreducible bialgebraic K-correspondence stacks and a morphism f :
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(NDrg, {NBJ}) — (Mbpr, {MB,O'}) such that fDR(NDR(C))Zar = E%a]fz and fB(NB,U(C))Zar =
S5 for all 0.

Corollary 5.11. Let f : (Mpgr, Mps) = (Mpg,{M% ,}) be a morphism of K -correspondence
stacks.

(1) If (Epr,{XBc}) C Mbpr,{MB,}) is K-bialgebraic, then sois (fpr(Xpr), {fB+(XBs)}) C
( /DR’ {MIB,U})‘
(2) Assume fpr, fB,. are all universally open, and that the natural map

/ an an !
Zo X (Mamxmny Zo = (Mpr X MEo) X (mn xmizn ) Zo

is surjective on points for each o. Then if (¥'p, {ZIB,O'}) 1s K -bialgebraic, so is
(for(EpR) A5 (ZB,0)})-

Theorem 5.12 (Ax—Schanuel [3], Gelfond-Schneider [49]). Let A be a finitely-generated
free Z-module.
(1) For any bialgebraic pair (Spgr, ) of Exp(A), 2% is a finite union of C-translates
of Q-linear subspaces.
(2) For any Q-bialgebraic pair (Spr.{EB.o}) of Expg(A), S4% is a finite union of
Q-translates of Q-linear subspaces.

Proof. Ax—Schanuel implies (1). For (2) we are reduced to the statement for a point by
taking closures, components, and quotients, using (1). That point must be defined over Q
on the Betti side by definition, as well as on the De Rham side, or else its Aut(C/Q) orbit
would be uncountable. Then this is the Gelfond—Schneider theorem. 0

Corollary 5.13. For any Q-bialgebraic pair (Xpr,{Xp5s}) of Sym Expg(n), Y4 s the
image of a finite union of Q-translates of Q-linear subspaces under the natural quotient
map

Expg(n) — Sym Expg(n).

In particular, the ZZBa; are all the same, and images of Q-points (resp. torsion points)

under the quotient map are Zariski dense in ¥pgr (resp. each ¥ ).
Proof. The quotient map is flat and satisfies the condition of Corollary [5.11P)] g

5.4. The De Rham stack. In the next few sections, it will be useful to introduce the
notion of a countably finite type algebraic (or analytic) stack, by which we mean a stack
with a countable open cover by finite type algebraic (or analytic) stacks. One easily adapts
the notions of constructible subsets (which are constructible on some finite type substack),
correspondence stacks, and bialgebraic pairs to this setting. Note by the Baire category
theorem, any irreducible bialgebraic pair in the sense of countably finite type stacks is
irreducible bialgebraic in the ordinary sense.

There is a natural analytic stack Mpr(X®") of analytic flat vector bundles on X*". In
fact, by solving the connection, there is a natural biholomorphism

RHXan : MDR(Xan) i MB(X)an.
Unfortunately Mpr(X®") does not in general have a well-behaved algebraic structure

capturing the flat vector bundle.

Example 5.14. Let X = G,, in either the algebraic or the analytic category and consider
the stack of rank 1 flat vector bundles (L, V) on X. The underlying line bundle is necessar-
ily L = Oy, so the natural action by H°(X, Qx) on Mpr(X) sending (L, V) to (L,V +a)
is transitive, while the choice of identification with Oy is a torsor for H°(X, 0% ). Thus, we
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can realize Mpgr(X) as [H*(X, 0%)\H"(X, Qx)], where an invertible function f acts on
a form a as a — dlog f + «. In the analytic category, integrating « around the unit circle
and exponentiating provides a natural coordinate and provides the isomorphism with the
analytification of Mp(X) = [G,\ Gy, where G, acts trivially. In the algebraic category,
H(X,0%) consist of powers g" up to scaling, H(X, QL) = C[g, ¢ ']dg, and A\g" acts by
adding n% so the quotient is not of finite type.

What is missing in the algebraic description of the De Rham stack is the requirement
that the singularities be regular, as indeed Deligne’s version of the Riemann-Hilbert cor-
respondence is an equivalence of categories between the category of local systems on X"
and the category of algebraic flat vector bundles on X with regular singularities. This
condition makes reference to the existence of a logarithmic extension to a log smooth
compactification.

Let us now introduce some terminology. Let (X, D)/k be a proper log smooth algebraic
space with X = X \ D. For an algebraic space T, let Dy, be the sheaf of algebraic m;l(’)T—
linear differential operators on Xp := X x T where 7 : X7 — T is the projection and
let D, p[log D] C D, p be the O -subalgebra generated by germs of 77 Op-linear
derivations of O, which preserve Og, (—Dr). A family of rank r logarithmic connections
on (X, D) parametrized by an algebraic space T is a Dgy/r [log D}-module E on X7 which
is locally free of rank 7 as a O, -module. Given a point z € X(C), a family of framed
(at x) rank 7 logarithmic connections on (X, D) parametrized by a scheme T is a family
of logarithmic connections E together with a trivialization E|;x7 = OF as Op-modules.

Theorem 5.15 ([94], Proposition 3.3|+€). Let T' be an algebraic space and let € be a coher-
ent sheaf on X which is flat over T. Consider the functor on T-spaces which associates
to f: 1" — T the set of all D, y[log D]-module structures on (1x x f)*E. Then this
functor is represented by a an algebraic space of finite type over T.

Proof. The statement of [04] assumes (X, D) is projective. We may take a log-smooth
projective modification 7 : (X’, D') — (X, D) and apply the theorem to 7*E. To check
that a connection V descends, it suffices to check for a fixed meromorphic basis s; of F
that the sections Vs; are pulled back from X. ]

The stack of locally free sheaves on X is countably finite type, and it follows that the
stack Mpr(X, D) of logarithmic connections is countably finite type. The analytification
Mpr(X, D)* is naturally identified with the analytic stack Mpr(X?", D) of analytic
logarithmic connections by GAGA.

Example 5.16. Continuing Example let X = G,, again and take X = P'. The
De Rham stack Mpr(X,D,1) of rank one logarithmic connections is a union over k €
Z of |G \H(X,Qx(log D))]. On the kth factor we associate to a log one-form a the
logarithmic connection (Ox(k),d + «) where we consider O (k) as the sheaf of functions
with at worst a k-order pole at oo and Gy, acts trivially.

5.5. The Riemann—-Hilbert correspondence stack. See Section[d.I]for the basic prop-
erties of the Betti stack. Let (X, D) be a proper log smooth algebraic space with X = X\ D.
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We define the Riemann-Hilbert correspondence stack Mgy (X, D) of (X, D) to be the cor-
respondence stack (Mpr(X, D), Mp(X)) with correspondences

MDR(Xan, Dan)

T

MDR(Xan)
%all
MDR(X,D)an Mp(X)n

where the unlabelled arrow is restriction to X. We denote the resulting analytic morphism
RH % py: Mpr(X, D)3 — Mp(X)*. We define the Riemann—Hilbert Q-correspondence
stack Mprm (X, D) to be the Q-correspondence stack (Mpr(X), {Mp(X?)}) whose cor-
respondences are given by the graph of RH (X°,Do)-

Theorem 5.17 (Simpson [106, Theorem 3.1(c)|, [I06, Theorem 6.1]). Let A be a complex
abelian variety.

(1) For any bialgebraic pair (Xpgr,XB) of Mru(A,1), EZBar is a finite union of trans-
lates of pullbacks of Mp(A',1) for abelian variety quotients A — A’.

(2) For any Q-bialgebraic pair (Xpr,¥5) of Mruo(A,1), X4 is a finite union of
torsion translates of pullbacks of Mp(A’,1) for abelian variety quotients A — A’.

Note that by the Remark in [106] §6], the hypotheses of Theorem agree with those
of [I12, Theorem 6.1], except the latter requires algebraicity in the Dolbeault realization
but doesn’t need it.

Remark 5.18. If D C Cis the unit disk centered at the origin, we can interpret Sym Expg (n)
as the coarse Riemann-Hilbert stack Mry (D, 0,n), the rank n substack of Mry (D, 0).

5.6. The residue map. Let (X, D) be a proper log-smooth algebraic space with X =
X \ D and denote by {D;};c; the irreducible components of the boundary D. Fix a k-
point x € X(k). For each i we have a conjugacy class of loops [v;] around D; and a
representation p € Rp(X,z,r)(C) is said to have quasiunipotent local monodromy if p(~;)
is quasiunipotent for each i—that is, the eigenvalues of p(y;) are roots of unity for each i.
On the Betti side, for any v € m (X?", x), we get a morphism Charg(y) : Rp(X,z,r) —
A7 defined over Z, given by the composition of the evaluation map and taking the char-
acteristic polynomial. Clearly, this map depends only on the conjugation class of v. Since
every D; provides a conjugacy class of simple loops around it, we obtain a morphism
Charg(X,D,x) : Rp(X,x,7) — (A%)], which clearly descends to a Q-morphism

Charp(X,D,r) : Mp(X,r) — (Sym" G,)’

where we have identified img Charg(y) & Sym” G, over Q by taking roots of the associ-
ated polynomial. We say a local system V € Mp(X)(C) has quasiunipotent local mon-
odromy if some (hence any) framing has quasiunipotent local monodromy, or equivalently
if Charg(X, D)(V) is the image of a torsion point of some ((G,)")?.

On the De Rham side, suppose we have a family of framed rank n log-connections
on (X, D) parametrized by a k-scheme T. Then we obtain a k-morphism Charpg(co) :
T — (AZ)I by taking the characteristic polynomials of the residues along the boundary
components. In particular, we obtain a k-morphism

Charpr(X,D,r) : Mpr(X,D,r) — (Sym” G,) .
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We say a point V € Mpgr(X, D)(C) has quasiunipotent local monodromy if Charpr(X, D)(V)
is the image of a Q-point of ((G4)").

Lemma 5.19. Let V € Mpgr(X, D)(C). The following are equivalent.

(1) V has quasiunipotent local monodromy;
(2) RHxan (V") has quasiunipotent local monodromy;
(8) RH(xo)an ((V7)*") has quasiunipotent local monodromy for every o € Aut(C/Q).

Lemma 5.20. There is a morphism
Charg(X, D,r) : MRH,Q(X, D,r) — Sym Epr(T)I
of Q-correspondence stacks whose underlying maps on algebraic stacks are
(Charpgr(X,D,r), {Charg(X?, D%, 7)}).

Proof. The residue is an algebraic map, and therefore compatible with the action of
Aut(C/Q). In a polydisk neighborhood of the boundary, the eigenvalues of the local
monodromy are easily seen to be the exponential of the residues, and the characteristic
polynomial is independent of the basepoint. O

5.7. Normal algebraic spaces. We now make sense of the Riemann—Hilbert stack for
a normal complex algebraic space X. On the Betti side this is straightforward: setting
i:X™ — X to be the regular locus, since 1 ((X8)*" z) — 71 (X*", x)) is surjective for
any basepoint z € X8, we have a closed immersion i* : Mp(X) — Mp(X"®).

Let 7 : X’ — X be a log resolution which is an isomorphism over X™¢ and let E
be the exceptional locus. Then there is a lift i/ : X8 — X’ and for the same reason
™ Mp(X) = Mp(X') and i : Mp(X') = Mp(X"®) are closed immersions. We may
further assume there is a log smooth compactification (X', D’) such that (X', D” := D'UE)
is a log smooth compactification of X"°8.

Lemma 5.21. Fvery irreducible component of the reduced preimage RH(X, D ((*Mp(X))*™)
1s algebraic.

Proof. The preimage is an analytic substack with countably many irreducible components.
There is a natural closed immersion

b: MDR(X/, DI) — MDR(X/, DH)
realizing M pr(X’, D') as the substack of log connections with vanishing residue along the

irreducible components of F. Since there is a commutative diagram

RH()?/,D/)

MDR(X’,D/)an MB(X/)an

| Jer

MDR(X,7D//)aI{2H XEM p(X7ree)2
It therefore suffices to show every irreducible component of RH . X D,)((W*M B(X))*™)
is algebraic.
For any fiber F of 7 : X’ — X, let qr : F’ — F be a resolution and consider the induced
map
q} : MDR(X/, D/) — MDR(F/).
Then on the level of points, RH(X, DY) ((7*Mp(X))™) is the intersection of ((¢%)*) " (RH "trivy)

over all ', where trive C Mp(F) is the set of trivial local systems on F. Since RHp" (trivp)
is a closed analytic subset and a countable union of algebraic subsets (namely, those flat
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bundles admitting a flat meromorphic frame), it follows that each irreducible component of
RH ! (trivp) is Zariski closed, and therefore the same is true of ((¢})*) " (RH trive).
By noetherianity, each irreducible component of the intersection is therefore algebraic. [

Definition 5.22. Given 7 : X’ — X and (X', D’) as above, we define Mpr(X', D', E)
to be the reduced preimage RH (_ —1,’ D,,)((i*/\/l p(X))*") with its natural structure as a sub-
stack, and we define RH g/ py py : Mpr(X', D', E)™® — Mp(X)™ to be the restriction
of RH s pry. We define (Mpr(X', D', E), Mp(X), RH %/ p f)) as the Riemann-Hilbert
correspondence stack Mry (X', D', E).

Both 7 and (X', D’) can be chosen to be defined over the field of definition of X, and
we define (Mppr(X', D', E), {Mp(X?)},{RH g pw po)}) to be the Riemann-Hilbert Q-

correspondence stack My o(X’, D', E).

Note that by definition we have morphisms of (Q-)correspondence stacks
A MRH(X/, D/, E) — MRH(X/, D”)
TR MRH,Q(X/, D', E) — MRH,Q(X/, D”)

which are injective on points in the De Rham realization and closed immersions in all of
the Betti realizations.

5.8. Proof of Theorem We now state a more precise version of Theorem [L.11}

Theorem 5.23. Let X be a connected normal algebraic space and let (Xpr,{XBs}) be a
bialgebraic constructible pair of the Riemann—Hilbert Q-correspondence stack Mgy (X', D', E)
of a log smooth compactification of a log resolution. Then the local systems with quasiu-
nipotent local monodromy are Zariski dense in Xpr and each ¥ .

Proof. The restriction to the regular locus is a bialgebraic pair so by Corollary [5.11] we may
assume X is smooth. We may further assume (Xpg, {¥p}) is the image of an irreducible
bialgebraic correspondence stack. Let (¥pp,{¥p,}) be the image in Sym Exp@ under
the residue map. According to Corollary [5.11] and Corollary [5.13] image of rational points
(resp. torsion points) under the quotient map are Zariski dense in X/, (resp. each 235,70),
and it follows that the preimages of such points are Zariski dense in X¥pp (resp. each Xp ),
which are exactly the points with quasiunipotent local monodromy. ]

In the Corollary we will show that the notion of K-bialgebraic constructible subsets
of the Riemann-Hilbert stacks is equivalent to the notion of absolute K-constructible
subsets (i.e. K-constructible in every Betti realization, with no condition on the De Rham
realization) for countable K C C.

6. HARMONIC MAPS TOWARDS NPC SPACES

We will need to use pluriharmonic bundles in both the archimedean and non-archimedean
setting. Recall this means equipping a local system V on an algebraic variety X with a
pluriharmonic metric in the former case and a pluriharmonic norm in the latter case. Ei-
ther way, the pluriharmonic structure is encoded in an equivariant map XV 5 A for an
appropriate classifying space A—a symmetric space in the former case, and a Fuclidean
building in the latter.

The main goal of this section is to formulate the version of the existence theorem for
harmonic maps we will need (Theorem [6.24). This follows from known results but does
not appear in this form in the literature, so we first give the necessary background from
[71]. We also state some related results that will be needed in subsequent sections.
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6.1. Sobolev spaces. Let (2, ¢) be a Riemannian domain, i.e. a connected open subset
of a Riemannian manifold (M, g), having the property that its metric completion Q is a
compact subset of M. Let (A,d) be a complete metric space. The space L?(Q2, A) is by
definition the set of Borel-measurable maps u: 2 — A having separable range for which

/ @2 (u(x), Q) dvoly(z) < oc
Q

for some Q € A. The space L?(€2, A) equipped with the distance function D given by

D(u,v) = < /Q (d(u(:c),v(x))deolg(a;))l/Q

is a complete metric space.

For every ¢ > 0, let Q. = {z € Q|dist(z,0) > €}, let Bc(z) be the geodesic ball
centered at x € M and Sc(x) = dBc(z). Let dog ;) be the (dim M — 1)-dimensional
surface measure on S¢(x). For every u € L?(2, A) and every € > 0, let e € L'(Q,R) be
the function defined by

wiy d?(u(z), u(y)) dos, (z)(y)
(x) /yese(m)
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for z € Q. and zero otherwise.
For ¢ > 0 and f € C.(2) (the set of continuous real-valued functions with compact
support), let

EX(f) = /Qf -ed(x) dvolg(x).
We say that u € L?(2, A) has finite energy, and we write u € W2(Q, A), if

E(u) := sup limsup E¥(f) < oo.
FECL(Q),0<f<1 €0
In particular, W12(, A) contains all Lipschitz continuous maps from Q to A. If u €
W12(Q, A), then the measures e (z) dvoly(z) converge weakly to a limiting measure which
is absolutely continuous with respect to Lebesgue measure, and hence may be written as
e“(x) dvoly(z) for a function e* € L}(Q,R) called the energy density of u.

Theorem 6.1 (|71, Theorem 1.6.1]). Let (u;) be a sequence of maps in WH2(Q, A) that
converges in L2(Q, A) to a map u. If supy, E(ug) < oo, then u € WH2(Q, A) and E(u) <
lim infk E(uk)

Remark 6.2. If there is an isometric embedding i: (A,d) — (RY,dg) in an Euclidean
space, then W12(Q, A) = {u € WH2(Q,RY) |u(z) € X ae. x € Q} and

B(u) = /Q V(i o u)f?.

These definitions are the working definitions adopted in [58], where harmonic maps towards
locally compact Euclidean buildings were first studied, by locally embedding isometrically
Euclidean buildings in Euclidean spaces. In particular, this shows that Korevaar-Schoen
definition of the Sobolev space specializes to the classical definition when (A, d) is the real
line equipped with the Euclidean metric.

When the boundary 02 of 2 in M is locally Lipschitz, there is a well-defined trace map
Wh2(Q,A) — L2(09, A).

Theorem 6.3 ([71, Corollary 1.6.3 and Theorem 1.12.2]). Let (2, g) be a Lipschitz Rie-
mannian domain and let (A, d) be a complete metric space.
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(1) Ifu,v € WhH2(Q, A), then the function da(u,v) is in WH2(Q,R), and the condition
tr(u) = tr(v) is equivalent to tr(d(u,v)) = 0 in L?(0Q,R).

(2) If the sequence (u;) of maps in WH2(2, A) has uniformly bounded energies E(u;),
and if (u;) converges in L2(Q, A) to a map u, then u € W12(Q, A) and the trace
functions of the u; converge in L*(0S, A) to the trace of u.

6.2. NPC spaces.

Definition 6.4. A complete metric space (A, d) is said to be non-positively curved (NPC),
or CAT(0) in Gromov terminology, if for any pair of points x,y € A, there exists a point
m € A such that

d(z,y)? < d(z,2)? + d(z,y)?

d(z,m)* + 1= 5

for any z € A.

d(z,y)

The point m satisfies d(z,m) = d(y,m) = =5

property. It is called the midpoint of x and y.
Crucially, the energy on W2(Q, A) is convex When (A, d) is NPC.

, and it is uniquely determined by this

6.3. Harmonic maps. When the boundary 9€) of the source §2 in M is locally Lipschitz
and the target (A, d) is a NPC complete metric space, the Dirichlet problem can be solved
as follows.

Theorem 6.5 (Korevaar-Schoen |71, Theorem 2.2]). Let (€2, g) be a Lipschitz Riemannian
domain and let (A, d) be a NPC complete metric space. Let ¢ € W12(Q, A). Then there
exists a unique u € WH2(Q, A) which minimizes the energy among all maps in WH2(£2, A)
with the same trace as ¢. The map w is locally Lipschitz continuous in the interior of €).

Definition 6.6. Let (M, g) be a Riemannian manifold and (A, d) be a complete metric
space. A map u: M — A is called harmonic if it is a local energy minimizer: every
point in M admits an open neighborhood with Lipschitz boundary such that all maps in
W12(Q, A) which agree with u outside of this neighborhood have no less energy.

Thanks to Theorem a harmonic map is locally Lipschitz continuous. In particular,
to check that a locally Lipschitz continuous map u: M — A is harmonic, it is sufficient to
check that every point in M admits an open neighborhood with Lipschitz boundary such
that every locally Lipschitz continuous map v: M — A which agrees with u outside of this
neighborhood has no less energy.

It will be important to know that the local Lipschitz constant of a harmonic map is
controlled by the energy as follows.

Theorem 6.7 (Zhang-Zhong-Zhu, see [122, Theorem 1.4 and Remark 1.5 ii)|). Let 2 be a
bounded domain (with smooth boundary) of an n-dimensional Riemannian manifold (M, g)
with Ricyr > —K for some K > 0, and let (A,d) be a NPC complete metric space. For
every R > 0, there ezists a constant C = C(n, \/FR) such that for every harmonic map
u: Q@ = A and every x € Q with Bag(x) € §, the restriction of u to Br(x) is Lipschitz
continuous and the Lipschitz constant is bounded above by C’fBR(x) e'(z) dvoly(z).

Recall that a metric space is called proper if all of its closed balls are compact; in par-
ticular it is locally compact. By the Hopf-Rinow Theorem, a locally compact NPC metric
space is proper if and only if it is complete, see [10, Theorem 1.2.4]. Symmetric spaces
of noncompact type and locally compact Euclidean Bruhat-Tits buildings are examples of
proper CAT(0) spaces.
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Theorem 6.8 (Corlette, Gromov-Schoen, Korevaar-Schoen). Let M be a complete Rie-
mannian manifold with a finitely generated fundamental group, A be a proper NPC metric
space and p: w1 (M) — Isom(A) a group homomorphism. Assume that

e the action of p does not have a fixed point on 0A;
o there exists a finite energg. p-equivariant map M — A.

Then there exists a p-equivariant locally Lipschitz continuous map w : M — A of least
(finite) energy. In particular, u is harmonic.

Proof. When A is a complete simply connected manifold with nonpositive sectional cur-
vature, this is [28, Theorem 2.2]. When A is a locally compact Euclidean Bruhat-Tits
building, this is [58, Theorem 7.1]. In general, this is the conjonction of Theorem 2.1.3,
Remark 2.1.5 and Theorem 2.2.1 in [72]. O

6.4. Averaging harmonic maps.

Proposition 6.9 (|71, Lemma 2.5.1]). Let (A,d) be a NPC complete metric space. Let
S C A be a finite subset. Then, there exists a unique point c(S) such that the number

> peg d(c(S), P)? is minimal.

The point ¢(S) is called the center of mass of the finite set S. It belongs to the closed
convex hull of S [71, Proposition 2.5.4].

Proposition 6.10 (|71, Proposition 2.5.2]). Let (A,d) be a NPC complete metric space.
Let n be a positive integer. Let P,Q: {1,...,n} — A be two functions. Let cp and cq be
the centers of mass of the sets {P(1),...,P(n)} and {Q(1),...,Q(n)} respectively. Then

n

d(epcq) < - S d(P(), Q)

i=1

Proposition 6.11. Let (M,g) be a complete Riemannian manifold, (A,d) be a proper
NPC space and p: w1 (M) — Isom(A) a group homomorphism. Let u;: M—A1<i<n,
be p-equivariant locally Lipschitz continuous maps of finite energy. Then the map u: x —
c({ui(x)}) is a p-equivariant locally Lipschitz continuous map of finite energy. Moreover,
if the u;’s have least finite energy, then u has least finite energy.

Proof. Since the maps u; are locally Lipschitz continuous, the map w is locally Lipschitz
continuous thanks to Proposition Thanks to Equation 2.5.ii, p.641 in [71], the energy
E(u) of the map wu is finite and satisfies E(u) < 37 | E(u;). O

Proposition 6.12. Let (M,g) be a complete Riemannian manifold, (A,d) be a proper
NPC space and p: w1 (M) — Isom(A) a group homomorphism. Let M' — M be a finite
Galois covering space and p': w1 (M') — Isom(A) be the induced homomorphism. If there
exists a p'-equivariant locally Lipschitz continuous map M— A of finite energy, then there
exists a p-equivariant locally Lipschitz continuous map M — A of finite energy.

Proof. Let u: M' — Abea p'-equivariant locally Lipschitz continuous map of finite energy.
The center of mass of its Galois conjugates is a p’-equivariant locally Lipschitz continuous
map of finite energy by Proposition Since it is Galois invariant, it descends to a
p-equivariant locally Lipschitz continuous map M — A of finite energy. O

lgince the energy density of a p-equivariant map u: M — A is p-equivariant, it is well-defined on M;
the map u is said to have finite energy if the integral on M of its energy density is finite.
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6.5. Constructing subharmonic functions.

Proposition 6.13 (see |41, Lemma 10.2|). Let (A,d) be a NPC complete metric space.
Let ¢: A — R be a function which is convexr when restricted to geodesics. If the map
u: M — A is harmonic, then the function ¢ ou is subharmonic.

Proposition 6.14. Let (A,d) be a NPC complete metric space. Let u,u’: M — A be two
harmonic maps. Then the function x — d(u(z),u'(z)) is subharmonic.

Proof. This is a consequence of the previous Proposition, since the map (u,u'): M — AxA
is harmonic and the function (y,y’) — d(y,y') is convex, the space A being NPC. O

6.6. Limit of sequence of harmonic maps.

Proposition 6.15. Let (2, g) be a Lipschitz Riemannian domain and let (A,d) be a NPC
complete metric space. Let {¢r}1 be a sequence of harmonic maps in WH2(Q, A). Assume
that the sequence of energy {E(¢px)}i is bounded. Assume also that the set {¢y(x)|k > 0}
is relatively compact in Q for some x € Q. Then {¢}r has a subsequence that converges
to a harmonic map uniformly on every compact subset.

Proof. A harmonic map is locally Lipschitz continuous. Moreover, since the {¢y}, have
uniformly bounded energy, the local Lipschitz constants are uniformly bounded thanks to
Theorem It follows from Arzela-Ascoli theorem that a subsequence of {¢y }, converges
uniformly on every compact subset of €. The limit ¢ belongs to W2(Q, A) thanks to
Theorem Let u € W12(Q, A) be the unique map which minimizes the energy among
all maps in W12(Q, A) with the same trace as ¢, see Theorem The function da(u, @)
is the uniform limit of (a subsequence of) the functions da(u, ¢y). Since the latter are
subharmonic thanks to Proposition , da(u, ¢) is subharmonic. But it is zero on the
boundary of €2, hence it is zero everywhere by the maximum principle. O

Corollary 6.16. Let (2,g) be a Lipschitz Riemannian domain and let (A,d) be a NPC
complete metric space. Let {éy}1. be a converging sequence of harmonic maps in WH2(Q, A).
Then the limit is harmonic.

Proof. Since the sequence converges in W2(Q, A), the energy are uniformly bounded, so
that one can apply the preceding Proposition. ]

6.7. Poincaré-type metric.

Definition 6.17. Let D be a normal crossing divisor in a complex manifold X of dimension
n. An admissible polydisk is an open subset U C X equipped with a biholomorphism
U ~ D" such that D N U corresponds to the union of some of the {z; = 0}.
We equip D and D* with their Poincaré metrics wp that are respectively given by
idz \dz idz Ndz
5 an 5
(1—1z%) |2[* (—log |2[?)

We denote also by wp the induced metric on D' x (D*)™ for every I, m > 0.

Definition 6.18. Let D be a normal crossing divisor in a complex manifold X of dimension
n. A metric w on X \ D is of Poincaré type if for every admissible polydisk D™ C X there
exists C' > 0 such that the restriction of w to D™ \ D satisfies C~lwp < w < Cwp in the
neighborhood of 0. (Here wp denotes the Poincaré metric on D" \ D.)

As is well-known, if D is a normal crossing divisor in a compact Kéhler manifold X,
then X \ D admits a complete Kéahler metric of Poincaré type.
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6.8. Euclidean buildings. Let K be a non-archimedean local field. Let G be a con-
nected, reductive group over K. We denote by A(G, K) the extended Bruhat-Tits building
of G, as introduced in [I5] [16]. See also [73]. It is a (poly-)simplicial complex equipped
with an action of G(K). One can define a metric d on A(G, K) such that (A(G, K),d) is
a NPC complete metric space and G(K) acts by isometries.

We will need the following functoriality results from [73].

Proposition 6.19. Let f: G — H be a homomorphism of connected, reductive K -groups.
Then there exists a map fy : A(G, K) — A(H, K) which is G(K)-equivariant and, in case
f is injective, an isometrical inclusion.

Proposition 6.20 ([73, Proposition 2.1.6]). Let Gy,..., Gy, be connected, reductive K-
groups. Then there is a canonical bijection,

A(G1,K) x ... x A(Gp, K) = A(G1 x ... x Gy, K)

which is G1(K) X ... x Gp(K) = (G1 x ... X Gy,)(K)-equivariant. After a suitable nor-
malization of the metrics on A(Gy, K), fori=1,...,n, this map becomes isometrical.

Proposition 6.21 (|73, Theorem 2.2.1]). Let i: G — H be an inclusion of connected,
reductive K-groups. Then, there exists an inclusion f. : A(G,K) — A(H, K) which is
G (K)-equivariant and isometrical (after a suitable normalization of the metric on A(G, K) ).

Proposition 6.22. Let m: G’ — G be a central isogeny of connected, reductive K -groups.
Then there is a canonical bijection A(G', K) — A(G, K) which is compatible with the
G/(K)-action on the left hand side and the G(K)-action on the right hand side. After a
suitable normalization of the metric on A(G', K), this map becomes isometrical.

Proof. See [16, 4.2.18] or [73, Proposition 2.1.7]|. O
6.9. Harmonic maps towards Euclidean buildings.

Definition 6.23. Let (M,g) be a Riemannian manifold. Let A be a locally compact
Euclidean building. Let u: M — A be a map. Its regular locus is by definition the open
subset Reg(u) C M consisting of points x € M admitting a neighborhood U C M such
that w(U) C A is contained in a single apartment of A. The complementary Sing(u) :=
M \ Reg(u) in M is called the singular locus of w.

Theorem 6.24 (|58, Theorem 6.4]). Let M be a Riemannian manifold. Let A be a locally
compact Fuclidean building. Let u: M — A be a harmonic map. Then the singular locus
of u has Hausdorff codimension at least 2.

Theorem 6.25. Let (X, D) be a projective log smooth variety and set X = X \ D. Let
K be a nonarchimedean local field. Let G be a connected reductive group over K. Let
p: m(X) = G(K) be a representation with Zariski dense image and quasiunipotent local
monodromy. Let A(G, K) be the (extended) Fuclidean Bruhat-Tits building associated to
G(K). Fix a Poincaré-type complete Kdhler metric on X. Then there exists a p-equivariant
harmonic map X — A(G, K) of finite energy.

When G is simple, a proof of this result is given in [61]. For G = SLs, a detailed proof
appears in [29]. The case where G is semisimple has been recently addressed in [31], [14],
in the more general setting of harmonic maps with possibly infinite energy.

Proof. When G is semisimple, the existence of such a map follows from [14]. When G = T
is a torus, the building A(T,K) = (X} (G)®zR)" is a finite-dimensional real vector
space on which T(K) acts via the translation action of the canonical lattice. Since the
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representation p has quasiunipotent local monodromy, it factorizes through the surjection
m1(X) — 71(X). The existence of a p-equivariant harmonic map X — A(T, K) follows

from classical Hodge theory for H'(X,Z). The map X — A(T, K) has finite energy since
X is compact, and its pull-back to X is therefore a p-equivariant harmonic map of finite
energy. For a general connected reductive group G, let Z(G) and D(G) denote the center
and the derived subgroup of G respectively. Since G is reductive, T := G/D(G) is a
torus, G* := G /Z(G) is a semisimple group and the canonical morphism G — T X Gad
is a central isogeny. Thanks to Proposition [6.20] and Proposition [6.22] this induces an
isometrical bijection A(G, K) = A(T, K) x A(G%, K) which is compatible with respect
to the G(K)-action on the left hand side and the T(K) x G®(K)-action on the right hand
side. Let up: X — A(T,K) (resp. uz: X — A(G% K)) be a harmonic map of finite
energy which is equivariant with respect to the induced representation m(X) — T(K)
(resp. m(X) — G®(K)). Then (uj,up): X = A(G,K) = A(T,K) x A(G K) is a
p-equivariant harmonic map of finite energy. ([l

6.10. Pluriharmonic maps.

Definition 6.26. Let M be a complex analytic space and (A, d) be a complete metric
space. A map u: M — A is called pluriharmonic if for any Kéahler manifold (N, h) equipped
with a holomorphic map f: N — M the composite map vo f: N — A is harmonic.

In particular, a pluriharmonic map M — A is harmonic for any choice of a Kahler
metric on M.

Theorem 6.27. In the setting of Theorem every equivariant harmonic map X — A
of finite energy is pluriharmonic.

Proof. This is due to Gromov-Schoen [58, Theorem 7.3]. Note however that the definition
of pluriharmonicity in [58] is a priori weaker than our Definition but turns out to be
equivalent by |44 Proposition 1.3.6] or Theorem below. O

Proposition 6.28 (See [44], Proposition 1.3.3]). Let M be a complex manifold. Let A be
a locally compact Fuclidean building. Let u: M — A be a pluriharmonic map. Then the
singular locus of w is contained in a (strict) complex analytic subset of M.

Theorem 6.29. Let (M, g) be a complex manifold. Let (A,d) be a NPC complete metric
space. Let Z C M be a closed pluripolar subset. Let w: M — A be a locally Lipschitz
continuous map. Then u: M — A is pluriharmonic as soon as it is pluritharmonic in
restriction to M\ Z.

Proof. Let (N,h) be a Kahler manifold equipped with a holomorphic map f: N — M,
and let us prove that the composite map wo f: N — A is harmonic. Since the map
uwo f: N — A is locally Lipschitz continuous, it is sufficient to check that every point in N
admits an open neighborhood with Lipschitz boundary such that every locally Lipschitz
continuous map v: N — A which agree with u outside of this neighborhood has no less
energy. Therefore one can assume that N is a ball B". Moreover, up to shrinking B",
one can assume that the holomorphic map f: B"” — M is a uniform limit of holomorphic
maps gi: B" — M such that gk_l(Z ) € B" is a closed pluripolar subset. Since w is locally
Lipschitz continuous, the maps wu o g; converges to uo f in W1H2(B", A). Since the limit in
W12(B", A) of a sequence of harmonic maps is harmonic (Corollary , it is sufficient
to treat the case where f~1(Z) C B" is a closed polar subset.

Let h: B” — A be the unique harmonic map that coincides with wo f: B" — A on dB",
see Theorem Then the function z — d(h(z),u o f(z)) is locally Lipschitz continuous
and its restriction to B" \ f~!(Z) is subharmonic by Proposition
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Therefore it is subharmonic on B" thanks to Brelot extension theorem [60, Theorem
5.18|. Since it is zero on JB", it is zero everywhere by the maximum principle. Therefore,
we have proved that v o f: B" — A is harmonic, and this finishes the proof. O

7. THE BETTI-DOLBEAULT CORRESPONDENCE AND THE (,,-ACTION

Work of Corlette [27] and Mochizuki [84], Part 5| shows that every semisimple complex
local system admits an essentially unique pluriharmonic metric. Similarly, Simpson [112]
and Mochizuki [8I] characterize the existence of pluriharmonic metrics on logarithmic
Higgs bundles. This yields a correspondence between semisimple complex local systems
and certain polystable logarithmic Higgs bundles. Strictly speaking parabolic structures
are needed to make this precise, but in the case of unipotent local monodromy on the Betti
side (and nilpotent residues of the Higgs field on the Dolbeault side) there is a canonical
such choice. In this section, we show the bijection in this special case is a homeomorphism
(for curves), and use it to transport the natural Gy,-action on the Dolbeault side to the
unipotent local monodromy locus on the Betti side. This together with the density result
of Theorem will allow us to produce Rsg-fixed points (and in particular variations
of Hodge structures) in every irreducible component of a Rsg-stable Zariski closed Q-
bialgebraic subset of Mp(X).

7.1. Moduli spaces of logarithmic Higgs bundles. Let f: X — S be a smooth
projective morphism to a scheme of finite type over C, and D C X a relative nor-
mal crossing divisor. Let 2y /S(log D) denote the sheaf of logarithmic differentials, and
Tx,s(—log D) C Tz /g be the subsheaf of the tangent sheaf dual to Q¢ ,¢(log D).

Definition 7.1. A logarithmic Higgs sheaf on (X, D) over S is a coherent O g-module
E on X together with a morphism of Og-modules §: E — Qg g(log D) ®o, E such
that 6 A 0 = 0. Equivalently, it is a (left) Sym T’y g(—log D)-module which is coherent
as a Og-module. A Higgs bundle is a Higgs sheaf (F,0) such that E is a locally free
O x-module.

Fix O%(1) a relatively very ample line bundle on X. A logarithmic Higgs sheaf (E,6)
on (X, D) over S is Gieseker semistable if the underlying O g-module is flat over S, and if
for every geometric point s of S the restriction of E to the fibre X, is pure and Gieseker
semistable as a log-Higgs sheaf on (X, Dy) (the Hilbert polynomial, the rank, and the slope
of E are defined to be those of the underlying sheaf of O ¢ -module.) One defines similarly
Gieseker stability, slope stability and slope semistability. It follows from [75, Theorem 4.3|
that for logarithmic Higgs sheaves with vanishing Chern classes, Gieseker-semistability
(resp. Gieseker-stability) is equivalent to slope-semistability (resp. slope-stability). (Since
X, is smooth, a coherent sheaf of pure dimension d = dim(Xj) is the same thing as a
torsion-free coherent sheaf.)

Theorem 7.2. Let f: X — S be a smooth projective morphism to a scheme of finite type
over C, and D C X a relative normal crossing divisor. Fix Og(1) a relatively very ample
line bundle on X, a section £&: S — X and a positive integer r. Then,

(1) The functor which associates to any S-scheme T the set of isomorphism classes
of pairs ((E,0), ), where (E, ) is a rank r Gieseker-semistable logarithmic Higgs
bundle on (X1, D7) over T, such that the Chern classes c;(FE;) vanish in H*(X;, C)
for all closed points t € T, and B: {*E ~ Of is a framing, is representable by a
quasiprojective complex algebraic variety Rpy((X,D)/S,€,7).
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(2) Changing the framing B yields an action of the group GL, on Rpy((X, D)/S,&,7),
and every point is semistable for this action (with respect to the an appropri-
ate linearized bundle obtained from Ox(1)). The GIT quotient is a good quo-
tient Mpo((X,D)/S,r) = GL,\\Rpa((X,D)/S,&,r) that universally corepre-
sents the functor which to an S-scheme T associates the set of isomorphism classes
of Gieseker semistable logarithmic Higgs bundles (E,0) on X7 over T of Hilbert
polynomial v Py, such that the Chern classes c;(E;) vanish in H*(X;,C) for all
closed pointst € T.

(3) The closed orbits in Rpo((X, D)/S,r) correspond to direct sums of stable logarith-
mic Higgs bundles with vanishing rational Chern classes.

Proof. Let Py denote the Hilbert polynomial of Og. By applying [114, Theorem 4.10]
to the sheaf of rings of differential operators A = Sym Ty g(—log D) and the Hilbert
polynomial P = r P, it follows that the functor which associates to any S-scheme T' the set
of isomorphism classes of pairs ((E, 0), 5), where (E, 6) is a Gieseker-semistable logarithmic
Higgs sheaf on (X7, D7) over T with Hilbert polynomial P, satisfying condition LF(¢), and
B: & E ~ OfF is a framing, is representable by a quasiprojective complex algebraic variety
Rpo((X,D)/S,&,7Py). Let Rpo((X,D)/S,&,7) be the disjoint union of the connected
components of Rp,((X,D)/S,nPy) such that the rational Chern classes of the universal
family vanish in cohomology for all closed points. Since a slope semistable logarithmic
Higgs sheaf with vanishing Chern classes is locally free [75, Theorem 4.3|, and Gieseker-
semistability implies slope semistability, a Gieseker-semistable logarithmic Higgs sheaf F
with vanishing rational Chern classes on (X7, D) over T is necessarily a logarithmic Higgs
bundle thanks to [I14, Lemma 1.27]. It follows that the condition LF(§) is always satisfied,
and this finishes the proof of part (1). Parts (2) and (3) then follow from [I114, Theorem
4.10]. 0

Likewise, the stack quotient Mp,((X, D)/S,r) := [GL\Rpu((X, D)/S,&,7)] is nat-
urally identified with the stack of rank r Gieseker-semistable logarithmic Higgs bundles
with vanishing rational Chern classes. In particular, for (X, D) a projective log smooth
pair, taking S = Spec C we let M py(X, D,r) be the stack of Gieseker-semistable logarith-
mic Higgs bundles with vanishing rational Chern classes, which has as good moduli space
Mpo(X,D,z,r). We denote the disjoint unions over all r by Rpy (X, D,z), Mpy(X, D)
and MDOI(X, D)

The stack of Gieseker-semistable logarithmic Higgs bundles with vanishing rational
Chern classes and whose Higgs field has nilpotent residues is easily seen to be a closed
substack which we denote Mho((X,D)/S,r) = [GL,\RBP((X,D)/S,€,r)], with good
moduli space MY ((X, D)/S,r) = GLT\\RELI;((X,D)/S,&T), in the relative case, and
MEP(X, D,r) and Mp®(X, D,r) for S = SpecC.

7.1.1. The Gu,-action. The algebraic group G,, acts on the complex algebraic variety
Rpoi((X,D)/S,€,7) by scaling the Higgs field. This action commutes with the action
of GL, on Rp,((X,D)/S,&,7), hence it induces an action of G, on the moduli stack
Mpa((X,D)/S,r) and on its good moduli space Mpy((X,D)/S,r) such that the mor-
phisms Rpy((X, D)/S,&,1) = Mpa((X,D)/S,r) = Mpy((X,D)/S,r) are G-equivariant.
The closed subvarieties/substacks corresponding to nilpotent residues are G,-stable, so we
also obtain G,,,-actions on REB((X, D)/S,&,r), MEL‘Z((X, D)/S,r) and Mg(l};(()?, D)/S,r).
The fixed points of the action of G, (or any infinite subgroup thereof) correspond to
the logarithmic Higgs bundles which come from complex variations of Hodge structure, cf.
[112, Theorem 8] and the proof of [82, Proposition 10.3].
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Proposition 7.3. For every x € Mp,((X, D)/S,r), the morphism
G, — MDol((XvD)/S7T)at =t-T

extends uniquely to a morphism A — Mp,((X,D)/S,r). The image of 0 € Al is fized by
the action of G,, and therefore corresponds to a C-VHS.

Proof. The morphism G, — Mpy((X, D)/S, ) lifts to a morphism G, — Mpy((X, D)/S,r),
and it is sufficient to prove that the later extends uniquely to a morphism A — Mp,((X, D)/S,7).
Assume that * € Mpy((Xs, Ds),7). It follows from Langton’s theory (see [109, Proposi-

tion 10.1] or |74, Theorem 5.1]) that there exists a rank r Gieseker-semistable logarithmic

Higgs sheaf (E,0) on (X, x Ay, Ds x Al) over A, whose restriction to G, corresponds

to the morphism G, — Mpu((X,D)/S,r). By flatness of E over A!, the rational Chern

classes of Ey are also zero. Therefore (Ep,f) is a rank r Gieseker-semistable logarithmic

Higgs bundle on (Xg, Ds) by [75, Theorem 4.3], and E is locally-free by [I14, Lemma

1.27. O

7.2. The Riemann—Hilbert correspondence revisited. As already described in Sec-
tion the Riemann-Hilbert correspondence does not provide an isomorphism between
Mpr(X, D) and Mp(X)2" in the non-proper case, but it will in restriction to the locus
with unipotent local monodromy.

Let (X, D) be a proper log smooth algebraic space and set X = X\ D. Let Mpgr(X, D)8°°d
denote the open substack of M pg(X, D)* consisting of logarithmic connections such that
for each irreducible component D; of D no two eigenvalues of the residue map differ by a
nonzero integer [22].

Observe that for every o € Aut(C/Q), the good locus of M pr(X, D)™ is sent bijectively
to the good locus of Mppr(X7, D7),

Proposition 7.4. The restriction of the Riemann-Hilbert morphism RH®2" : Mpr(X, D)gOOd —

d
(X,D)
Mp(X)? is a surjective local isomorphism of analytic stacks.

Proof. The existence of the Deligne canonical extension gives surjectivity (in fact surjectiv-
ity if we restrict the eigenvalues to lie in a chosen fundamental domain for the exponential
exp : C — C*).

To prove that that it is a local isomorphism, we analyze the relative obstruction theory.
We first show the relative deformation functor is unramified. For a small extension J —
A" — A of artinian C-algebras, suppose V' — V is an extension of A’-local systems on
Xa lying over A’ — A, and suppose (E', V') is a lift of V/ to Mpr(X, D)&°°d. Letting
j:X :=X\D— X be the open inclusion, we think of E’ as a subsheaf E' C E'(xD) C
Jx(Oxan Q¢ an V') of the meromorphic extension (as a A'®c O g-module), which is uniquely
determined by V'. It is straightforward to show that the set of lifts (E’, V') of V' lying
above a fixed lift of (E, V) of V is naturally a torsor under global sections of the kernel of

Homo (Eo, Eg(+D)/Eo) 15 Homo, (Eo, Eo(xD)/Ey) ® Q. (log D)

where (Ey, Vj) is the closed point underlying (E’, V’). Locally near a smooth point of
D where ¢ is a local defining equation for D, a section of the kernel is represented as a
principal part ) ,~ ¢~ fi for f; a section of Endo (Ep) with f_n # 0. Further, we have

0=(adV) > ¢ 'fi= ), (—iq‘ifz»@‘flﬁq"‘(adwfi)

i>—N i>—N
= (=N +ResadV)f; mod (¢-%)
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so Resad V must have N as an eigenvalue, and therefore two of the eigenvalues of ResV
differ by NV, which is a contradiction. Thus, lifts are unique if they exist.

Now, for any C-local system Vjy, any lift (Ey, Vo) to the good locus is obtained via the
Deligne construction with respect to some choice of fundamental domain for the exponen-
tial. Moreover, for any artinian A and A-local system V, lifts of V' with the fixed closed
point (Ep, Vo) exist locally by the Deligne construction (which works just as well over
A), and are unique by the above, hence glue to a global lift. Thus, the map is a local
isomorphism. ]

Let MIBI}%’(X ,D) C Mpr(X, D) be the closed substack of logarithmic connections for
which the residue of the connection is nilpotent. Clearly, M%ﬂ}; (X, D)™ C Mppr(X,D)sd.
On the nilpotent substack Gieseker and slope (semi)stability are equivalent (with respect
to any polarization) and semistability is automatic since the rational Chern classes of any
logarithmic connection with nilpotent residues vanish [43, Appendix B|. Moreover every
point is GIT-semistable by [114, Theorem 4.10|. Thus we may form the good moduli space
MpP(X, D).

Denote by Mlémp(X ) € Mp(X) the closed substack of local systems with unipotent
local monodromy, and Mgnip (X) the good moduli space. We also define the corresponding
notions for the framed moduli space RHDH}; (X,D,z) and R%nip(X, x).

Corollary 7.5. The restriction of the Riemann-Hilbert morphism gives isomorphisms
RH, « MR(X, D)™ — My (X)™, R, : RpB(X,D,2)™ — R™P(X, )™,

and RHE‘;?D) : MR(X, D)™ — MpMP(X).

Proof. The claim for the stacks follows from Proposition [7.4 and the fact that the map is
bijective on points. The claim for the framed moduli spaces follows similarly. By [114,
Proposition 5.5|, the analytifications of the good moduli spaces are universal categorical
quotient in the category of complex analytic spaces of the respective framed moduli spaces,
from which the last claims follows. O

7.3. Background on tame harmonic bundles. We recall the most important elements
of the theory of tame harmonic bundles, due to Corlette [27], Simpson in the proper case
[113] and the case of non-proper curves [112] and Mochizuki [82], 85] in general.

Let £ be a C*°-complex vector bundle on a complex manifold X equipped with a flat
connection V. The choice of a smooth hermitian metric h on &€ induces a canonical de-
composition V = V,, + ¥, where V,, is a unitary connection on £ with respect to h and ¥
is self-adjoint for h. Both decompose in turn in their components of type (1,0) and (0, 1):
V. = 0g + 0, ¥ = 0 + 6*. By definition, the metric h is pluriharmonic if the operator

Og + 0 is integrable, i.e. if the differentiable form (J¢ + 0)% € A?(End(€)) is zero.

Definition 7.6. A harmonic bundle (£,V,h) (or equivalently (£,0g,6,h)) on a complex
manifold X is the data of a C°°-complex vector bundle £ equipped with a flat connection
V and a pluriharmonic metric h.

If (£,V, h) is a harmonic bundle, then the holomorphic bundle EP? := (&£, d¢) equipped
with the one-form 6 € A'(End(€)) defines a Higgs bundle. By definition, this means that
6 is a holomorphic one-form with values in End(EP°!) that satisfies A § = 0.

Let D be a normal crossing divisor in a smooth projective complex algebraic variety X.
A harmonic bundle (£,V,h) on X := X \ D is called tame if the associated Higgs bundle
(EP°L 0) on X is the restriction of a logarithmic Higgs bundle (E,0) on (X, D). (It is
sufficient that the coefficients of the characteristic polynomial of the Higgs field 6 extends
as logarithmic holomorphic symmetric forms.) A tame harmonic bundle (£,V,h) on X is
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purely imaginary (resp. nilpotent) if the eigenvalues of the residues of 6 in a logarithmic
extension (E,0) of (EP?,0) are purely imaginary (resp. zero). One easily checks that
these definitions do not depend on the choice of the log-compactification (X, D) and of
the extension (E, ).

In general the correspondence between flat bundles and polystable Higgs bundles in-
volves parabolic structures on both sides. The details will not be important for us (see
[18] for a more in-depth discussion), as there are canonical choices when the residues of
the operators are nilpotent, but it is useful to recall the general idea. A parabolic sheaf
on (X, D) extending an algebraic sheaf E on X is a R™(°*)_indexed decreasing filtration
E* of the associated meromorphic bundle j,E on X by coherent subsheaves satisfying a
semicontinuity condition and such that E*T¢ = E%(—D;). A parabolic bundle is a par-
abolic sheaf which is Zariski-locally isomorphic to a direct sum of parabolic line bundles
(i.e. parabolic sheaves which are locally-free of rank 1). A locally free coherent exten-
sion E determines a parabolic bundle extending E by setting E := E(>_ —|a;] D;); such
a parabolic bundle is said to be trivial. A tame pluriharmonic metric naturally induces
a parabolic extension—the moderate growth extension—of the associated flat and Higgs
bundles according to order of growth of the norm. Finally, a local system admits a nat-
ural parabolic bundle extension—called the Deligne-Manin parabolic extension—via the
Deligne construction.

Theorem 7.7 (Mochizuki [85, Theorem 1.1]). Let (X, D) be a projective log smooth variety
with ample bundle L and set X = X \ D.

(1) A flat filtered regular \-connection bundle (E®, D) is ur-polystable with vanishing
rational parabolic chern classes if and only if its restriction to X admits a tame
pluriharmonic metric for which the moderate growth parabolic extension agrees with
E*. The metric is unique up to flat automorphisms.

(2) For a tame harmonic bundle (E,V,h) on X, the following are true:

(a) The parabolic structure on the associated filtered regular flat bundle is the
Deligne—Manin extension if and only if the tame harmonic bundle is purely
1MaAginary.

(b) The parabolic structure on the associated filtered reqular Higgs bundle is trivial
if and only if the eigenvalues of the residues of the connection in the De Rham
realization have integral real part, or equivalently if the local monodromy in the
Betti realization has purely positive real eigenvalues.

Corollary 7.8. Fiz (X, D) and L as above. There is an equivalence of categories via purely
imaginary tame harmonic bundles with unipotent local monodromy between semisimple
logarithmic flat vector bundles with nilpotent residues and pr-polystable logarithmic Higgs
bundles on X with vanishing rational chern classes and nilpotent residues.

If f: X — Y is an algebraic morphism between two smooth quasiprojective complex
varieties, then the pull-back of a tame (resp. tame purely imaginary) harmonic bundle on
Y is a tame (resp. tame purely imaginary) harmonic bundle on X, see [85] Lemma 25.29].
In particular, one gets the following result.

Theorem 7.9 (Corlette, Mochizuki [84], Theorem 25.30]). Let f: X — Y be an algebraic
morphism between two smooth algebraic spaces. If V is a semisimple complex local system
on'Y, then its pull-back f*V is a semisimple complex local system on X.

Proof. The usual statement is for quasiprojective varieties. In general, there is an affine
subspace of X mapping to an affine subspace of Y [I18, Tag 06NH|, and we apply the
result to them. O
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Remark 7.10. Let X be a smooth quasiprojective complex variety. If (E, V) is a semisim-
ple flat bundle on X, then thanks to Theorem [7.7] every choice of a tame purely imaginary
pluriharmonic metric h on (E, V) will yield the same (algebraic) Higgs bundle on X.

Proposition 7.11 (See (21.19) in [85]). Let (E,0,h) be a harmonic bundle on a Kdihler
manifold X. Then the following equality between the energy density e* of the corresponding
twisted pluriharmonic map u and the norm of the Higgs field holds:

8-10)? = e“.

Proposition 7.12. Let (X, D) be a projective log smooth variety and set X = X \ D.
Endow X with a Poincaré-type Kdihler metric. Let (E,0,h) be a purely imaginary tame
harmonic bundle on X. Then the following properties are equivalent:

(1) the eigenvalues of the local monodromy have modulus one,
(2) the residues of the Higgs field are nilpotent,
(3) (E,0,h) has finite energy.

We say that a harmonic bundle on a Kéhler manifold X has finite energy if the associated
twisted pluriharmonic map has finite energy (of course this depends on the choice of the
metric on X).

Proof. The equivalence between (1) and (2) is a consequence of the table in [I12] p.720].
Assume that the residues of the Higgs field are nilpotent, so that (F,6,h) is a nilpotent
tame harmonic bundle. By [112, Theorem 1] and [80, Corollary 4.1], the norm of 6 is
bounded with respect to the Poincaré-type metric on X, so that by Proposition [7.11
(E,0,h) has finite energy. The implication (3) = (2) can be proved with arguments
similar to those appearing in the proof of Proposition below. Since this implication
is not used in this paper, we leave the details to the interested reader. ]

7.4. The nilpotent residue De Rham—Dolbeault comparison. Assume (X, D) is a
projective log smooth variety. Recall that MBS(X ,D) C Mpy(X, D) is the closed sub-
stack of semistable logarithmic Higgs bundles whose Higgs fields has nilpotent residues and
MBILI)IZ)(X , D) is its good moduli space, whose points correspond to polystable logarithmic
Higgs bundles with nilpotent residues. According to Corollary[7.8] solving for the harmonic
metric yields a bijective map of sets
q N N

(7.4.1) SMMP | MRP(X, D)(C) — MR (X, D)(C)
which is functorial with respect to pull-back along algebraic morphisms.

The main result of this subsection is the following:
15 a

Theorem 7.13. For a projective log smooth curve (X, D), the comparison SM(I?—{IPD)

homeomorphism in the euclidean topology.

Corollary 7.14. For any projective log smooth variety (X, D), SMF;—(IPD) 15 a continuous

bijection. In particular, for any compact K C Mgijj()‘(, D)(C) it induces a homeomorphism
K — SMEP (K).

Proof of Corollary[7.14 assuming Theorem [7.13, By an appropriate Lefschetz theorem (e.g.
[53, §I1.5.1]), for a general sufficiently ample curve C' C X, the inclusion i : C' — X induces
a surjection i, : m1(C, zg) = 71 (X, x9) for g € C. The pull-back i}; : Mp(X) - Mp(C)
is therefore a closed immersion, as is the coarse map i} : Mp(X) — Mp(C); likewise
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for the unipotent local monodromy loci, and the nilpotent residues locus in the De Rham
realization, by Corollary [7.5] We have the commutative diagram:

nilp / v Dot nilp / ~
Mpy (X, Dx) —= Mp;(C,Dc)
nilp nilp
SM@,DX& lSM@Dc)
MU (X Dy) —PR, ppuile(E o p
DR( y X) DR( ; C)-

Since i}, p is a closed immersion and both vertical maps are bijective on the level of sets,
it follows from the theorem that the left vertical map is continuous. O

The main step of the proof of Theorem [7.13]is the following:

Proposition 7.15. Let (X, D) be a projective log smooth curve with basepoint v € X =
X\ D. Let E; = (&,0;,0;,hi,¢;) be a sequence of framed rank r tame nilpotent har-
monic bundles on the curve X with unipotent local monodromy such that the coefficients
of the characteristic polynomial P(0;) are uniformly bounded (in the space of global log

symmetric forms) and such that the framing ¢; = (Vo, ho) =N (Eiw,hiz) respects the
metric. Then there is a framed tame nilpotent harmonic bundle (Em,éoo,eoo,hoo,qboo)
with unipotent local monodromy and whose framing respects the metric such that, up
to passing to a subsequence, the associated sequence of framed logarithmic flat bundles
(EPE N, ¢;) (resp. framed polystable logarithmic Higgs bundles (EP,0;,¢;)) converges
in REE(X,D,x) (resp. RELIZ()_QD,:C)) to (ERR, Vo, o) (resp. (ER 04, do0)).

Throughout we use the following notation. For a complex manifold M, we say a complex-
valued function on M is L;5 bounded if its restriction to any compact K C M is L*-

bounded. Likewise for I/Vllof We also use the following elementary fact.

Lemma 7.16. A family of smooth complex-valued functions f on the disk D for which
both f and Of are uniformly bounded in LS. has relatively compact restriction to L*°(K)
for any compact K C D.

Proof. See for example [70, Chapter 3, Exercise 3.6]. This follows from the generalized
Cauchy inequality, which shows that such a family is locally uniformly Hélder continuous
with exponent 1 — € for any 0 < € < 1, as well as the Arzela—Ascoli theorem. O

Proof of Proposition[7.15 We begin with some general remarks. Let A be the symmetric
space of positive definite hermitian forms on a fixed rank r vector space Vj and choose a
basepoint hy of A. Given a harmonic bundle V := (V, 0,0, h) on a complex manifold M, a

basepoint m € M, and a metric framing ¢ : (Vp, ho) = (Vim, him), using the flat connection
on V we obtain a pluriharmonic map fv 4 : M — A which is equivariant with respect to
the monodromy representation pv y : 1 (M, m) — GL(1}).

Step 1. Let M be a simply-connected complex manifold equipped with a Riemannian
metric, mg € M a basepoint, and V; = (V;,0;,0;,h;) a sequence of harmonic bundles

on M with framings ¢; : (Vp, ho) =N (Vim, hm). Assume the associated pluriharmonic
maps fv, ., : M — A have locally uniformly bounded energy. Then after passing to a
subsequence, the fv, ., converge strongly in T/Vlif and LjS. to a (smooth) pluriharmonic
map fo : M — A. The resulting metrics h; on the trivial C* bundle C§; ® V converge
strongly in Wlif and L7 to hs, and the operators 0;,0; converge strongly in L to

loc
Ooos B0 -
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Proof. The statement about the convergence of the maps follows from Proposition [6.15
As the harmonic metric is pulled back from A, the convergence statements follow for h;.
The harmonic metric h uniquely determines the operators 0, 6, since the connection form
of O + 0 in the flat basis is %h*Tdh, which is also the matrix of —(6 + 6*). Moreover, 6;
(and therefore also the difference A; := 0; — 0 ® id) is uniformly L9, bounded since the

loc o
coefficients of the P(6;) are uniformly bounded [I13| Lemma 2.7]. Since d;¢; = 0 we have
(0®id)0; = —[A;, 0;], which is uniformly Lf5, bounded. Thus, by Lemma after passing

to a further subsequence, the operators 9;,0; converge strongly in L}S, to O, foo- O

We now return to the setting of the proposition.

Step 2. After passing to a subsequence of the framed harmonic bundles in the proposition,
the monodromy representations pg, ¢, converge to a limit representation po : m1 (X, 2) —
GL(Vp) and there is a smooth pluriharmonic peg-equivariant map fa : X — A to which
the fg, ¢, converges strongly in I/Vlloc2 and L7 . Moreover, the resulting harmonic bundle
(Eoy Os0y B0, hoo) 1s tame and purely imaginary. Finally, for any relatively compact u €
U C X, there are identifications o; : &|u = Ex|y of Cgf-bundles preserving the metric
at u such that, up to passing to a subsequence, a;.h; (resp. a;.0; resp. «;.b;) converge
(resp. L resp. L),

loc loc

strongly to heo (resp. Oso Tesp. ) in VVZ})’S and L9

loc

Proof. As in the previous step, by Proposition the energies of the maps fg, 4, are
locally uniformly bounded. Choose loops 7. ..., v, generating m1 (X, x). Applying Step 1
to a finite cover of each ~; by simply-connected relatively compact open subsets x € U C X,
it follows that, after passing to a subsequence, the monodromy operators pg, »(7;) are
constrained to lie in a compact subset of GL(1}), and therefore after passing to a further
subsequence it follows that the limit representation po exists. For any v € m (X, x), taking
a finite cover of X by simply connected z € U C X, we have that fi|7[] = pE,«(7) © filg-
It follows that poo(7) © foo|; agrees with foo]ﬂ} on overlaps, and since the pointwise limit
of the f; is unique if it exists, the first claim follows from Step 1. The boundedness of
the characteristic polynomials implies the second claim. For the last claim, we may glue
together local identifications of the C'*° bundles via flat sections on finitely many relatively
compact simply-connected open sets using a fixed partition of unity, and the metrics and
operators will have the same convergence properties. ]

Let D* be a disk neighborhood of a puncture of X with coordinate ¢ and basepoint
u € D*. Choose framings x; : (Vo, ho) = (Eiushiw), Xoo : (Vo, o) =N (Esous Proo,u) be the
induced framings obtained via flat transport. It follows from Step 2 that the associated
harmonic maps fg, . y; D* — A converge in Wlicz and Lj 0 fE |« yoo

Let V := Op ® Vj be the trivial holomorphic bundle. We have a canonical identification
between V and the Deligne extension EPE|p (resp. E2E|p) of the flat bundle underlying
each E;|p- (resp. Eo|p+) by identifying, for each v € 1}, the constant section 1 ® v of V'
with e*Vig (resp. e*N%), where © is the flat continuation of x;(v) (resp. xoo(v)), z = log g
and N;, Ny, are the nilpotent local monodromy logarithms. Note that the IN; converge
to No. Let h}/,giv,ﬁly be the transport of the metrics and operators to Cpt ® Vy via
this identification. Note that these operators converge in the same way to their limits on
C2 ® Vp, since they differ from the flat trivialization by e*Vi.

According to [82, Prop. 7.4] (taking Uy = {0} C (a — 1,a) in the notation therein),
there is a 51»‘/ -holomorphic frame e; of Cp~ ® Vy with the property that:

(1) Under the above identification, e; is a holomorphic frame of E’Z-DOZ\D.
(2) hY (ei(j§)) < C(S32)F for some k and some fixed constant C' > 0.
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(3) ¢~ < hY(dete;) < C’ for some fixed constant C’ > 0, where dete; = e;(1) A
o A ei(r).

Step 3. There is a 0Y.-holomorphic frame e, of Cpe ® Vp to which the frames e; converge
strongly in L} after passing to a subsequence. The limit frame e, satisfies properties
(1)-(3) above (with i = co).

Proof. The frames e; are uniformly bounded in L7S , hence converge weakly to an r-tuple
of sections e in Lj . for all ¢ < co. Since 9) converges strongly in L7, to oY, it follows
that 0¥ e = 0 weakly, so by d-regularity it follows that ey is in fact comprised of 9Y-
holomorphic sections. Let g; be the change of basis matrix from e; to ey, which is L

loc
bounded.

Claim. The g; converge strongly in Ly; to id after passing to a subsequence.

Proof. Let 52‘/ = 0¥ + By, so B; — 0 strongly in LS, we have oY g; = —g;B; which
is uniformly L° bounded. Thus, by Lemma the g; converge strongly in Lo after
passing to a subsequence. O

Thus, the norms hY, (e (j)) satisfy inequalities (2) and (3). In particular, hY (det es)
is nowhere vanishing on D*, and neither vanishes nor goes to infinity faster than a power
of $z at the puncture. The extension Eo%"l is the moderate growth extension with respect
to heo, so property (1) follows. O

By mapping the e; frame to e, we obtain holomorphic identifications ﬁiD ol EZ.D op —
EDoUp. From Steps 2 and 3, it follows that 32°'h; (vesp. B2°6;) converges to hs, (resp.
) strongly in Ljs..

Step 4. With respect to any metric on E2|p, 8;.0; converges to 6 in L= (End(ER|p)®
wp(0)), possibly after shrinking D.

Proof. The 299, are a sequence of sections of a holomorphic vector bundle which converge

Tk
strongly in L{° to a holomorphic section. The Cauchy integral formula implies both

loc
uniform boundedness and equicontinuity on D, hence uniform convergence. O

Step 5. End of proof.

Using a fixed partition of unity, we may glue together the identifications «; : &|y —
Eo|u of the C*° bundles of Step 2 on the complement U of small disk neighborhoods of
the punctures with the holomorphic identifications P : EP|p — EDRO, from Step
4 to obtain identifications 7, : CF ® EPol — CY ® EDOU which preserve the metric
at a chosen basepoint z. We will therefore consider the operators ;,6; on a fixed Y
bundle &; from Steps 2 and 4 we deduce that they both converge to Ju, 0o in L™ with
respect to any choice of metric, which in particular implies they converge in operator
norm as operators Wh(ERo) — [°(ED @ w4 (D)). According to [T14, Lemma 5.12],
this implies the corresponding sequence of framed polystable logarithmic Higgs bundles
(EP0;, ¢;) converges to (ER° 0, ). The convergence in the De Rham realization
follows from the convergence of the monodromy representations, by Riemann—Hilbert. [

Let (Vo, ho) be a fixed vector space with a hermitian form of the relevant rank. As in [115,
§7], we denote by REIE(X,D,QU)(C)(VOJLO) C R%E(X, D, x)(C) (resp. REIOIZ(X, D, z)(C)Vosho)

Rrggl) (X, D, z)(C)) the subspace of semisimple logarithmic connections with nilpotent residues
(resp. polystable logarithmic Higgs bundles with nilpotent residues and trivial Chern class)



74 B. BAKKER, Y. BRUNEBARBE, AND J. TSIMERMAN

which are framed at x and which admit a tame purely imaginary harmonic metric which
is identified with hg at x via the framing.
As in [115] §7] we deduce from Proposition
Corollary 7.17. The correspondence
RSMUFS™)  REI(X, D, 2)(C) M0 — REP(X, D, z)(C)(0h)
s a homeomorphism.

Proof. To show a bijection f : X — Y of metric spaces is continuous, it suffices to
show any convergent sequence in the source x; — x~ has a subsequence such that
f(x;) = f(rs). For any sequence of points (EP0;, ;) in RnDiLIl)(X,D,:U)((C)(VO’hO) con-
verging to (E2°! 0, ¢oo) in REEI’(X', D, z)(C), the image in Mg‘g()’(, D) converges, hence
the corresponding sequence of framed harmonic bundles satisfies the condition of the propo-
sition, and the images RSM;;}%(E{DOZ,QZ-,@) converge to RSM;?}%(ECQOQGOO,¢OO) up to
passing to a subsequence. This shows continuity of SM;;I%.

To show continuity of the inverse, observe that one can construct harmonic maps by
minimizing the energy (see Theorem . Since for K C RE"™(X,z,r) compact there
are p-equivariant maps f, : X — A with uniformly bounded energy for all p € K, for
example by the construction of an initial metric as in [62] section 2.4], it follows that a
given convergent sequence of points in the target (EZD R Vi, ¢;) = (ERE, Vo, ¢oo) can be
lifted to a sequence of harmonic bundles satisfying the conditions of the proposition, hence
converges in the Dolbeault realization. ([l

Corollary 7.18. RAP(X, D, z)(C)Voho) — MAP(X, D)(C) and RS (X, D, z)(C)Voho) —
MBI(I)IZ)(X, D)(C) are proper.

Proof. The Dolbeault part is immediate from Proposition [7.15] For the De Rham part,
according to the Kempf-Ness theorem (specifically in the form [103] (4.7) Corollary]), there
is a subset S C Rp(X,z,r)(C) such that S — Mp(X,r)(C) is proper with respect to the
euclidean topology. Thus, by lifting each simple factor and passing to a subsequence there
is a convergent lift (EPF Vv, ¢l) of (EPE,V;) to RgE(X,D,x)(C)SS. By the argument
of the previous corollary, the sequence of tame nilpotent harmonic bundles associated to
(EPE, VY, #) has uniformly bounded energy, and the same will be true after modifying the
framings to get a lift (EPR,V, ;) to Rg%)()_(, D, z)(C)(Vo:h0) | Passing to a subsequence,
there is then a limit by the proposition. O

Proof of Theorem[7.13. The previous two corollaries imply that any convergent sequence
on either side of ((7.4.1]) corresponds to a convergent sequence on the other side after passing
to a subsequence. ]

7.5. The R.g-action on the Betti realization. Let (X, D) be a projective log smooth
variety and set X = X \ D. Let L be an ample line bundle on X. If (E,,0) is a yup-
polystable regular filtered Higgs bundle on (X, D) with vanishing first and second rational
parabolic Chern classes, then (Ey,t-6) is a pr-polystable regular filtered Higgs bundle on
(X, D) with vanishing first and second rational parabolic Chern classes for every ¢t € C*.
Moreover, if t € Rxq, (Fx,0) is purely imaginary if and only if (E,, t-0) is purely imaginary.
Therefore, using the correspondence between semisimple complex local systems on X and
purely imaginary p-polystable regular filtered Higgs bundle on (X, D) with vanishing first
and second rational parabolic Chern classes (which follows from Theorem , we get a
set-theoretic action of Rsg on the points of the good moduli space Mp(X)(C). Moreover,
this action extends to a C*-action on Mz"?(X)(C) by Corollary
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Lemma 7.19 (Simpson, Mochizuki). A semisimple complex local system V underlies
a complex variation of pure Hodge structures if and only if the corresponding point of
Mp(X)(C) is fized by R~q (or any infinite subgroup thereof ).

Proof. The same argument as in [112, Theorem 8| works given the correspondence Theo-

rem [7.7] O

Remark 7.20. For a pp-polystable regular filtered Higgs bundle (FE,,6) (with no con-
dition on the residues) we can still associate a local system to (E,,t - 0) for t € C*.
Choosing a hermitian metric hy on a framing space Vj and framing compatibly with
the harmonic metric, Mochizuki proves |82 Theorem 10.1| that the resulting map C* —
U(Va, ho)\Rp(X,z)(C)("o:m0) (which is independent of choices) is continuous. In particu-
lar, the map to Mp(X)(C) is continuous. Moreover, the image of D* is relatively compact
[82, Lemma 10.2]. This does not yield an action on Mp(X)(C) however, since the family
depends on the choice of parabolic structure on the initial local system, and the resulting
parabolic structure on the translate may not be the Deligne-Manin parabolic structure.

It follows from the functoriality of the Simpson—Mochizuki correspondence that the R~
action (i) is independent of the choice of compactification, and therefore (ii) can be defined
functorially for connected normal algebraic spaces:

Lemma 7.21. There is a unique extension of the Rsqg-action to Mp(X)(C) for any con-
nected normal algebraic space X which is functorial with respect to pullback and agrees with
the above description for X = X \ D where (X, D) is projective log smooth.

Proof. Functoriality with respect to morphisms f : X — Y of smooth varieties is standard.
For X a connected normal algebraic space, we must define the action on Mp(X) via the
embedding Mp(X) C Mp(U) induced by restriction to any smooth affine U C X. It
remains to check compatibility with respect to pullback. Let f : X — Y be a morphism
of connected normal algebraic spaces, let 7 : Y — Y be a resolution. There is a proper
generically finite dominant morphism ¢ : X — X with X smooth such that X — Y lifts
to f : X — Y, and there is a dense open smooth subset U C X for which the base-
change gy : U — U of g is finite étale. It suffices to check that in the pullback diagram
on the right induced by the commutative diagram on the left, the bottom map must be
R<g-equivariant.

LN Mp(T) <2 Mp(V)
PN S I
I
U—Y MB(U) — MB(Y)

Since Mp(U) — Mp(U) is quasifinite and each Rsq-orbit is continuous, it follows that the
inverse image of any Rsg-orbit in Mp(U) is a disjoint union of Rsg-orbits in Mp(U) each
of which maps isomorphically and equivariantly onto its image. For V' € Mp(Y)(C), the
image f;R~oV is thus one of the components of the preimage of f(’}W*R>OV, hence ff; is
equivariant. ]

The similarity with the compact case is restored if we restrict our attention to local
systems with unipotent local monodromy using Theorem @ for a projective log smooth
curve (X, D), we obtain a continuous action of C* on Mz""(X). Our main use of Theo-

rem will be for the following:

Theorem 7.22. Let X be a connected normal algebraic space. Let 3 be a Rxo-stable
C-constructible subset of Mg P (X)(C). Then
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(1) ¥ is Rsg-stable.
(2) Each irreducible component of 3 is Rxq-stable.
(3) For any V € ¥, the Rxo-orbit of V. completes to a continuous map R>q — X and
the image of 0 is a C*-fized point.
In particular, every irreducible component of ¥ contains a C*-fized point.

Before the proof we establish some preliminary facts.

Lemma 7.23. Let X be a reduced algebraic space and XP¥ C X the open subset of
points of X with a neighborhood homeomorphic to a ball. Then taking closure gives a
bijection from connected components of X 2! to irreducible components of X .

Proof. We first claim that the inclusion X8 X2l of the regular locus induces a bijection
on connected components. Observe that the dimension of a ball neighborhood of a point
is a locally constant function on XP*! hence constant on connected components, so we
may assume it is constant and equal to n. Since XP*! can be given a countable locally
finite finite-dimensional triangulation such that X1\ X is a subcomplex of dimension
< n — 2, from the long exact sequence in Borel-Moore homology we have

0= HnBM(XbaH \ Xreg) N HEM(XbaH) N H5M<Xreg) N Hf_]\/lj(XbaH \ Xreg) =0

whence the claim.
To finish, it remains to observe that since X2 is dense in X2 each connected compo-
nent of X8 has the same closure as the corresponding connected component of XP2! [

Corollary 7.24. Let X be a reduced algebraic space. Let f be a homeomorphism of the
set X (C) equipped with the euclidean topology. Then f sends every irreducible component
of X(C) homeomorphically onto a (possibly different) irreducible component of X (C).

Proposition 7.25. Let (X, D) be a proper log smooth algebraic space and set X = X \ D.

Let ¥ be a C*-stable (resp. Rsg-stable) Zariski closed subset of M}Bmip(X)((C). Then, every
irreducible component of ¥ is C*-stable (resp. Rsg-stable).

Proof. By taking a projective modification, Lefschetz, and functoriality of the C*-action, we
may assume X is a curve. By Theorem the map C* x M5""(X)(C) — Mz""(X)(C)
defining the action of C* on M3 "?(X)(C) is continuous. Therefore, the induced map
C* x ¥ — X is also continuous, so each t € C* acts as a homeomorphism on . By
Corollary [7.:24] t sends each irreducible component of ¥ to an irreducible component of 3.
Therefore we get an action of C* on the set of irreducible components of . Since the map
C* x ¥ — ¥ is continuous, this action is locally constant. Since C* is connected and 1 € C*
acts by the identity, we get that the action of C* stabilizes every irreducible component of
Y. The proof for the Ry ¢-stable case is the same. O

Proof of Theorem[7.23. Again by taking a projective modification and Lefschetz we may
assume X is a curve. Then (1) and (2) follow immediately from Theorem and Propo-
sition For (3) we may then assume that ¥ is Zariski closed and irreducible. Thanks
to Corollary [7.5{and Theorem the comparison map Mgigl)(X, D)(C) — M}Bmip(X)((C)
is a homeomorphism. For any (F,0) € Mgii?(X,D)(C), the limit of (E,t-#) when ¢ goes
to zero exists in MB%?(X,D)(C) by Proposition and it is a C* fixed point. If (E,0)
corresponds to a point in 3, since X is closed and R+ g-stable, the limit is a C*-fixed point
in 2. U

Corollary 7.26. Let X be a connected normal algebraic space and X C Mp(X) a nonempty
Rxo-stable subset of semisimple local systems with quasiunipotent local monodromy. Then
Y contains a Rsqg-fized point.
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Proof. By the functoriality of the R<g-action, we may assume X is smooth and quasipro-
jective. For any V € X, there is a finite étale cover m : X’ — X (see Proposition such
that 7V € MZ"P(X’)(C). The Rsg-orbit of 7*V has a limit at ¢ — 0 in 7%, by Theo-
rem[7.22] By [82, Lemma 10.2| (see Remark[7.20)), the Rxq-orbit of V has an accumulation
point in ¥ as ¢t — 0. Since any lift of an R-o-fixed point of Mz"P(X’) to Mp"P(X) is
R~ o-fixed (since variations of Hodge structures push forward under finite étale maps and
factors of local systems underlying variations underlie variations [33] Proposition 1.13]), it
follows that ¥ contains a Rsg-fixed point. O

8. THE DELIGNE-HITCHIN SPACE

In this section we use the Deligne—Hitchin space equipped with its G,, to get around
the lack of a Rsp-action on the Betti stack. See the works of Simpson [109, 1111 [107] for
related discussions and results.

8.1. From quasiunipotent to unipotent.

Proposition 8.1. Let R C C be a finitely generated Z-algebra. Let N be a positive integer.
Then there exists a mazimal ideal I C R such that the reduction morphism R — R/I is
injective in restriction to the N-roots of unity.

Proof. The integral closure S of Z in R is a finitely generated Z-algebra which contains
the roots of unity of R. If such an ideal J C S exists for S then we may take I to be any
maximal ideal containing J. Thus we may assume R C Q. The fraction field K C Q of
R is a number field, and R differs from O only at finitely many places. Therefore one
can assume from the beginning that R = Ok. If a € R\ {1} satisfies a — 1 € I, then the
norm of I divides the norm of 1 — a. The result follows by letting a being any N-root of
unity. ]

Proposition 8.2. Let X be a connected complex algebraic variety. Let p: m(X) —
GL(n,C) be a representation with quasi-unipotent local monodromy. Then there exists
a finite étale cover X' — X such that the corresponding finite index subgroup 7 (X') of
m1(X) contains ker p and Pri(x7) has unipotent local monodromy.

Proof. Since 71(X) is finitely generated, p takes values in GL(n, R) for R C C a finitely gen-
erated Z-algebra. Let N be a positive integer such that the eigenvalues of the monodromies
at infinity of p are all N-roots of unity. Thanks to the Proposition there exists a max-
imal ideal I C R such that the reduction morphism R — R/I is injective in restriction to
the N-roots of unity. Then one can take for X’ — X the finite étale cover corresponding
to the kernel of the composed morphism 71 (X) — GL(n, R) — GL(n, R/I). O

Proposition 8.3. Let X be a connected complex algebraic variety and X C Mp(X)(C)
a constructible subset containing only local systems with quasiunipotent local monodromy.
Then there exists a finite étale cover X' — X corresponding to a finite quotient of the image
of the monodromy representation of @y cx, V' such that the image of ¥ in Mp(X')(C)
consists only of elements with unipotent (rather than quasiunipotent) local monodromy.

Proof. 1t is sufficient to consider the case where ¥ is an irreducible locally closed subset
of Mp(X)(C). For every finite étale cover X’ — X, consider the closed algebraic subset
Y of ¥ consisting of the elements whose pull-back to X’ have unipotent (rather than
quasiunipotent) local monodromy. It follows from the assumption and Proposition
that the union of all those subsets is equal to X. It follows from Baire’s category theorem
that there exists a finite étale cover X’ — X such that ¥’ has non-empty interior in 3 (for
the euclidean topology). Since X is irreducible and ¥’ is a closed algebraic subset of 3, it
follows that ¥’ = X.. O
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8.2. Construction of the Deligne—Hitchin space. The construction here is largely
based on Simpson’s description [109]; see [I11, [107] for some related discussion.

Let (X, D) be a connected log smooth algebraic space with X = X\ D and Myoa(X, D)
the stack of logarithmic A-connections. Precisely, an S-point of Miod(X, D) consists of a
triple (A, E, V) where A € Og(S) and E is a locally free O, g-module on Xg := X x S
equipped with a flat logarithmic A-connection V—that is, an operator V : F — E ®
Q% s(log Dg) satisfying V(fs) = As®@ dgf + fVs and V2 = 0. As for the De Rham
stack, Mpoq(X, D) is a countably finite type algebraic stack (see [5.4] for the definition of
this notion, and [I11] §2| for general references on representablhty) There is a natural
morphism A : Myoq(X, D) — Al, as well as a G,-action on Migeq(X, D) by scaling the
connection which covers the scaling action on Al.

It will often be simpler to consider the framed space Ryoq(X, D, ) for z € X, whose S-
points are S-points (A, £, V) of Myoq(X, D) together with an isomorphism ¢ : E|,x s =
OrkE . Then Ryoq(X,D,x) is a countably finite type algebraic space which comes with
a morphism A RHOd(X' ,D,x) — Al and a G,,-action. Clearly, the rank r substack
Miod(X, D,r) is identified with the quotient [GL,\ Ruoq(X, D, z,7)] of the framed rank
r space.

The symmetry offered by the C'°° perspective motivates the construction of the Deligne—
Hitchin space, so we describe it informally. An S-point of Miuod(X, D)™ in particular
gives a ﬂXS = CF K Og-module & on X2 together with a flat ADxan + Oxan connection
9 =V + 0 on 5 = &|xan, where dp is the holomorphic structure on E. Note that
V =2 and 05 = _@0 L. These are the same types of operators that define a variation
of mixed twistor structures, restricted to P! \ co. As realized by Simpson and Sabbah
[112] 98], the eigenvalues of the residues of the A-connection associated to a variation of
mixed twistor structures behave in a regular way, although it depends on the parabolic
structures as well. For A € C, define the bijection (see [98]) €5 : R x C — R x C by

(8.2.1) tx(a, @) = (pr(a, @), ex(a, ) {’“(a"") =t 2RAY)

ex(a,a) = a—al—al.
For any A € C the set of pairs (a,a) € R x C where « is an eigenvalue of the residue of
the logarithmic extension occurring in the ath graded piece of the parabolic structure in
the A specialization is called the KMS-spectrum at A. The KMS-spectrum at A is then the
image under £, of the KMS-spectrum of the A\ = 0 specialization.

For n € N, denote by R%‘;'g(f(, D,z) C Rpod(X,D,x) the closed subspace of M-
connections with residues contained in A - (2Z N (—1,0]) C C. Let jo)‘g’l“()‘(, D, x) be
the germ of an open neighborhood of Rg;'g()?, D, 2)™ in Ryoq(X, D, z)*. Tt is useful for
example to keep in mind the open neighborhoods for which the A-connection has residual
eigenvalues in A - B¢(2Z N (—1,0]), where for £ C C we let B.(Z) be the union of radius e
balls centered at points of = and € < % is sufficiently small.

Let (X¢, D¢) be the complex conjugate variety. There is a natural holomorphic isomor-
phis R%ng,loc(j(’ D,x)|a,, = Rgﬂg IOC(XC D¢, z)|g,, covering the involution A > 7!
and locally equivariant with respect to the G,,-action after twisting by ¢t — ¢t~ on the

o~

5The construction is usually described via an isomorphism R%‘;';l X D, z)la,,
RE;;IJ‘IOC()_(, D,xz)%lqe, given as (\E,2,4) — (=27 (EV)E, =Y 2%V + XTH@2MY)9), but
as (ME, D) = (=X (EY)S,—(2%MV) + (2Y°Y)°) gives an identification RIU™¢(X¢ D¢ z) =
Raulnloc(§ D, z)¢ these give the same space. Note however with this description we would then take the
residual eigenvalues to lie in a neighborhood of A - %Z N [0,1) in the target.
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target which is described as follows. For an S-point of R%‘f)lg’loc()_( ,D,z)|g,, given by
(N E,V,0) = (N E,9P,), the rescaled framed connection (£, \"1210 4 291 ¢) is a fam-
ily of flat connections whose residues have eigenvalues contained in (—1 + €,¢] + iR. It
follows that the extension is the Deligne extension of the underlying family of framed local
systems S — Rp(X,2)*", which works in families since the eigenvalues of the local mon-
odromy admit a continuous logarithm. We can form the antiholomorphic Deligne extension
(&, P01 + A1 P10 ¢) with eigenvalues in (—1+¢, €] +iR, and rescaling (A1, &', A"12, ¢)
provides the required S-point of R%ﬂg’bc()_{c,Dc,xﬂGm. Gluing R%ﬂg’loc()_(,D,x) to
Rgl‘(‘)’g"l“()? ¢, D€ x) via this identification we obtain a countably finite type complex an-
alytic space RunIT’IOC(X,D,x) with an analytic map 7 : R%IEL’IOC(X,D,:E) — P!, re-
stricting to the corresponding structure on the two Rpoq spaces. We similarly construct
M%IEL’IOC(X, D) by gluing, and identify M%IEL’IOC(X, D) with the quotient of R%ullf’loc()z, D,
by GL,(C). The derivation © associated to the G,,-action glues to give a natural global
derivation © compatibly on M%lgl’loc(X,D) and R%IE’IOC(X,D,J:). In fact, the G-
action on Rpy(X,D,x) stabilizes Run}}L(X,D,:z:), so there is a well-defined G,,-action
on RqDllIBl’IOC(X, D, z) as a germ of an analytic space containing R%HJIL?(X, D, z) as a closed
subspace.
The moduli functor of Run}? ’IOC(X , D, z,7) is described as follows. For an analytic space
S, an S-point of RunEL’loc(X, D, z,r) yields a tuple (m,&, E, E', 9, ¢) where:
(1) 7 : S — P! is a morphism;
(2) €is a CF X Og-module on Xg;
(3) Z:& = E@Qxy/5(1) is a flat x0x /g + ngs/S connection, where z,y are fixed
sections of Opi1(1) vanishing at 0, 00. We require that:
(a) Using the trivialization y of 7*Op1(1) on S := 7~ 1P\ 0), (£, 2°1) is a rank
7 locally free holomorphic vector bundle on Xg, and E is a locally free O =
module extension (meaning it comes equipped with an isomorphism ngE —
(&, 9™)), where jg, : Xg, — Xg, is the inclusion) to which 20 extends as
a flat logarithmic connection.
(b) Using the trivialization  of 7*Op1(1) on S = 7 (P! \ 00), (£,2™0) is a
rank r locally free holomorphic vector bundle on X§ and E’ is a locally free
(@) xg-module extension to which 2% extends as a flat logarithmic connection.

(4) ¢ : Eloxs — 0% is a framing.

Moreover, any such (7, &, E, E', 9, $) on S arises from a morphism S — R%JEL’]OC (X,D,z,r)
after shrinking to a sufficiently small neighborhood of the closed analytic space Sa" c §
where the residual eigenvalues of (E, 2'0) (resp. (E',2%')) are contained in A - (2Z N
(=1,0]) (resp. —A7' - (2Z N (-1,0])).

Remark 8.4. Note that S-points of M(})‘JII;JOC(X,D) are tuples (7,&, E, E', 2) that are
trivializable over x, which is a nontrivial condition. In fact, we could have twisted the

above gluing to produce a version of Rpy and Mpy where &|,xs & 7*F where F is a
fixed locally free sheaf on P!.

Remark 8.5. The global construction of the Deligne—Hitchin space is complicated by both
the monodromy of the residual eigenvalues if they are allowed to roam freely, and ‘“resonant”
phenomena when they differ by integers (as in Proposition . This is more seriously
contended with in recent work of Simpson [I11} T07|, although there the “generic” case is
assumed. By the results of Section |5 bialgebraic substacks of Mp(X) are determined by

x)
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their germ around the quasiunipotent local monodromy locus, and neither issue arises in
the germ of the Deligne—Hitchin space around this locus.

The following is straightforward; we leave the proof to the reader.

Lemma 8.6. Let f : (X,D) — (Y, E) be a morphism of log smooth pairs compatible
with a choice of basepoints. Then there are pullback morphisms f* : M%}T’IOC(Y,E) —
M%}I}MOC()_(,D) and f* : R%IIT’IOC(Y,E, y) — RunllL?’IOC(X,D,x) of analytic stacks (up to
shrinking).

8.3. Preferred sections and twistor germs. Variations of twistor structures yield sec-
tions of the Deligne—Hitchin space:

Lemma 8.7. To every C-AVMTS (€, WeE, Z) with quasiunipotent local monodromy on X,
there is a functorially associated filtered logarithmic locally free extension (€, W&, E, FE'. 9)
on Xp1 in the above sense whose residues have eigenvalues in A - (%Z N (—1,0]).

Proof. By the above discussion, the family of flat connections A1 29 on (£, 2%!) has
constant residual eigenvalues in (—1, 0] and the Deligne extension provides such extensions
E, E' outside of the codimension 2 subset D x 0 U D x oo in Xp1. The existence of the
claimed extensions E, E’ therefore reduces to the local existence, which is by assumption
the case for a mixed twistor Z-module (see [86] §9]). O

Corollary 8.8. Let A an artinian T(0)-MTS-algebra and & = (E,WeE, D) an A-AVMTS
on X with quasiunipotent local monodromy whose eigenvalues have order dividing n. Then

& is pulled back via a P'-morphism Spec A — M%IK’IOC(X,D). If in addition there
is a framing ¢: & = A", then (&,¢) is pulled back via a P'-morphism Spec A —
R%IF’IOC(X,D,JU).

Proof. We can interpret the extension (£, Wo&, E, E', %) on Xp1 given by applying the
lemma to the underlying C-AVMTS together with its action by the sheaf of rings A as
such a tuple on Xgpec A- ]

Definition 8.9. A quasiunipotent preferred section is a section of M%ﬂ}“"c(i{, D) — P!

or R%IE’IOC(X, D,z) — P! as in Corollary [8.8| resulting from a weight 0 C-VTS (that is, a
tame purely imaginary harmonic bundle) with quasiunipotent local monodromy.

Note the image of a quasiunipotent preferred section is contained in M%IEL ’1OC(X ) or

RunIL;L(X,D,x). We now specialize to the framed spaces, but there are versions of the
following discussion for M pp, provided we replace all formal isomorphism claims with a
miniversality claim.

Corollary 8.10. For any (V,¢) € Runln(X,x)(C)Ss we have:

(1) The associated framed Deligne extension (Vpr, ¢) € Run}IBn(X, D, x)(C) (with resid-
ual eigenvalues in (—1,0]).

(2) A framed quasiunipotent preferred section s(y,4) of : RungL’IOC(X, D, x) — P! spe-
cializing to (Vpr, @) at A\ =x/y = 1.
(8) A uniquely determined pro-T(0)-MTS-algebra Og,(x 2),v,¢) and a morphism

S A u|n,loc ;
SRp(x). (Vo) SPeC Opy () (vig) = By (X, D, )
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fitting into a commutative diagram

S(V.¢)

- 8Rp(X,2),(V,0)
A

P 7 Spec Opy (x,),(V0) RE(X, D, )
PL.
Moreover, the specialization to A =1 of Spy(x.2),(v,¢) 18 @ formal isomorphism to
the formal completion of R%l]‘%n’loc()_(, D,x) at (Vpr, ¢).
Proof. By Theorem [4.2] and Proposition [7.4] O

Lemma 8.11. In the notation of the previous corollary, for any (V,$) € R%u‘n(X, x)(C)*s
the morphism

A A u|n,loc/
(831) SRp(X,z),(V,$) " Spec ORB(X,w),(V,Qﬁ) — R%I‘{ (X, D,x)

is a formal isomorphism to the formal completion of R%u‘n’loc(X,D,x) along s,4) over
G.. If X is a curve and n = 1, the same is true over all of P'.

Proof. We first reduce to the claim assuming X is a curve. If ¢ : C' — X is a morphism
from a smooth affine curve such that i, : 71(C,c) — 71 (X, x) is surjective (which exists
by Lemma {4.9), we have a commutative diagram

SRp(X,2),(V,¢)

A 71 —
Spec Orpy (x.0).(vig) » Ryy°(X, D, x)

|+ |+

SRp(C.0),(*V,i* ) RunI|{n,loc(C—, De C)
b )

Spec @RB(C,C),(i*V,i*¢)

The pullback i* is a closed immersion in the Betti realization, hence also in the De
Rham realization (locally around the chosen component of the quasiunipotent locus).
By Lemma [4.35 the left morphism is a closed immersion, while by the G,-action on
Rgﬂg 1OC(X D, z)|g,, the right morphism is a closed immersion over G,. Thus, if the bot-
tom morphism is an isomorphism on completions over G,,, the top morphism is a closed
immersion on completions over G,,. For any t € C*, taking V' = tV we may consider
a framed quasiunipotent preferred section s’ := S(V7.¢/) such that t~'s(t) = s/(1), where
S = 5(v9)- It then follows by acting by ¢ that there is a surjection of the A = 1 specializa-

tion of ORB(X 2),(v',¢) onto the A = ¢ specialization ORB(X 2),(V,¢)» SO in particular we have
an inequality of the dimensions of the graded pieces with respect to the maximal ideal. By
Lemma the same is true for the A = 1 specializations of both, and swapping (V, ¢)
and (V',¢') we find the top morphism is an isomorphism on completions for all A # 0, co.
It remains therefore to take X to be a smooth affine curve. In this case both Spec @RB(X,xL(V@)

and R%ﬂ?’loc(X, x)|a,, are smooth over Gy, so for the claim over G, it is enough to show

the map is an isomorphism to first order in the fiber direction at every A € G,,

This follows from the fact that the specialization to A € G, of the (derived) pushforward

of a tame nilpotent mixed twistor module (specifically, End(V")) computes the cohomology

of the De Rham complex of the associated A-connection [86l Proposition 14.1.20|, which

in turn computes the deformation space of the logarithmic connection by Proposition
For A =0 (and X\ = oo is the same, after passing to the conjugate), we have:
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Lemma 8.12. Let (X, D) be a log smooth projective curve with X = X\ D, letj: X — X
be the inclusion, and let E be a smooth tame nilpotent (algebraic) pure twistor Z-module
on X with trivial parabolic structure. Then the cohomology of spypt,j«E is canonically
isomorphic to the cohomology of the log de Rham complex of the A = 0 specialization of
the logarithmic extension (E,0) from above.

Proof. We thank Claude Sabbah for communicating the following argument. Let x be
a local defining equation for D. Let M[xD] (see |80, §3.1.2]) be the Zx-module under-
lying j« B away from A = oo. Then locally M[«D] has a V-filtration for which \J,
gry Y M[xD] — gr}/,; M[xD] is an isomorphism for b > —1 and z : VpM[«D] — V_ 1M[*D]
is an isomorphism. We therefore have quasi-isomorphisms of two-term complexes.

Vo M[+D] A9+ VA M[D

|
| |

1M*D]M>VM[ Dl ®wy

| |

M[xD] —22_, M[xD) @ wy

®wx (D)

®z~1

The bottom row is the De Rham complex of M[+D] and the top row specializes to the log
Higgs complex of V_1 M[+D], which in this case is E. Since the terms of the complexes
are flat over P! and the cohomology of the push-forward to the point is locally free, its
formation commutes with specialization. O

We now claim that is an isomorphism on tangent spaces at A = 0. Since V
has unipotent local monodromy, the same is true for End(V). Thus taking endomorphism
objects commutes with the Deligne extension for V', and the same is true for the extensions
in the sense of Lemma The tangent space of the A = 0 fiber of Mpy (X, D) is the
first cohomology of the log De Rham complex of (End( )]0, ad #), which is by the lemma
identified with the relative tangent space of Spec OM (x),v at A = 0. The same is then
true for the framed space, so is an isomorphism on relative tangent spaces at A = 0,
and because of the presence of the section this implies the map on tangent spaces is an
isomorphism.

Finally, any local morphism A — B of complete noetherian local rings which is an
isomorphism on tangent spaces and for which B is smooth is an isomorphism, and this
completes the proof. O

Remark 8.13. We could have directly used the formalism of Section [] to show that for
A € Gy, the deformation theory of a A-connection with residual eigenvalues in A - %(—1, 0]
admits an enhancement by twistor structures. This follows from [86, Proposition 14.1.20],
which implies that the second part of Theorem holds for A € G,,. For A = 0, 0,
our version of R%ullf ’IOC(X' , D, z) is not the correct moduli space since it ignores parabolic
structures. If one keeps track of this, then the same argument can likely be made to
work using that the A = 0 specialization of the push-forward of the endomorphism object
computes the cohomology of the log De Rham complex.

For any (V,¢) € Rp(X,z)(C)*™%, leti: C — X be a Lefschetz curve (see Lemmal4.9)and
p: C" — C a finite étale cover for which V’ := f*V has unipotent local monodromy, where
f =10p. Then f*: Spec @RB(ijL(V"(b) — %@RB(C’,C/),(VCW) is a closed immersion of
formal spaces by Lemma [£.62] and Lemma
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Corollary 8.14. The canonical derivation © lifts functorially to each Spec (’A)RB(X,J,)’(V’@
for (V,¢) € Rp(X,x)(C)awss,

Proof. The derivation © lifts canonically over Gy, so we just need to check it extends to
P! and this holds on Spec ORrp(c,e),(v,¢) by Lemma 0

For a subspace Z C Rp(X,x) which is formally twistor at (V,$) € Z9"(C)* we define
57,v,¢) as the composition

82,(v,9)

y RUIM(X D, )

)
\ /L‘?RB():@),W@)

Spec Opy(x.0),(Vid)

Spec Oz v

Since @Z,(V,qs) is a quotient pro-T(0)-MTS-algebra of @RB (X,2),(V,$)» it follows from Lemma|3.11
that 57 (v,4) is a closed immersion, as this is true after post-composition with R%l}? ’IOC(X ,D,x) N
RImlee( & ¢y Ly gunploc (G o).
We denote by Zxoa(V, ¢) (resp. Zgsq(V; ¢)) the Zariski closure of the image of 57 (4|1
(resp. 8z (v.¢)lp1\0) In Ruoa(X, D, z) (resp. Rygyq(X¢, D¢, x)).
Definition 8.15. In the above situation, we say 57 (v,4) is algebraic over Gy, if:
(1) 3z,v,¢)lG,, induces an isomorphism onto the completion of Zyoq(V, ¢)|q,, along

the image of s(y,g).
(2) The same is true for 5z (v.4)la,, and Zgsq(V, é)|a,,-

Note that if §7 (1/4) is algebraic, then the algebraic germs Zﬁzlcﬁ’cl?fn (V,8) :== Znoa|a,, (V, #)N

RungL ’IOC(X ,D,z) and Z%l‘gc (V, ¢) (defined similarly) are identified as analytic germs via

the gluing.
Corollary 8.16. Let Z C Rp(X,z) a subspace which is formally twistor at (V,¢) €
Zaun(C)ss such that 87.v.¢) 15 algebraic. Then:
(1) 3z,v,¢)lar induces an isomorphism onto the the completion of Znoa(V, ¢) along the
image of s,g)|la1- The same is true for Zgsq(V, $) over P\ 0.

(2) There is a germ of a closed analytic subspace Zg}'i,n’loc(v, ¢) C RunIL?’IOC(X,D,:E)

for which $z v 4) induces an isomorphism onto the completion of Zg}lfn’loc(‘/, ?)
along the image of s(y,g).-

Proof. The second assertion is a direct consequence of the first. For simplicity write
W = Zuoa(V,¢) with completion 1474 along the image of S(\/7¢)| al. First observe that
the morphism Oy — (’A)Z’(V’(i,) is injective. Indeed, by Lemma the localization
@Z,(V@) — @Z,(V,¢>) [A~Y] is injective, but since Oy — (;)Z,(V’¢) is an isomorphism over
G, by assumption, its ideal is exactly the kernel of Oy, — O, [A71]. By noetherianity
and flatness of completion, this ideal is the completion of the corresponding ideal in Oy,
hence must vanish be zero since W is the Zariski closure.

We therefore need only show the surjectivity. As in Lemma by Lefschetz we may
reduce to the case X is an affine curve, since this induces a closed immersion of formal
twistor spaces. By Proposition there is a finite étale cover p : X’ — X such that
p*V has unipotent local monodromy. Since p* : Rp(X,z) — Rp(X’,2’) is immersive by
Lemma by the same argument we reduce to the case that V' has unipotent local
monodromy, and further that Z = Rp(X, z), which is Lemma[8.11] O
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Corollary 8.17. With the setup of the previous corollary, the formal deformation theory of
S(v,¢) as a section of Zg;'in’loc(\/, ¢) — Pl is naturally equivalent to the formal deformation

theory of the zero section of Spec @Z,(V,qb) — P

8.4. Moduli of sections. Let Sect(R%uEL’loc(X,D,:n)/Pl) denote the space of sections
of the morphism RunllL}l ’IOC(X ,D,z) — P! which is an open subspace of the Douady
space and in particular has the structure of a second countable analytic space. Since
R%}?’IOC(}Z, D, z) is only defined as a germ of a neighborhood of R%IEZ(X, D, z), the space
Sect(R%l}l}1 ’1°C(X ,D,x)/Pl) is well-defined as a germ of a neighborhood of the locus of
sections contained in R%IEL ’IOC()_( ,D,z). For any A € P! there is an evaluation morphism
evy : Sect(R%ug"’loc(X,D,x)/Pl) — RunIgL’lOC(X,D,x)A

which is compatible with the GL,-action (with r interpreted as the locally constant rank
function). Note also that for any morphism f : (X, D) — (Y, E) of log smooth projective
pairs respecting the choice of basepoints, there is an analytic map
(8.4.1) £* ¢ Sect(REI™MO(Y | E, y) /PY) — Sect(REI°(X, D, z) /P")
which is also compatible with the GL,-action.

We denote by PrefSect%ugl(X,D,w) C Sect(R%uIT’loc(X,D,x)/Pl) the set of quasiu-
nipotent preferred sections with the subspace topology, which is well-defined as they are

contained in R%JEL ’IOC(X , D, z). Pullback as in (8.4.1) maps preferred sections to preferred
sections. The evaluation at A = 1 restricts to a bijection

(8.4.2) evy : PrefSect™™(X, D, z) — REIMN(X, D, z)(C)*.

There is a natural action of Rs on PrefSect%ll}?(X, D, z) coming from the Rs¢-action on
Rpp (X, D,2)(©)*.
As in Section[7.4] for a fixed a vector space (Vp, ho) with hermitian metric of the relevant

rank, we define PrefSect%lgL(X, D, x)(VO’hO) C PrefSect%lEL(X, D, z) to be the subspace of

preferred sections passing through Runjl%n(X , D,x)(C)(Vo,ho)

which are framed compatibly with the metric for all A.

over A = 1, or equivalently

Proposition 8.18. Let (X, D) be a log smooth projective curve. Then the evaluation
evy : PrefSect 5P (X, D, x)(Vorho) — RYUP (X g)(C)(Vosho)
18 a homeomorphism.

Proof. The evaluation map is continuous, so we need only show the inverse is continuous.
As in the proof of Corollary it suffices to show any convergent sequence in the target
has a subsequence which converges on the source to the point corresponding to the limit.

The claim is essentially a restatement of Proposition . Indeed, [114, Theorem 5.12]

implies that a metric on R?{i(l)% (X, D, ) is given by
d((AM1, B, Vi, ¢1),(Aa, Ba, Va2, ¢2))
= inf A= Xal? + (01 = uto” + V1 = V2 |* + |05, — ¢:05, |7

where the infimum is over all C'°° isomorphisms ¢ : C*° ® E; — C*® ® E, and the norms
are operator norms as operators LI (Ey) — LY(Ey Qwg(D)). The proof of Proposition
implies if (V;, ¢;) converges to (Vao, ¢oo) and has framings which are compatible with the
metric, then after passing to a subsequence, the associated preferred sections converge
uniformly as maps P — RpP(X, D, z) to the section corresponding to (Vao, ¢hoo)- O
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Corollary 8.19. Let (X, D) be a connected log smooth proper algebraic space. For any
(V,¢) € RF"P(X,z)(C)*, there is a continuous map Rso — PrefSectpr (X, D, x) such
that the composition with

PrefSectli? (X, D, z) <% RYP(X, 2)(C)*® — MEP(X)(C)
is the continuous map R~y — Mgnip(X)((C) giwen by the Rsg-orbit of V.

Proof. Pullback to a Lefschetz curve f : ¢ — X induces a closed immersion on sec-
tion spaces, so we may assume X is a curve. By Corollary m, Rgnip(X ,x)(Voho)
MpEMP(X)(C) is proper, and in corestriction to the locally closed stratification of My (X)(C)
by Jordan—Holder type it is a locally trivial fiber bundle (by the existence of a slice [89,
Theorem 2.1]). The Rsg-orbit of V in M}énip(X)(C) is contained in one of these strata,
hence a lift to Rlénip (X, x)(VO’hO_) exists through any point above V', and by Proposition
this yields a lift to PrefSectpyr (X, D, z)(Vo:ho) - Acting by GL,(C), we obtain the claim
for any framing. O

8.5. Hodge substacks.

Definition 8.20. Let X be a connected smooth algebraic space with a log smooth com-
pactification (X, D). A locally closed substack Z C Mpg(X) is Hodge at V € Z(C)duwss
if the following conditions are satisfied. Let RZ C Rp(X,x) be the base-change to the
framed space and let ¢ be a framing of V. Then we have:

(1) RZ is formally twistor at (V, ¢), and formally Hodge if V underlies a C-VHS.
(2) The formal twistor subspace Spec Orz (v,4) C Spec O, (x.2),(v,¢) IS tangent to ©.
(3) The formal twistor germ 5pz (v,4) is algebraic.

A locally closed substack Z C Mp(X) is a Hodge substack if it is closed under semisim-
plification and Hodge at every V € Z(C)4"%.

If X is a connected normal algebraic space we define the corresponding notion for Z C
Mp(X) if the restriction Z C Mp(X) C Mp(U) is Hodge for any smooth affine U C X.

The definition is easily seen to not depend on the log smooth compactification. Note that
all of the conditions only involve the Deligne-Hitchin space over G,,, where its functorial
behavior is controlled by the Betti stack. Nonetheless, each of the three structures extend
to the full Deligne-Hitchin space, and in particular by Corollary the algebraic germ
Znod(V, @) (resp. Zgog(V, ¢)) will extend over A (resp. P!\ 0) and agree with the twistor

germ ‘§RZ,(V,¢)'
The following functorial properties follow from the definitions and what we’ve proven.

Proposition 8.21. Let X be a connected normal algebraic space.

(1) For any r, Mp(X,r) and {triv,} are Hodge substacks of Mp(X).

(2) Assume X is a curve. For anyV € Mp(X)(C)I™, the fized local monodromy leaf
FM(V) Cc Mp(X) is Hodge at V. For any V € Mp(X)(C)I™ the fized residual
eigenvalues leaf FE(V) C Mp(X) is a closed Hodge substack.

(8) Intersections and reductions of Hodge substacks are Hodge substacks. Irreducible
components of reduced Hodge substacks are Hodge substacks. Finite unions of closed
Hodge substacks are Hodge substacks.

(4) Let f : X — Y be a morphism of connected normal algebraic spaces and f* :
Mp(Y) = Mp(X) the pullback morphism. Then:

(a) For any Hodge substack Z C Mp(X), (f*)"1(2) € Mp(Y) is a Hodge sub-

stack.
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(b) For any Hodge substack Z C Mp(Y), f*Z C Mp(X) is a Hodge substack
provided f is dominant or a Lefschetz curve (see Definition @)
(5) Inverse images of Hodge substacks under the direct sum and tensor product mor-
phisms @, ® : Mp(X)? = Mp(X) are Hodge substackﬂ.

Proof. The formally twistor condition follows from Proposition For Mp(X,r), the
algebraicity condition is Lemma For the rest, the O-tangent condition and the
algebraicity condition are easily seen to have the required properties. O

The following will be essential, especially Corollary [8:24] below.

Theorem 8.22. Let Z C Mp(X) be a Hodge substack, and Z C Mp(x) the image in
the good moduli space. Then for any n, any wrreducible component Zy of Z™ satisfies
the following property. For any V € Zy(C), a germ of the Rsg-orbit of V' around V is
contained in Zy.

Proof. By Lefschetz (see Lemma we may assume X is an affine curve, with log smooth
compactification (X, D). We may also replace Z with an irreducible component of the
reduction of Z9": note that it follows that Z is irreducible. We will need to use the
following:

Lemma 8.23. Let Z C Mp(X) be a locally closed substack which s Hodge at each of its
semisimple points. Then the singular locus Z5"¢ C Mp(X) is also Hodge at each of its
semisimple points.

Proof. The only condition to check is the formally twistor condition (the proof of the
formally Hodge condition will be the same), as then the other conditions in Definition
are clear, since the algebraic germ will be the singular locus of the algebraic germ of Z,
which is clearly O-tangent. Let RZ%"& be the base-change to Rp(X,z) (and likewise
for RZ); we have (RZ)*™& = R2Z*"&. For a point (V,¢) € RW(C)*, let Og be the
deformation pro-T(0)-MS-algebra of Rp(X,x) at (V,¢) and I € O be the ideal of RZ.
By Lemma (and the argument of [46, Lemma 1.6]), DerT(D)(@R, Or)" has a natural
pro—@R—MS-module structure: there is a natural equivariant structure and an equivariant
filtration by DerT(O)(@R, méR)/\ whose graded pieces Homr g)(mg / m%R, méR / mg:) are
twistor structures. Since Rp(X,z) is smooth, this puts a natural pro-Og-MS-module
structure on Q@R JT(0) and the canonical morphism

I/IQ — @Rg ®@R Q@R/T(O)

is a morphism of pro-Op-MS-modules. The singular locus of Z is cut out by the minors
of this morphism, which generate a T(0)-MS-ideal. 4

By Proposition , there is a finite étale cover p : X’ — X such that p*Z C ./\/llémp(X').
Recall that p* : Mp(X) — Mp(X') is immersive by Lemma Consider the composi-
tion

Mp(X) "= Mp(X') =2 TLep Ms (D).

We claim there is a partition {Z;} of Z by reduced locally closed smooth substacks such

that:
(1) Each Z; is contained in some (p*)"1FM (V7).
(2) Each Z; is Hodge at each of its semisimple points.

16With the obvious definition of Hodge substack of Mp(X )2.



THE LINEAR SHAFAREVICH CONJECTURE FOR QUASIPROJECTIVE VARIETIES 87

Indeed, the reduced intersections Z N (p*)"LFM (V') form a finite partition (since Z =
Zq“|") by locally closed substacks which are Hodge at each of their semisimple points, by
Proposition [B.21], and by Lemma[8:23| we may successively take the reduced singular locus.

It suffices to prove the statement of the theorem for each Z;. We are therefore reduced
to the following:

Claim. Suppose Z C Mp(X) is a locally closed smooth substack which is Hodge at each of
its semisimple points and which is contained in some (p*)"LFM(V'). Let Z be the image
of Z in Mp(X). Then, for any V € Z, Z contains a germ of the Rsg-orbit of V' around
V.

Proof. Let V € Z(C)* and equip it with a framing ¢. Set (V',¢') := p*(V,¢). Since
p* : Rp(X,z) — Rp(X',2’) is immersive by Lemma [.62] it induces closed immersions
on the level of germs p* : (RZ,(V,¢)) = (R5""(X,z),(V',¢')), as well as for the twistor
germ
p* : RZ%I}‘{TL,]OC(V, qb) N RE}’I}I{}D,]OC(XI’D/’$/)(V/7¢/)’
where we recall that the source (resp. target) is the germ of the Zariski closure of § RZ,(V,¢)
(resp. 8r,(x7.a),(v",¢))- According to Corollary 8.19] there is a continuous family (s}):er.,
of preferred sections of RUDH;IP’IOC(X’, D', z") with s] = sy ) and such that s;(1) lifts the
R~ g-orbit of V. These sections satisfy the following properties:
(1) Since Spec @R&(V,cb) is ©-tangent, s,(0),s}(c0) € p*RZgﬂIn’IOC(V, ¢) for t suffi-
ciently close to 1.
(2) By [112 Theorem 7] (see also the discussion in [107]), s} is contained in the fixed
local monodromy leaf REMBP' (V! ¢).

The space of sections satisfying these two conditions is an analytic subspace of Sect(RBaP'°°(X', D/, 2') /PY),
and s} is a continuous family of sections, so it follows that there is an analytic family of
sections o/, over a connected analytic germ (A, ag) which satisfies these two conditions and

such that there is a continuous map v : ((1—¢,1+¢€),1) = (A, ag) for € > 0 with s} = U;(t)'

Sub-Claim. The family o/, is contained in p*RZgﬂIn’loc(V, ?).

Proof. Denote by Oy, Oz the pro-T(0)-MTS-algebras of Rp(X',z'), REM(V',¢') at (V',¢'),
and O that of RZ at (V,0). Let Z', F, % be the associated formal spaces obtained by
applying Spec, with 2 embedded in %’ via p*. By Corollary8.17} the deformation theory
of o4, in RYyY lo (X', D', 2') is equivalent to the deformation theory of the zero section in
Z'. The relative obstruction space of 2 in % is given by (I, z/mzly,z)", where Iy 2
is the ideal of Z in F, and we have a commutative diagram with exact rows and columns

= Iz /Mg L7 5

Lz w1z

~

0 —— Ig/g//majufg/%/ e mg;//ng/ —_— mg/m?@a — 0

2

9 2
0 - Iyyp/msly )y —— mp/my ——— my/my — 0

~ ~

0 0

where the injection comes from the smoothness of #' and 2. By a diagram chase, we
obtain exactness including the dashed arrow.
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According to Lemmaand Lemma m g /m% has weights 0 and -1, s0 (I, 7 /mzly,5)"
has weights 0 and 1. In particular, any section which vanishes at two distinct points van-
ishes. Since o/, is contained in .% and contained in 2 over 0 and oo, it follows that o, is
contained in & everywhere. 0

Thus, there is a continuous lift of the family of preferred sections s} of Ran;f ’IOC(X "D )

to a family of sections s; of RZ%‘}LMOC(V, ¢). Note that any lift of a preferred section sp
is preferred, since such a section yields a flat subbundle of p,E’, which is therefore a sub-
harmonic bundle. Thus, s; is a continuous family of preferred sections of RZ%L}JI”’IOC(V, ?)
through (V, ¢) whose image in Mp(X)(C) is a lift of an arc of the R-g-orbit of V’. Since
p*: Mp(X) — Mp(X') is quasi-finite (in fact finite [97, Lemma 1]), any continuous lift of
a germ of an R+ g-orbit is a germ of a R+ g-orbit, and this completes the proof of the claim,
and therefore also of the theorem:. O

0

Corollary 8.24. Let Z C Mp(X) be a closed Hodge substack and Z its image in Mp(X).
Then for any n, each irreducible component of Z9™ is R -stable.

Corollary [8.:24] will allow us to produce points underlying C-VHS in Hodge substacks
provided Z9" is nonempty, which will always be the case by the results of Section [5|if we
require bialgebraicity.

Remark 8.25. In the proper case, Simpson shows there is an Rsg-action on Mp(X)(C)
lifting the R~¢ action on Mp(X) [113]; by pre- and post-composing with complex conju-
gation, we obtain another action. The resulting Rsg * R g-action is expected to have as
fixed points the local systems underlying C-VMHSs [113, Remark, p. 45|, and perhaps the
induced action of R<g*R<q on the formal germ at a fixed point would yield the C-MHS of
Theorem[4.3] Thus, the formally twistor condition might be related to a Rs*Rsg-stability
condition, and it is conceivable the notion of a Hodge substack could be equivalent to the
notion of a Ry *x Ry g-stable substack.

9. PROPERTIES OF CONSTRUCTIBLE SUBSETS OF LOCAL SYSTEMS

Let X be a connected normal algebraic space. We begin with some general remarks
about various properties of constructible subsets of the Betti stack M p(X), and eventually
formulate a notion of absolute Hodge subsets. It will be important to work with points
of the stack as opposed to the coarse space since we will ultimately want to allow non-
semisimple local systems.

9.1. Nonextendability. We briefly review some of the notions from [20].

Definition 9.1. Let X be a connected normal algebraic space and ¥ € Mp(X)(C) a
subset.

(1) For X C X a partial compactification by a connected normal algebraic space
(meaning an inclusion as an open subset of a connected normal algebraic space), we
say ¥ extends to X if ¥ is contained in the image of the restriction Mpg(X)(C) —
Mp(X)(C).

(2) If X is smooth we say ¥ is nonextendable if the following condition is met. For
any finite étale cover f : X’ — X and any partial log smooth compactification
X' c X', if f*% extends to X’ then X’ = X',

(3) In general, we say X is nonextendable if for some (hence any) resolution f : Y — X
f*X is nonextendable.
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Note that any ¥ is nonextendable if X is proper.

Proposition 9.2. Let X be a connected normal algebraic space and ¥ C Mp(X)(C). The
following are equivalent.

(1) % is nonextendable.

(2) For every proper morphism f : C — X from a smooth quasiprojective curve C,
3 c Mp(C)(C) is nonextendable.

(8) For every morphism f : D* — X2 from the punctured disk which completes to
a morphism from D to some partial compactification of X*", f*¥ C Mp(D*)(C)
contains a non-trivial local system.

Proof. Nonextendability is unaffected by passing to a finite étale cover, and maps from
disks and curves will lift to a resolution up to an étale cover of the source, so we may
assume X is smooth. In the log smooth situation, a local system extends if and only if its
local monodromy around every divisor is trivial, which can clearly be checked on curves
and disks. O

Corollary 9.3. Let f : X = Y be a proper morphism of connected normal algebraic spaces

and X C Mp(Y)(C). Then if ¥ is nonextendable, so is f*3. If f is in addition dominant,
then X is nonextendable if and only if f*3 is.

Proposition 9.4. Let ¥ C Mp(X)(C) a subset, and X% the Q-Zariski closure. Then X
is nonextendable if and only if X4 is.

Proof. The subset ¥ is extendable if and only if there is a resolution Y — X and a finite
étale cover Y/ — Y with composition f : Y/ — X and a partial log smooth compactification
i:Y" — Y’ such that f*¥ C i*Mp(Y')(C). Since i*Mp(Y’)(C) is Q-Zariski closed in
Mp(Y")(C) the claim follows. O

Proposition 9.5. Let X be a smooth algebraic space and ¥ C Mp(X)(C) of bounded
rank. Then there is a finite étale cover m : X' — X arising from a finite quotient of the
image of the monodromy of @y cx, V', a partial log smooth compactification i : X' — X/,
and a nonextendable X' C Mp(X') such that i*Y = 7*%.

Proof. Taking Zariski closure by Proposition [0.4] and the sum of local systems correspond-
ing to generic points of each irreducible component we may reduce to a single local system
and this is [20, Proposition 3.5]. O

Note that in the previous proposition we can do without the finite étale cover if we
allow a partial compactification by a Deligne-Mumford stack. In fact, as a consequence
of Theorem such a partial compactification exists even when X is only assumed to be
normal.

Let X be the complement of a normal crossing divisor in a smooth algebraic space X.
For every x € X, the local fundamental group of X at x (inside X) is by definition the
group 71(X, X, z) := 7 (BN X,2'), where B is a small euclidean ball in X around z and
2’ € BN X (since m (BN X, ') is abelian, it does not depend of the choice of z).

Lemma 9.6. Let X be a smooth algebraic space and ¥ C Mp(X)(C). Let X D X be
a log smooth compactification of X. Then, ¥ is nonextendable if and only if the induced
representations of the local fundamental group m1(X,X,z) at each point x of X \ X are
collectively injective.

Proof. Indeed, for every & € X, every element of the local fundamental group 71 (X, X, x)
is obtained as the image of a generator of 71(A*) for a holomorphic map f : D* — X?"
from the punctured disk which completes to a holomorphic map from I to X with z =
f(0) € X. O
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Proposition 9.7. Let X be a smooth algebraic space and ¥ C Mp(X)(C). Let X D X
be a log smooth compactification of X. Assume that ¥ contains only local systems with
unipotent local monodromy. If ¥ is nonextendable, then there exists a finite subset ¥og C X
which is nonextendable.

Observe that Proposition is not true without any assumption on ¥, as shown by
the example where X = C* and ¥ C Mp(X)(C) consists of the torsion rank one local
systems.

Proof. Thanks to Proposition [0.6] it is sufficient to find a finite subset ¥y C ¥ such that
the induced representations of the local fundamental group at each point of X \ X are
collectively injective. Since there are only finitely many strata, it is sufficient to look at
what happen in the neighborhood of one point x € X \ X. For every V € 3, let K7, be the
kernel of the induced representation of the free abelian group of finite type m1(X, X, z).
Since the image of this representation is made of commuting unipotent matrices, Ky, is a
saturated subgroup of 71(X, X, z), i.e. the quotient group is torsion-free. By assumption,
the intersection Nyex Ky, = {0}. Since the K{;’s are saturated, it follows that there is a
finite subset ¥y C ¥ such that Ny ey, K{; = {0}, finishing the proof. O

9.2. Absolute constructible subsets. In this section we show that the notion of bialge-
braicity with respect to the Riemann—Hilbert correspondence as in Section [9]is essentially
equivalent to absoluteness, which is intrinsic to the Betti side.

Let X be a smooth complex algebraic space. Let LS(X) be the abelian category of
complex local systems on X?". Let Conn(X)™® be the abelian category of algebraic
flat vector bundles on X with regular singularities. Deligne’s version of the Riemann-
Hilbert correspondence states that the functor Conn(X)™® — LS(X) which associates
to an algebraic flat vector bundle with regular singularities (V,V) the locally constant
sheaf of V-flat sections of V2" is an equivalence of abelian categories [34]. For any
field automorphism o € Aut(C/Q) and any complex scheme Y, let Y? — Y denote
the base change of Y via o (it is a morphism of schemes but not of complex schemes).
By pulling-back along the morphism of X? — X, we get an equivalence of categories
Conn(X)™8 ~ Conn(X7)"8, and therefore a bijection between the isomorphism classes of
objects in both categories. Therefore, any automorphism o € Aut(C/Q) induces a canon-
ical bijection Mp(X)(C) ~ Mp(X?)(C). Given a subset ¥ C Mp(X)(C), we denote by
Y7 its image in Mp(X7)(C) through this canonical bijection.

Definition 9.8 (Simpson [106], Budur-Wang [23]). Let X be a smooth complex alge-
braic space. Let K C C be a subfield. A subset ¥ C Mp(X)(C) is absolute K-
constructible (resp. absolute K-closed or absolute K-locally closed) if for any automor-
phism o € Aut(C/Q) the subset £ C Mp(X7?)(C) defined above is K-constructible (resp.
K-closed or K-locally closed).

If X is merely a normal complex algebraic space, the open immersion X**¢ C X induces
a surjective homomorphism between their fundamental groups. Therefore, the induced
morphism of algebraic stacks Mp(X) - Mp(X"™®) is a closed immersion.

Definition 9.9. Let X be a normal complex algebraic space. Let K C C be a subfield.

(1) A subset ¥ € Mp(X)(C) is absolute K-constructible (resp. absolute K-closed
or absolute K-locally closed) if its image by the injective map Mp(X)(C) —
Mp(X™8)(C) is absolute K-constructible (resp. absolute K-closed or absolute
K-locally closed).

(2) A morphism between (products of) Betti stacks is an absolute K-morphism if its
graph is absolute K-constructible.
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Proposition 9.10. Let X be a normal complex algebraic space. Let K C C be a subfield.
Then

(1) Mp(X)(C) is an absolute K -closed subset of Mp(X)(C).

(2) Absolute K -constructible subsets of Mp(X)(C) form a Boolean subalgebra.

(3) Pullback under algebraic morphisms, tensor products, and direct sums are absolute
K-morphisms.

(4) Images and preimages of absolute K -constructible subsets under absolute K -constructible
morphisms are absolute K -constructible.

Proof. Immediate. O

Lemma 9.11.

(1) The semisimple locus Mp(X)(C)* C Mp(X)(C) is absolute Q-constructible.

(2) The maps x : Mp(X)(C) - Mp(X)(C), px - Mp(C)(C)™ — Mp(X)(C) and
ssx : Mp(X)(C) = Mp(X)(C) are absolute Q-morphisms and commute with
pull-back under any algebraic map f: X — Y.

Proof. For (1), a local system is semisimple if and only if the associated flat bundle is
semisimple, and semisimplicity is preserved under the Galois action. For (2), clearly the
morphism cx : Mp(X)(C) - Mp(X)(C) is an absolute Q-morphism, and the absoluteness
of px and ssy follows. The final claim is obvious for cx, and by the harmonic theory
(see Theorem the pull-back of a semisimple local systems is semisimple, whence the
remainder of the claim. O

Proposition 9.12 (Compare with [106, Theorem 6.3|; see also |23, Proposition 7.4.6]).
Let X be a complex algebraic space defined over a countable field L C C. Let S C X(C) be
a subset such that as o runs through Aut(C/L), S runs through countably many subsets of
X(C). Suppose that S is an analytically constructible subset of X?". Then S is algebraically
constructible in X (C).

Recall that an analytically constructible subset of a complex analytic variety is an ele-
ment of the Boolean algebra generated by closed analytic subsets.

Proof. We follow closely the proof of [I06, Theorem 6.3]. Note that it is sufficient by
induction on dimension to prove that the Euclidean closure S is Zariski closed in X (C),
and that is what we will prove.

Let us show that, up to enlarging L, one can assume that S is stable by Aut(C/L).
Let {S;} denote the set of subsets of X (C) which occur as S?. For each pair (j, k) with
S; # Sk, choose a point z; in one of S; or S; but not the other. Then, among all the
subsets, a given one is determined by the information of whether z;; is in it or not for
all j,k. On the other hand, there are countably many points x;;, so we may choose a
countable field extension L'/L so that 2, = x;; for every o € Aut(C/L'). Then S7 =S
for every o € Aut(C/L’).

For every x € X (C), let mL be the smallest closed algebraic subset of X defined over L
and containing z. For every y € mL (C), we have @L C QL with equality if and only if
@L(C) meets the orbit Aut(C/L)-z. Since L is countable, there are only countably many
strict suvarieties defined over L, so that their union is a meager subset of @L (C). By the
Baire category theorem, its complement Aut(C/L) -z is therefore dense in EL (C) for the

euclidean topology. Taking = € S, one has Aut(C/L) - x C S, hence mL is contained in
the euclidean closure S of S.
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Let T be an irreducible component of S. Then 7' N S is covered by the closed subsets
—
{z} NT NS forz € TNS. Since there are countably many of those, it follows from

—
Baire category theorem again that there exists z € T'N S such that {z} contains a non-
empty open subset of T'. By analytic continuation, we get that T is equal to a geometric

component of {z} . O

Corollary 9.13 (cf. [23, Proposition 7.4.5]). Let (X, D) be a proper log smooth algebraic
space and set X = X \ D. Let K C C be a countable subfield. If ¥ C Mp(X)(C) is an

absolute K -constructible subset, then any analytic irreducible component of the Euclidean

closure of RH(_)—;’D)(E) is a Zariski closed subset of Mpr(X,D)(C).

Proof. Let L be a countable field of definition of X and D, so that Mpgr(X, D) is also
defined over L. Therefore there exists U a L-scheme and U — Mpr(X, D) a smooth
surjective morphism defined over L. Let S = RH&%’D)(E) and T be the preimage of S in
U(C). Since X is absolute K-constructible and K is countable, T runs through countably
many subsets of U(C) as o runs through Aut(C/L). Moreover, T is the preimage by an
analytic map of an algebraic (hence analytic) constructible subset of M p(X)(C), hence it
is an analytic constructive subset of U?". Therefore, it follows from Proposition that
any analytic irreducible component of the Euclidean closure of T in U®" is Zariski closed
in U(C). Conclude using the analytic version of [I18] Tag 0DR5]. O

Proposition 9.14. Let X be a normal complex algebraic space, K C C be a countable
subfield, and ¥ C Mp(X)(C) an absolute K -constructible. Then

(1) For every o € Aut(C/Q) we have X7 = %° (where (-) denotes euclidean closure).
In particular, ¥ C Mp(X)(C) is absolute K -closed.

(2) If ¥ is absolute K-locally closed, then for every o € Aut(C/Q) the geometric ir-
reducible components of %7 are the o-translates of the geometric irreducible com-
ponents of 3. In particular, each geometric irreducible component of ¥ is absolute

K -locally closed.

Proof. Replacing X with X", one can assume that X is smooth. Let (X, D) be a proper
log smooth algebraic space with X = X \ D (which we may even assume is projective, but
this is not necessary). Let

RH od :MDR(X,D)gOOdﬁMB(X)an

go
(X.D)
be the restriction of the Riemann-Hilbert map, which is surjective and locally (on the
source) an isomorphism by Proposition Note also that:

(i) Pull-back under RH (g)%odD) commutes with euclidean closure.

(ii) For any analytically constructible subset of Mpgr(X, D) whose euclidean clo-
sure in Mpgr(X, D) is Zariski closed, the Galois action commutes with euclidean
closure (in Mpgr(X, D)g°°4). This is because Mpr(X, D)g°°d is Galois-stable and
open, so inherits this property from the corresponding one on Mpgr(X, D), which
is clear.

(iii) For any analytically closed subset of Mpg(X, D)8°°d whose euclidean closure in
Mpr(X, D) is Zariski closed, the o-translates of components are precisely the
components of the o-translate.

Thanks to Corollary (i) and (ii) imply part (1).

For part (2), the geometric components of . are the geometric components of ¥ minus

¥\ %, so by (1) we may assume ¥ is absolute K-closed. For ¥y a geometric compo-

good

nent of ¥, (RH (g)‘%"g))*l(zo) is (globally) pure-dimensional and a union of components of
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d\— d \— 4\
(RH(g)%?D)) 1(¥). Thus, by (iii) every component of (RH(g)%‘?D)) L(2g)? = (RH(g)%Z’DU)) 1(29)

is (globally) pure-dimensional and a union of components of (RH (g)%(?dD))_l(EU). In partic-

H gOOd))_l(Eg)” dominates a component of $7. In fact, every

(X.D
)71(20)° must dominate a single component Ty of 37, since for

ular, each component of (R

Hgood
(X,D)
any component 77 C X7, the locus of points z € ¥y admitting a neighborhood x € U C X

for which U? C T} is open, and such sets give an open partition of Typ. Thus, 3§ C T,

component of (R

and applying the same argument to o' yields T, o ' c Y0, so 2§ is closed. g

Corollary 9.15. Let X be a normal complezx algebraic space. Let K C C be a countable
subfield. Every absolute K -constructible subset in Mp(X)(C) is a Boolean combination of
absolute K -closed subsets in Mp(X)(C).

Proof. 1f S is an absolute K-constructible subset, then its closure S is an absolute K-closed
subset and the complement S\ S is an absolute K-constructible subset of Mp(X)(C) of
smaller dimension, hence the result follows by induction. ([l

Corollary 9.16. Let X be a normal compler algebraic space and K C C a countable
field. A K-Zariski closed subset ¥p1 C Mp(X)(C) is absolute K-closed if and only
if it can be completed to a K-bialgebraic pair (Xpr,{XBs}) of the Riemann—Hilbert Q-
correspondence stack Mru (X', D', E) for some (hence any) choice of log smooth resolu-
tion/compactification.

Proof. By replacing X with X" we may assume X is smooth. On both sides of the implica-
tion, by definition ¥ ; is K-constructible. We may assume X ; is closed by Corollary[9.15]

If ¥ 1 is absolute K-closed, then taking ¥pg to be any component of RH(}(1 D) (X) meeting

Mpr(X,D)&°d (Lpg,{(Xp1)7}) is K-bialgebraic. Conversely, if (Xpr, {¥p,}) is K-
bialgebraic, we may assume it is K-bialgebraic irreducible, and by taking Zariski closure we
may assume all of ¥ pg,¥p , are closed and irreducible. Then for each o, RH(XU,D(,)(EUDR)
contains a euclidean open set U, C X , which has nonempty interior. Since the saturation
RH (_)—(107 DU)RH (xo,p7)(XDR) is a countable union of algebraically constructible sets (as it
is the set of all log connections whose meromorphic connection is isomorphic to the mero-
morphic connection of a point of X%, ), it follows that for every o the euclidean closure in

Mpr(X°, D7) of every component of (RH52°? ))*1(2310) is algebraic. Since X pp is a

(XO"DU
component of RH(_X{D)(EBJ) and X%, is a component of RH(_)—(IG7DJ)(EB7U) it follows that
thet saturations are equal RH(_XI,D)(EBJ) = RH(}(IJ’DU)(ZBJ). Thus, ¥, = (¥p,1)7 and
Y p,1 is absolute K-closed. ]

Corollary 9.17. Let X be a connected normal complex algebraic space. Let ¥ C Mp(X)(C)
be an absolute Q-closed subset. Then

(1) The locus of points X C 3 with quasiunipotent local monodromy is Zariski dense
m .

(2) For each n, the locus})qu‘” C X with eigenvalues of local monodromy of order
dividing n is absolute Q-closed.

Proof. The first part is by Theorem [5.23] and the second part follows from Lemma[5.20] or
can be seen directly. O

9.3. Graded nearby cycle functors.
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9.3.1. The Betti side. Let (X, D) be a log smooth complex manifold and set X := X \ D.
Let Dy, be a (smooth) irreducible component of D. Let D denotes UjxxDj. Then Dy, ND*
is a simple normal crossing divisor in Dj. Let Uy be a tubular neighborhood of Dy in X.
A fortiori, Uy \ DF is a tubular neighborhood of Dy, \ D and we have an exact sequence
of groups:

1= K — m (U \ D) = m (U \ D¥) — 1.

The group K is canonically isomorphic to Z and we denote by v € m1 (U \ D) its canonical

generator (which corresponds geometrically to the class of a simple loop going around Dy,

counterclockwise). Moreover, K is central in 71 (Uy \ D), hence it acts on any local system

defined on Uy \ D. Thanks to Deligne’s version of the Riemann—Hilbert correspondence,

the group K acts also on any regular meromorphic connection on the pair (Uy, Up N D).
Recall the following well-known result.

Lemma 9.18 (see [37, Proposition 1.6.1|). Let A be an abelian category. For each object
Z of A equipped with a nilpotent endomorphism N, there exists a unique finite increasing
filtration We = W (N)e of Z satisfying the following conditions:

(1) N(Wy) C Wy_o for every k,

(2) N* induces an isomorphism gt} Z ~ W' Z for every k > 0.
Moreover, the association (Z,N) +— (Z,W(N)) defines a functor between the category of
objects Z of A equipped with a nilpotent endomorphism N, a morphism between (Zy, Ny)
and (Za, Na) being a morphism f: Zy — Za in A such that f o Ny = Ny o f, and the
category of objects Z of A equipped with a finite increasing filtration W,, the morphisms
being the morphisms preserving the filtrations.

Let Mlémp(X ) denote the closed substack of Mp(X) consisting in local systems with
unipotent local monodromy. For every k, we have the graded nearby cycle functor

gripp, - M (X) — M (Dy, \ DF)

defined as follows. If A is a ring and V is a A-local system on X with unipotent local
monodromy, then < induces a unipotent automorphism 7' of its restriction Viy,\p to
Ug\ D. Let N :=T —Id be the induced nilpotent endomorphism of V|y;,\p and W, be

the associated filtration in the abelian category /\/lglip(U;c \ D)(A). Then gt Vi, \p is a
A-local system on Uy \ D with no monodromy around Dy. Therefore it extends uniquely as
a A-local system on Uy \ D, whose restriction to Dy \ D¥ is by definition the graded nearby
cycles grip, (V') along Dj. Note that grip, (V') has indeed unipotent local monodromies
around the irreducible components of Dy, N D*.

Theorem 9.19 (Mochizuki). Assume that (X, D) is a projective log smooth variety and
set X = X\ D. Let K be a field of characteristic zero. Let V be a K-local system on X
with unipotent local monodromy. If V' is semisimple, then the K -local system grip, (V')
on Dy, \ DF is semisimple.

Proof. Since the fundamental group of X is finitely generated, there exists a finitely gener-
ated field F' and a F-local system Vg such that Vp ® p K = V. Since on the one hand the
property of being semisimple is invariant by changing coefficients, and on the other hand
every finitely generated field can be embedded in C, one can assume that K = C. When
K = C, this is [84, Theorem 19.49]. See also [98]. O

9.3.2. The De Rham side. We briefly recall the construction of a graded nearby cycle
functor for logarithmic connections and refer to |21, [75] for the details.
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Let X be a smooth projective variety defined over an algebraically closed field k. Let
D be a simple normal crossing divisor on X and let Y be an irreducible component of D.
Let t: Y — X be the canonical embedding.

Let Ly = (L,[,],«) be the Lie algebroid on Y, where L = (*T'x(—log D) is equipped
with the Lie algebra structure induced from the standard Lie algebra structure on T'g
and the anchor map «a: L — Derg(Oy) = Ty is the canonical map induced by ¢. The
restriction to Y defines an obvious functor (E,V) — (*(E, V) from the abelian category
Mpr(X,D)(k) to the category Ly-Mod of coherent Oy-modules with an Ly-module
structure. Moreover, the residue of (E,V) along Y yields an endomorphism of *(E, V)
seen as an element of Ly-Mod. When the residue is nilpotent, we get from Lemma |9.18/an
increasing filtration Wy of t*(E, V). By definition, the graded nearby functor of (E,V) €

MnDiE(X, D)(k) is grpy (E, V) := gtV 1*(E, V). It is an element of ./\/lrbﬂ}g(Y, Dy).

9.3.3. Compatibilities. The following proposition is a straightforward consequence of the
constructions.

Proposition 9.20. Let D be a simple normal crossing diwisor in a smooth projective
complex algebraic variety X. Let Dy be a (smooth) irreducible component of D.

(1) The diagram

M2 D)(C) % MR (D, DF)(C)

lRH lRH
M) (€) 25 MUy \ DF)(C)

18 commutative. o
(2) For every field automorphism o € Aut(C/Q) and every (E,V) € MpE(X,D)(C),

one has

grvpg (B, V)7) = (grvp, (B, V)))7 .

Corollary 9.21. In the above setup, grip, : ./\/llénip(X) — M%nip(Dk\Dk) is an absolute
Q-morphism.

9.4. Absolute Hodge subsets.

Definition 9.22. Let X be a connected normal algebraic space. An absolute Hodge sub-
stack Z C Mp(X) is a Hodge substack for which Z(C) is Q-locally closed and absolute
Q-locally closed. An absolute Hodge subset ¥ C Mp(X)(C) is a set of points ¥ = Z(C)
underlying an absolute Hodge substack Z C Mp(X).

By Proposition absolute Hodge substacks of M (X)) satisfy the same functoriality
properties as Hodge substacks, see Proposition [8.21

Proposition 9.23. Let X be a connected normal algebraic space.

(1) For any r, Mp(X,r) and {triv,} are absolute Hodge substacks of Mp(X).

(2) Assume X is a curve. For any V- € Mp(X)(C)9™, the fized residual eigenvalues
leaf FE(V) C Mp(X) is a closed absolute Hodge substack.

(8) Intersections and reductions of absolute Hodge substacks are absolute Hodge sub-
stacks. Q-irreducible components of reduced absolute Hodge substacks are absolute
Hodge substacks. Finite unions of closed absolute Hodge substacks are absolute
Hodge substacks.

(4) Let f : X — Y be a morphism of connected normal algebraic spaces and f* :
Mp(Y) = Mp(X) the pullback morphism. Then:
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(a) For any absolute Hodge substack Z C Mp(X), (f*)"H(2) € Mp(Y) is an
absolute Hodge substack.
(b) For any absolute Hodge substack Z C Mp(Y), f*Z C Mp(X) is an absolute
Hodge substack provided f is dominant or a Lefschetz curve (see Deﬁnitz’on@
(5) Inverse images of absolute Hodge substacks under the direct sum and tensor product
morphisms @, ® : Mp(X)? = Mp(X) are absolute Hodge substacks.

Corollary 9.24. Fvery irreducible component of a closed absolute Hodge substack contains
a point underlying a C-VHS.

Proof. By Corollary [0.17], Corollary [8.24] and Corollary [7.206] a

For completeness we give a notion of absolute Hodge subset suited to the semisimple
quasiunipotent local monodromy case, which is substantially easier since we do not have
to deal with the miniversal families.

Definition 9.25. Let X be a connected normal algebraic space. A coarse absolute Hodge
subset ¥ C Mp(X)(C)*9" is a Q-constructible absolute Q-constructible R ¢-stable sub-
set.

We sometimes refer to subsets of Mp(X)(C) being coarse absolute Hodge subsets, by
which we mean the corresponding set of semisimple local systems is coarse absolute Hodge.

Proposition 9.26. Let X be connected normal algebraic space.

(1) Let Z C Mp(X) be a closed absolute Hodge substack. Then for eachn, Z9"(C)% c
Mp(X) is a coarse absolute Hodge subset.
(2) Intersections and finite unions of coarse absolute Hodge subsets are coarse absolute
Hodge subsets.
(8) Let f : X — Y be a morphism of connected normal algebraic spaces and f* :
Mp(Y) = Mp(X) the pullback morphism. Then:
(a) For any coarse absolute Hodge subset ¥ C Mp(X)(C), (f*)~1(x)=an ¢
Mp(Y)(C) is a coarse absolute Hodge subset.
(b) For any coarse absolute Hodge subset ¥ C Mp(Y)(C)*9" f*3 Cc Mp(X)(C)
1 a coarse absolute Hodge subset.

Proof. Immediate from Corollary[8.24] Proposition[9.10] Theorem[7.9] and the functoriality
of the R g-action. O

Finally, we give an ad hoc definition that is not particularly well-behaved, but collects
the properties we will need for the proofs in Section [13] and Section

Definition 9.27. Let X be a connected normal algebraic space. A weak absolute Hodge
subset ¥ C Mp(X)(C) is a Q-constructible absolute Q-constructible subset such that:

(1) Each geometric irreducible component of $%*" contains a point underlying a C-VHS
with quasiunipotent local monodromy.

(2) For each geometric irreducible component ¥y of %% which is not generically
semisimple with quasiunipotent local monodromy, let Ms, C Mp(X) be the re-
duced substack with underlying set of points ¥y. Then My, has a point underlying
a C-VHS with quasiunipotent local monodromy at which it is formally Hodge as
in Definition

(3) There exists a Q-constructible absolute Q-constructible subset ¥y C 39 satisfy-
ing (1) and containing the C-VHS points of 3 from (2).

Note that by definition a weak absolute Hodge subset has bounded rank. Note also
that a weak absolute Hodge subset ¥ C Mp(X)(C)4"* is just a Q-constructible absolute
Q-constructible subset satisfying (1).
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Proposition 9.28.

(1) For any coarse absolute Hodge subset 3 C Mp(X)(C), there is a finite étale cover
p : X' — X corresponding to a finite quotient of the image of the monodromy
representation of @y cx V' such that p*¥ is a weak absolute Hodge subset.

(2) For any closed absolute Hodge substack Z2 C Mp(X), Z(C) is a weak absolute
Hodge subset.

Proof. The first claim is immediate from by the density of the quasiunipotent locus (Corol-
lary [9.17) and Theorem [7.22] combined with Proposition The second part follows from

Corollary 0.17} Proposition [0.23} and Corollary 024} O
Corollary 9.29. For eachr, Mp(X,r)(C) is a weak absolute Hodge subset of Mp(X)(C).

Proposition 9.30. Let X be a connected normal algebraic space.

(1) Finite unions and closures of weak absolute Hodge subsets are weak absolute Hodge.

(2) Q-irreducible components of weak absolute Hodge subsets are weak absolute Hodge.

(8) Let f : X — Y be a morphism of connected normal algebraic spaces and f* :
Mp(Y) = Mp(X) the pullback morphism. Then for any weak absolute Hodge
subset ¥ C Mp(Y)(C), f*3 C Mp(X)(C) is a weak absolute Hodge subset.

Proof. Immediate given[9.10] Proposition [1.61] the functoriality of the Rsg-action, and the
fact that all operations are defined over Q. O

9.5. Generalities on Shafarevich morphisms.

Definition 9.31. Let X be a connected normal algebraic space (or more generally a
connected generically inertia-free normal Deligne-Mumford stack) and ¥ € Mp(X)(C)
a set of complex local systems. We say X is large if for every non-constant morphism
g : Z — X from a connected normal algebraic space Z, ¢g*¥ contains a nontrivial local
system.

Lemma 9.32. Let X be a connected generically inertia-free normal Deligne—Mumford
stack and ¥ C Mp(X)(C) a set of complex local systems. Assume that for every point
r € X(C) the inertia of x acts faithfully on @y cxi;V. Then there exists a connected
finite Galois étale cover p : X' — X with Galois group G arising from a finite quotient
m1(X,x) = img py, — G such that X' is an algebraic space.

Proof. For any point z € X, there is a finite set of local systems ¥, C ¥ such that the
inertia of = acts faithfully on @Vezx V. By Selberg’s lemmalﬂ, we obtain a cover of the
required form trivializing the inertia at points above x. By noetherianity (since the inertia
sheaf is constructible), such a cover exists trivializing all of the inertia. O

We say that a set of complex local systems ¥ on a connected generically inertia-free
normal Deligne-Mumford stack X is nonextendable if there exists a connected finite Galois
étale cover by an algebraic space p : X’ — X such that p*¥ is not extendable. This
generalizes the definition for algebraic spaces thanks to Corollary [0.3]

Definition 9.33. Let X be a connected normal algebraic space and ¥ C Mp(X)(C) a set
of complex local systems. A representable morphism f : X — Y to a connected generically
inertia-free normal Deligne-Mumford stack Y is an (algebraic) X-Shafarevich morphism if:

(1) s: X =Y is dominant and K(Y') is algebraically closed in K (X).

17Selberg’s lemma states that any finitely generated subgroup of GL, (C) has a torsion-free finite-index
subgroup.
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(2) X is the pull back of a large nonextendable ¥y € Mp(Y)(C) and for every point
y € Y(C) the inertia of y acts faithfully on By 5, 73 V.

(3) If a morphism g : Z — X from a connected Z has the property that ¢*V is trivial
for every V' € ¥, then the composition Z — X — Y factors through Z — SpecC.

In particular, a »-Shafarevich morphism contracts exactly those subvarieties on which
the local systems in ¥ have uniformly finite monodromy. Also, there is always a natural
étale cover Y>¥ — Y by an analytic space and a diagram

XE ?‘Ey

L

Xan 3 Yan

where the top horizontal map is equivariant with respect to the action of the natural deck
transformation groups.
Provided they exist, >-Shafarevich morphisms are functorial in the following sense:

Proposition 9.34. Let f : X — X' be a morphism between two normal connected algebraic
spaces, ¥ C Mp(X)(C) and ¥’ € Mp(X")(C) two subsets such that f*¥' C X. Suppose
s: X =Y (resp. s : X' — Y')is a X-Shafarevich morphism (resp. Y'-Shafarevich
morphism). Then, there exists a unique morphism g : Y — Y’ such that we have a
commutative diagram

x . x

Sl \Ls/
vy 2o v
In particular, it follows that a Shafarevich morphism is unique up to unique isomorphism
provided it exists. Before proving this, we state the following lemma, which says that
the existence of a Shafarevich morphism can be checked on certain finite étale covers,
and in fact there is always such a cover where the target is an algebraic space. For any
¥ C Mp(X)(C), define px to be the monodromy representation of @y 5, V.

Lemma 9.35. Let X be a connected normal algebraic space and ¥ C Mp(X)(C).

(1) Suppose an algebraic ¥-Shafarevich morphism s : X — 'Y exists. Given a connected
finite Galois étale cover q : Y' — Y coming from a finite quotient 71 (Y,y) —
img py, — G, the base-change s : X' — Y" of s is an algebraic p*¥-Shafarevich
morphism, where p : X' — X is the base-change of q.

(2) Given a connected finite Galois étale cover p : X' — X with Galois group G arising
from a finite quotient 71(X,z) — img py — G, and a p*X-Shafarevich morphism
s X' = Y’ then s’ is equivariant with respect to a G-action on Y’, and the
quotient s : X — [G\Y'] is a ¥-Shafarevich morphism.

Proof of Proposition[9.34 and Lemmal9.35 Part (1) of the lemma is straightforward.

We prove part (2) of the lemma and the proposition together in a sequence of more
general cases. We first prove Proposition [9.34] in the case f is an open embedding, ¥ =
f*Y', and Y,Y’ are algebraic spaces; we will prove that g exists and is an isomorphism.
Let X — Z — Y be a factorization of s for which X — Z is an open embedding and
Z — 'Y is proper; likewise X — Z’ — Y'. If Z” is the normalization of the closure of X in
Z x 7' via the diagonal map, then since the composition Z” — Z x Z' — Y x Y’ is proper,
the pullback of ¥y X ¥y is nonextendable. But this pullback is the pullback of ¥y (resp.
Yyr) along Z" — 'Y (resp. Z" — Y"’), so it follows that both of these maps are proper. On
the other hand, Z” — Y and Z” — Y’ have the same fibers, hence by the rigidity lemma
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[32, Lemma 1.15] there is a unique isomorphism g : Y — Y’ making the obvious diagram
commute.

We now prove Propositionwhen Y, Y are algebraic spaces. Let X — X7 — Y’ be a
relative compactification of the composition s’o f and X; — Z — Y the Stein factorization.
Then X — Z is a f*¥-Shafarevich morphism. Thus we may assume X = X’ and f is the
identity. Let X — X5 — Y x Y’ be a relative compactification of s x s : X — Y x Y’ with
X5 normal. As in the previous paragraph, Xo — Y is proper, and Xs — Y contracts the
fibers of X5 — Y, so by the rigidity lemma there is a factorization Xy — Y — Y.

We now prove Lemma m@) provided Y’ is an algebraic space. By the algebraic space
case of Proposition proven above, G acts on the map s’, and the stack quotient is
easily checked to be the Y-Shafarevich morphism.

We now prove Proposition in general. By Lemma (1) base-changing along a
finite étale Galois cover of Y yields the same setup, and by Lemmawe may take such
a cover for which Y’ is an algebraic space. By the algebraic space case of Lemma W(Q),
this will be sufficient to prove the original claim by taking stack quotients. Thus, we may
assume Y’ is an algebraic space. Again by Lemma and Lemma M(l), there is a
finite étale cover Y” — Y with Y” an algebraic space and Galois group G such that, if
p: X" — X is the base-change, the base-change s” : X" — Y of s is a p*3-Shafarevich
morphism. By the algebraic space case of Proposition the morphism X" — Y’
factors through a morphism Y” — Y’ which is moreover G-invariant, and it follows that
the required morphism Y — Y’ exists.

Finally, the general case of Lemma [9.35|(2) follows by the same argument as above now
using Proposition [9.34] for stacks. a

Definition 9.36. Let X be a connected normal algebraic space and ¥ C Mp(X)(C). The
rank r Shafarevich saturation (or just r-saturation for short) of ¥ is the subset X" C
Mp(X,rk < 7)(C) of those local systems of rank < r which pullback trivially along any
morphism f: Z — X for which f*V is trivial for all V € ¥. That is,

sreet= () (f) Mtivy)  in Mp(X,1k < 7)(C).
Z—X
f’fECI;in

A subset ¥ C Mp(C) which is equal to its rank r saturation is called r-saturated.
The main point of this definition is the following;:

Corollary 9.37. Let X be a connected normal algebraic space, ¥ C Mp(X)(C) a subset
of local systems of bounded rank, and s : X — Y a morphism to a generically inertia-free
Deligne—Mumford stack. Then

(1) For any r, X5 ynderlies a closed absolute Hodge subset. In particular, it is a
weak absolute Hodge subset.

(2) Forr >0, s is a X-Shafarevich morphism if and only if it is a X' *-Shafarevich
morphism.

Proof. Part (1) is by Proposition and Proposition Part (2) is clear. O

10. PLURIHARMONIC LOCAL SYSTEMS OVER NON-ARCHIMEDEAN LOCAL FIELDS

For the proof of the algebraic integrability of the Katzarkov—Zuo foliation in the next
section, we shall need to understand the graded nearby cycles functor in the category of
non-archimedean pluriharmonic bundles. More precisely, let K be a non-archimedean field
and V a semisimple K-local system with unipotent local monodromy on a log smooth
algebraic space (X, D). Associated to a pluriharmonic non-archimedean norm on V is
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a closed positive (1,1)-current wg with continuous potential on X which turns out to
be independent of the choosen pluriharmonic norm on V. On the other hand, for each
boundary component Dy there is a graded nearby cycles local system grip,V, which
likewise has its own closed positive (1,1)-current wp,; we show wp, is the restriction
of wg. This is a corollary of a similar statement for the characteristic polynomials, see

Theorem [10.48]

10.1. Generalities on non-archimedean norms. References for this section include
511 150, 117, [13].

In all this section, K will be a non-archimedean local field with absolute value |-|: K —
R>0, i.e. either a finite extension of Q, or F,((T)) for a prime p. Write |K*| = ¢Z for a
positive integer q.

Definition 10.1. Let V be a finite dimensional K-vector space. A norm on V is a function
|- |l: V= R>q such that

(1) flvll =0 <= v =0;

(2) |lav|| = |al||v]| for all a € K,v € V;

(3) |lv+ w| < max{||v|, ||w]|} for all v,w € V.
We write NV (V') for the set of norms on V.

Note that ||v + w| = max{|v||, ||[w|} for all v,w € V such that ||v|| # ||w|. Indeed
[wll = [|(v + w) = vf} < max{fjv+ wl], [[o]} < max{[jo]|, [w]}. If lo]] < [lwl], it follows
that [[w|| = max{[lv + wl, [[v][}, and so [lw] = [[v + w].

Let V be a finite dimensional K-vector space. Let || - || be a norm on V. A basis
{v1,...,vn} of V such that || Y, a;v;|| = max;(||a;vi||) for every aq,...,a, € K is said to
be orthogonal for || - ||. Every norm admits an orthogonal basis [51, Proposition 1.1], and
every two norms always have a common orthogonal basis [51, Proposition 1.3].

If W C V is a sub-K-vector space, then the restriction of || - || to W is a norm on W.
There is also an induced norm on V/W by letting ||z+W/|| := infyc,w ||y for every x € V.

The dual V'V of V is endowed with the dual norm defined as:

A()]
A= sup 2O
vevifor V]l
If {v1,...,v,} is an orthogonal basis for || - ||, then its dual basis {v),...,v } is an
orthogonal basis for the dual norm and |[v)|| = ||v;|| ™! for every i.

Finally, for every positive integer r, there is a unique induced norm /\7"|| || on A"V such
that, if {v1,..., vy} is an orthogonal basis for || - || on V, then {v;, A ... Av;, }ij<. <, 1S
an orthogonal ba81s for AT|| - || on A"V and A"||vi, AL A = ||vg H < ||vs, || for every

i1 < ...<1,, see |51, Proposition 3.9].

Lemma 10.2. Let V be a K-vector space equipped with a norm || -||. Let v € V'\ {0} and
A € VV\A{0}. Then |jv|| - ||\]| > |A(v)|, with equality if and only if Kv is orthogonal to the
hyperplane ker(\).

Proof. The inequality is clear, as is the “if” part. For the “only if” part, note that V = Kv®

ker()) is orthogonal if and only if for any w € ker(\) we have ||v + w|| = max(||v||, |w]|),
which is automatic if ||v|| # |w]]. If ||v]| - ||All = |A(v)], then for such a w we have
Av +w) = A(v), so Gkl < Bl implies [lv]] < [lv + w]| < max(|jo]], [w]), and if

|lv]| = |Jw|| we conclude |Jv + wl| = ||v]|. O
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Corollary 10.3. Let V be a K-vector space equipped with a norm ||-|| and let {v1,...,vn}
be an orthogonal basis. If v' = 3 . a;v; and ||V'|| = |ai|||vi]], then {v' va,... 05} is an
orthogonal basis.

Proof. Let {v),...,v,} be the dual basis of {v1,...,v,}. Taking A = vy, we find ||A|| =

lor |71 so o' - ANl = laa| = [A()]- O
Corollary 10.4. Let V be a K-vector space equipped with two norms || - || and || - ||'.
Let v € V \ {0} that realizes sup,cy {0y % Then every hyperplane ker(\) which is
| - |I'-orthogonal to v is || - ||-orthogonal to v.

Proof. For every A € V'V \ {0}, we have
! A ! A
N 1 R YO B

ol wevvior lull” weviior lull = weviior llull
so (X)) < [[v]l - [IMF < [|o]l” - IAll!. The conclusion follows from the lemma. O
Lemma 10.5. Let V be a K-vector space equipped with two norms || - || and || - ||'. Let
{v1,--+ ,vn} be an orthogonal basis for || -||. Then
S 2
p = max .
vev\foy 1ol i luil]
vl v |

Proof. On the one hand, one trivially has sup,cy (o}
hand, if v = ), a;v;, then

> max; TorlT On the other

I

/ /
v; v;
Joll” < ma sl < mase L2 e = mac I o,
i o o] i il
(|
10.2. Relative spectrum of two norms. (Compare with [13| section 2.5|.) Let V be a
K-vector space of dimension N. Let || - ||, || - ||' € N(V) be two norms on V. The relative
spectrum of || - || with respect to || - || is the finite decreasing sequence
A1) =z An - (1)

defined by the formula

. wl|
ALl 07 = sup ( inf log | ”>.

WcV,dim W>i \weW\{0} [|w]]

In particular,

, ol
Ml -0 == sup log
ver\ioy vl
and . ol ,
Ml -1 =t Jog e ==l 11 )

Proposition 10.6. [I3| Proposition 2.24| Let V' be a K -vector space of dimension N. Let
-1, |I" € N(V). Let (e;) be a basis of V which is orthogonal for both norms, and order
it so that . .

el . lewl

leall = llenll”

Then, for everyi € {1,...,N},

Al [ 1117 = 1o

el
g .
el
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Corollary 10.7. For every k € {1,...,N}, one has

ZA LI = XA L AR ).

Corollary 10.8. Let V = Kv® W be a decomposition which is orthogonal for both norms.
If moreover A\ (|| -, - 1|) = log Lo then, for every integeri € {1,...,rkV — 1}, one has

ol

Al s - ) = Aiea (- 11 1)

10.3. Space of norms. Let V be a K-vector space of dimension N. The group GL(V)(K)
acts on N (V) by composition.
To each basis e = (e;) of V' is associated an injective map

te: RY — N(V),

which takes a € RV to the unique norm | - ||, that is diagonalized in (e;) and such
that log ||€ille.s = —ai. The image A, := ¢.(R™) C N (V) is thus the set of norms that
are diagonalized in the given basis e, and is called an apartment (or flat) of A'(V). The
Bruhat-Tits metric on N (V) is defined as:

da([ - [I; 1] - | <Z RINRP) )1/2-

Theorem 10.9 (See [50, 2.4.7, Corollaire 2| and [I3, Theorem 3.1 and Corollary 3.3|).
The function dy: N(V) x N(V) = Rxq defines a metric on N(V), and (N(V),ds) is a
NPC complete metric space. The Bruhat-Tits metric ds is the unique metric on N'(V') for
which te: (RN lg) < (N(V),dg) is an isometric embedding for each basis e of V.

The extended Bruhat-Tits building A(GL(V'), K) can be canonically identified with
(N(V),ds) as metric spaces equipped with an isometrical action of GL(V)(K), see [17].

Proposition 10.10. Let V be a finite-dimensional K-vector space. Let W C V be a
sub-K -vector space. Then the canonical map N (V) — N (W) x N(V/W) is Lipschitz
conlinuous.

Proof. First, dy is comparable to the Goldman-Iwahori distance doo (|||, ||-||") := max(A1(]|-
1= 1), Al - 115 01 1), since any two norms on RY are equivalent, and ds, ds, are both
pulled back from a norm on RY via the map given by the \;’s. Thus, it is enough to
prove N (V) — N (W) x N(V/W) is distance-decreasing with respect to doo. The map
N (V) — N (W) obtained by restricting the norm is clearly d.-decreasing. Moreover, the
map N(V) — N(VV) obtained by taking the dual norm is an involutive isometry with
respect to ds [13, Theorem 1.21]. Finally, the dual of the quotient norm on V/W is
the restriction of the dual norm of V' [13] Lemma 1.23]. Thus, the quotient norm map
N (V) = N(V/W) is also distance decreasing with respect to ds, and the claim follows.
O

10.4. Pluriharmonic norms on local systems.

Definition 10.11. Let X be a complex analytic space equipped with a K-local system
L. Let N(V) — X be the total space of the locally constant sheaf of spaces of norms on
the stalks of V', so that the fiber N'(V), at € X is canonically identified with N'(V,,). A
norm on V is then by definition a locally Lipschitz continuous section of N'(V) — X.
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Assume that X is connected and fix z € X. Let p: m1(X) — GL(V;) be the monodromy
representation of V. A norm ||-|| on V' is thus equivalent to a p-equivariant locally Lipschitz
continuous map X — N (V).

Let (V,||-||) be a normed K-local system. A set of sections vy, ..., v is orthogonal if it
is pointwise an orthogonal basis for its span.

Definition 10.12. Let (V|| -||) be a normed K-local system on a complex analytic space
X. Its regular locus Reg(]| - ||) is the open subset of points 2z € X for which an orthogonal
trivializing set of sections for V' exists in some neighborhood of x. The complementary of
the regular subset is called the singular set of | - || and denoted Sing(| - ||).

Definition 10.13. A harmonic (resp. pluriharmonic) K-local system on a complex ana-
lytic space X is a normed K-local system (V]| - ||) on X such that the associated section
of N(V) — X is harmonic (resp. pluriharmonic): for every x € X and every simply-
connected open neighborhood U of x in X, the induced map U — N (V) is harmonic
(resp. pluriharmonic).

We deduce from Proposition [6.28] the following:

Corollary 10.14. Let (V.|| - ||) be a pluriharmonic K-local system on a complex manifold
X. Then its singular locus Sing(|| - ||) is pluripolar.

If (V,] - ) is plurtharmonic and ey, ..., e is an orthogonal trivializing set of sections,
then the functions log ||e;|| are pluriharmonic.

Definition 10.15. Let V be a K-local system on a complex analytic space. A norm | - ||
on V is called plurisubharmonic if for every local section v of V' the function log ||v]| is
plurisubharmonic.

Proposition 10.16. A pluriharmonic norm is plurisubharmonic.

Proof. Let V be a K-local system on a complex analytic space X. Let || - || be a pluri-
harmonic norm on V. Let v be a local section of V. Locally on the regular locus
of || - ||, there exists a flat orthogonal basis (e;) of V. Writing v = )", a;e;, one has

log ||v|| = max; log ||a;e;||. This shows that log ||v|| is plurisubharmonic on Reg(||-||). Since
Sing(|| - |) € X is a pluripolar subset and log ||v|| is locally Lipschitz continuous, it follows
that log ||v|| is plurisubharmonic on X. O

Theorem [6.29] immediately implies the following extension result.

Theorem 10.17. Let (V)| - ||) be a normed K-local system on a complex analytic space
X. If (V|| -1) is pluriharmonic in restriction to the complementary of a closed pluripolar
subset of X, then (V|| -||) is pluriharmonic.

We will prove later a stronger extension result, c¢f. Theorem Since the singular
locus of a pluriharmonic norm is a closed pluripolar subset of X thanks to Proposition
[6.28] we get the following alternative characterization of pluriharmonicity.

Corollary 10.18. A normed K-local system (V| -||) is pluriharmonic if and only if there
exists a closed pluripolar subset S C X, such that for every point x € X \ S there exists a
local trivializing orthogonal set of sections {e;} of V' such that the functions z — log ||e;(2)]|
are pluriharmonic.

Proposition 10.19. Let (V1,] - ||1) and (Va,|| - ||l2) be two normed K-local systems on a
complez analytic space X. Let (V.| -|) = Vi, - 11) @ (Va, | - |l2). Then, (V.| - ) is
plurtharmonic if and only if (V1, || - |1) and (Va, || - ||2) are pluriharmonic.



104 B. BAKKER, Y. BRUNEBARBE, AND J. TSIMERMAN

Proof. Let Wy, We and W = Wy @& Wy be K-vector spaces of finite dimension. Then
there is a canonical inclusion N'(W;) x N (W3) — N (W) as the subset of norms on W
for which the decomposition W = W; & Wy is orthogonal. This realizes N (W7) x N (Ws)
as a closed convex subset of N(W). Therefore, the proposition is a consequence of the
following general fact: if M is a Riemannian manifold and C' C N is a closed convex subset
of the complete metric space N equipped with the induced metric, then a map M — C is
pluriharmonic if and only if the induced map M — N is pluriharmonic. O

10.5. Asymptotic behaviour of pluriharmonic norms.

Proposition 10.20. Let V' be a K-local system on (D*)" with quasiunipotent local mon-
odromies around zero. Then V admits a flat norm. When the local monodromies are
unipotent, V' admits a flat lattice, i.e. there exists a sub-Ox-local system L C V such that
L®o, K=V.

Proof. Equivalently, one needs to prove that every finite set of commuting unipotent ele-
ments of GL, (K) stabilize a lattice of K", and that every finite set of commuting quasiu-
nipotent elements of GL,(K) have a common fixed point in N (K").

Let Uy, ..., U, be pairwise commuting unipotent elements of GL, (k). One easily proves
that they stabilize a common complete flag of K”. By multiplying every element of a basis
adapted to the flag by an adequate power of the uniformizer, one obtains a lattice in K"
stabilized by the U;’s.

Let T4,...,T, be pairwise commuting quasiunipotent elements of GL,(K). For every
i, let r; be a positive integer such that U; := T;* is unipotent. Let F' C N(K") be the
subset of norms that are fixed by the U;’s. By the preceding paragraph, F' is nonempty.
It is a closed convex subset of AN/(K™), hence it is a NPC space. Since the T;’s commute
pairwise, F' is stabilized by the action of Z™ via the T;’s. It follows from the definition of
F that this action factorizes through (Z/Z")"™. Since F is a non empty NPC space, this
action has a fixed point by the Bruhat-Tits fixed point theorem. O

Definition 10.21. A normed K-local system (V|| -||) on (D*)"™ with quasiunipotent local
monodromies is said to be bounded in the neighborhood of 0 if there exists a flat norm
|- |" on V such that the function z > dary,)(Il - ||z, | - ||%) is bounded in the neighborhood
of 0.

Note that by Proposition [10.20} every K-local system on (D*)™ with quasiunipotent
monodromies admits a flat norm. Moreover, the distance between two flat norms is con-
stant, hence the definition of boundedness does not depend on the choice of the flat norm
-1
Definition 10.22. Let (X, D) be a log smooth complex manifold of dimension n and
set X = X\ D. A normed K-local system (V.| - ||) on X with quasiunipotent local
monodromies around D is said to be locally bounded in the neighborhood of D (or just
locally bounded at infinity) if for every admissible polydisk D™ C X the restriction of
(Vy ]| - |) to D™\ D is bounded in the neighborhood of 0.

Proposition 10.23. Let (V.| - ||) be a pluriharmonic K-local system on (D*)™ with qua-
siunipotent local monodromies. Assume that there exists U C D™ a neighborhood of 0 such
that the restriction of (V,|| - ||) to U\ {0} has finite energy. Then (V.|| - ||) is Lipschitz
continuous in restriction to a neighborhood of 0 (and not only locally Lipschitz continuous).

Proof. Fixing r > 0 such that {(21,...,2,) € D"| Y, |2|*> < r} C U, the proposition
follows by applying Theoremwith R=1land Q. ={(z1,...,2n) € D*)"|e <Y, |z]? <
r} (with the metric induced by the Poincaré metric on (D*)™) for every 0 < € < r. O
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Proposition 10.24. Let (V,||-|) be a pluriharmonic K -local system on (D*)™ with quasi-
unipotent local monodromies around zero. If the restriction of (V)| - ||) to a neighborhood
of 0 has finite energy, then (V,||-||) is bounded in the neighborhood of 0.

Proof. Thanks to Proposition there exists a flat norm || - ||" on V. By Proposition
the function 0: 2 = dpr(v,)(I| - ||z, || - [|2) is plurisubharmonic on (ID*)". Since both || - ||
and || - ||" have finite energy in a neighborhood of 0, it follows from Proposition that
the function ¢ is bounded in the neighborhood of 0 by the function z — C'log (—log |z|) for
some C' > 0. In particular, § extends as a plurisubharmonic function on a neighborhood
of 0 in D™ and therefore it is bounded in a neighborhood of 0. O

10.6. Extension of pluriharmonic norms.

Theorem 10.25. Let D be a normal crossing divisor in a complex manifold X of di-
mension n. Let V be a K-local system on X. Let | -| be a pluriharmonic norm on the
restriction of V to X \ D. Assume that || - || has finite energy with respect to a metric of
Poincaré type on X \ D. Then || - || is the restriction of a unique pluriharmonic norm on
V.

Proof. Since a pluriharmonic norm is continuous, the unicity is clear. In particular, to prove
the existence of the extension, one can work locally on X . Therefore, one can replace X by
an admissible polydisk D™ C X and prove the existence in a neighborhood of 0 € D". By
assumption, the norm |[|-|| belongs to W12((D#)™, N'(V)) for every 0 < r < 1. In particular,
thanks to Proposition , there exists 0 < r < 1 such that in addition the norm || - ||
is bounded on (D¥)". The trace of || - || is a well-defined element of L?(9(D})", N'(V)).
Let || - ||I' be the unique harmonic norm on Vip» with the same trace as [ - || on 9D}, see
Theorem The function (D;)" — Rxo, 2 = dprv,) (|| - ||z, || ||%) is bounded. Moreover, it
is subharmonic by Proposition[6.14] hence by Brelot extension theorem, it extends uniquely
as a subharmonic function on D?. Since its trace in L?(9(D})", R) is zero by Theorem [6.3

it is zero everywhere by the maximum principle. This shows that || - || admits an extension
to D as an harmonic norm, hence in particular as a locally Lipschitz continuous norm.
Thanks to Theorem this extension is pluriharmonic. O

10.7. Existence.

Theorem 10.26. Let (X, D) be a projective log smooth variety and set X = X \ D. Let
V' be a semisimple K-local system on X with quasiunipotent local monodromy. Then V
admits a pluritharmonic norm of finite energy with respect to any Poincaré-type complete
Kadhler metric on X.

Proof. 1t is sufficient to consider the case where V is an irreducible K-local system. Fix
a Poincaré-type complete Kiahler metric on X. Fix x € X. Let p: m (X, 2) — GL(V,) be
the monodromy representation of V. Let X’ — X be a finite étale cover such that the
Zariski closure G of the image of p’ := Pl (x7) is connected (and reductive). Thanks to
Theorem there exists a p/-equivariant harmonic map X — A(G, K) of finite energy.
The induced p'-equivariant map u: X — A(GL(V,)) is thus locally Lipschitz continuous
with finite energy. Applying Proposition [6.12] we get that there exists a p-equivariant
locally Lipschitz continuous map X — A of finite energy. Since p is irreducible, its image
is not contained in any parabolic subgroup of GL(V,), therefore the action of p does not
have any fixed point on dA(GL(V;)). We conclude from Theorem the existence of
a p-equivariant harmonic map u: X — A(GL(V,)) of finite energy, which is necessarily
pluriharmonic thanks to Theorem [6.27] ]

10.8. Induced norm on sublocal systems.
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10.8.1. The local setting.

Lemma 10.27. Suppose {fi}icr is a finite set of subharmonic functions on a connected
Kdhler manifold such that f = max;cr f; is harmonic. Then if f = f; holds at some point
it holds everywhere.

Proof. Suppose f = f; at some point. Then f;— f is subharmonic and achieves its maximum
value, namely zero, hence it is zero everywhere. ([l

Lemma 10.28. Let (V,||-||) be a harmonic K -local system on a connected Kdhler manifold
X. Let {vy,...,v,} be a flat orthogonal basis. Let v be a nonzero section of V' such that
log ||v|| is harmonic. Then, up to renumbering the v;’s, {v,va,...,vn} is a flat orthogonal
basis.

Proof. Write v = ), a;v;, so that log||v| = maxi<;<plog|la;v;||. Since {v1,...,v,} is
a flat orthogonal basis, the functions log ||a;v;|| = log|a;| + log ||v;|| are harmonic. Since
log ||v|| is harmonic by assumption, it follows from Lemma that there exists ¢ such
that ||v]| = ||a;vi|| on X. Finally, thanks to Corollary 0 renumbering the v;’s,
{v,v2,...,v,} is a flat orthogonal basis. O

Lemma 10.29. Let (V.|| - ||) be a harmonic K-local system on a Kdhler manifold X.
Let W C 'V be a sub-K-local system equipped with a harmonic norm | - ||w. Let | - ||v
denote the norm on W induced by || - ||. Assume that for every 1 <i <tk W the function
Xi(ll - llws || - |lv) is harmonic. Assume that both (V.| - ||) and (W] - |lw) admit a flat
orthogonal basis. Then there exists a flat basis (e;) of W which is orthogonal for both || -||v
and || - |lw, that can be completed into a flat orthogonal basis of (V.|| - ||) and such that

M- w1 1) = Togs e

leillw
Proof. By induction on the rank of V. There is nothing to prove if V has rank zero.
Therefore, let us assume that the rank of V' is positive. Let {v1,...,v,} be a flat orthogonal
basis of (V)] -||) and {w1,...,w,} be a flat orthogonal basis of (W, || - ||s). Thanks to
Proposition [10.6, one has

[willv
K : = 1 .
1l llw 1+ llv) = max log il
By assumption, the functions log % are subharmonic. It follows from Lemma [10.27
that A (|| - lw, || - |[v) = log ||w;||v — log||w;||w for some i. This shows that the function
log [|lwil| = Ai(]| - |v, || - [[w) + log ||w;||w is harmonic. Therefore, thanks to Lemma [10.28
up to renumbering the v;’s, one can assume that {w;,ve,...,v,} is a flat orthogonal basis
of (V.| - )
Let V' be the sublocal system of V generated by the v;’s with i > 2, so that the
decomposition V. = Kw; @ V' is || - ||-orthogonal. Therefore the norm || - ||y induced by

| - || on V' is harmonic by Proposition

Let W/ := W NV’ Then the decomposition W = Kw; & W' is || - ||y-orthogonal.
Thanks to Corollary the decomposition W = Kw; ® W' is also || - ||w-orthogonal. In
particular, the norm || - ||y induced by || - |[w on W’ is harmonic by Proposition
Moreover, thanks to Corollary for every integer ¢ € {1,...,rkV — 1}, one has

Aill - M (- llvOme) = Xaea - llws - ()

Therefore one can apply the induction to (V'] - [|y+) and (W’,|| - ||w+) and conclude the
proof. O

Lemma 10.30. Let (V.|| - ||) be a pluriharmonic K -local system on a Kdihler manifold X .
Let W C V be a sub-K-local system equipped with a pluriharmonic norm || - ||w. Let | - ||v
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denote the norm on W induced by || - ||. Assume that for every 1 <i <tk W the function
Xi(ll - lws Il - lv) is pluriharmonic. Then the norm on W @ (V/W) induced by || - || is
pluriharmonic.

Proof. By Proposition [10.10, the norm on W & (V/W) induced || - || is locally Lipschitz
continuous. Since Sing(|| - ||) and Sing(|| - ||w) are closed pluripolar subsets of X by Corol-
lary [10.14} thanks to Theorem [10.17]it is sufficient to prove that the norm on W & (V/W)

induced || - || is pluriharmonic on Reg(|| - ||) "Reg(]| - [[w). Since pluriharmonicity is a local
property, one can assume that both (V|| -||) and (W, || - ||w) admit a flat orthogonal basis,
so that one can apply Lemma [10.29] to conclude. O

Corollary 10.31. Let (V,||-||) be a pluriharmonic K -local system on a connected complex
analytic space X. Let W C V be a sub-K -local system. If the norm on W induced by || - ||

is pluritharmonic, then the norm on V/W induced || - || is pluriharmonic.
Proof. This a direct consequence of Lemma [10.30} in which we take for || - || the norm
on W induced by || - || O

10.8.2. The global setting.

Proposition 10.32. Let (X, D) be a compact log smooth Kdihler manifold and set X =
X\ D. Let V be a K-local system on X, with quasiunipotent local monodromy. Let || - || be
a plurisubharmonic norm on V' (see Definition , which is locally bounded at infinity.

Let W C V be a sub-K-local system equipped with a pluriharmonic norm || - ||y which is
locally bounded at infinity. Then the functions \i(|| - lw, | - jw) are constant for every
1< <rkW.

Proof. Thanks to Corollary the function Zle Ai([]lw s [I-[ljw) is equal to the function
AL(AF(| - Jlw, AF[| - Jljw) for every k. But the latter is a plurisubharmonic on X and locally

bounded at infinity, hence it is constant on X. It follows that the function A;(||-[[w, [ - [/jw)
are constant. ]
Theorem 10.33. Let (X, D) be a compact log smooth Kdihler manifold and set X = X\ D.
Let V' be a K-local system on X, with quasiunipotent local monodromy. Let | - | be a

pluriharmonic norm on V', which is locally bounded at infinity. Let W C V be a sub-K -
local system. Assume that W admits a plurtharmonic norm which is locally bounded at
infinity. Then the norm induced by || -|| on W &V /W is pluriharmonic and locally bounded
at infinity.

Proof. Let || - ||w be a pluriharmonic norm on W which is locally bounded at infinity.
Thanks to Proposition [10.32, the functions A;(|| - [|w, || - [/jw~) are constant. It follows from
Lemma |10.30| that the norm induced by || - || on W & V/W is pluriharmonic. Moreover, it

is locally bounded at infinity thanks to Proposition [10.10] U
Corollary 10.34. Let (X, D) be a compact log smooth Kdihler manifold and set X = X\ D.
Let V' be a K-local system on X, with quasiunipotent local monodromy. Let | - | be a

pluriharmonic norm on V', which is locally bounded at infinity. Let Wy C V' be a filtration
by sub-K -local systems. Assume that gr'V'V admits a pluriharmonic norm which is locally
bounded at infinity. Then the norm induced by || - || on gtV is pluriharmonic and locally
bounded at infinity.

Proof. By induction on rk V. Let W C V be the smallest non-zero piece of the filtration
We. By assumption, W admits a pluriharmonic norm which is locally bounded at infinity.
Thanks to Theorem the norm induced by || - || on W @& V/W is pluriharmonic and
locally bounded at infinity. Let W, C V/W be the filtration induced by Wy on V/W. Since
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g’ V/W is a factor of gr'¥ V| it admits a pluriharmonic norm which is locally bounded

at infinity, see Proposition [10.19] Therefore one can conclude by induction. U
Corollary 10.35. Let (X, D) be a compact log smooth Kdihler manifold and set X = X\ D.
Let V' be a K-local system on X, with quasiunipotent local monodromy. Let || - | be a

pluriharmonic norm on V', which is locally bounded at infinity. Let W® C V' be a filtration
by sub-K -local systems. Assume that gr'V'V is a semisimple K-local system. Then the
induced norm on gr'V'V is pluriharmonic and locally bounded at infinity.

Proof. Follows from Theorem [10.26| and Corollary [10.34] ]

10.9. The characteristic polynomial of a pluriharmonic local system. The mate-
rial presented in this section is close to some material presented in [65, [61], [44] 67, 29| [14]
in a slightly different setting.

Let (V,||-]|) be a pluriharmonic K-local system of rank r on a complex manifold X. Let
x € X\ Sing(V, |- ||) and {v1,...,v,} be a flat orthogonal basis of V' in a neighborhood U
of z. Let w; := dlog||v;|| for every i. Since the functions log ||v;|| are pluriharmonic, the
w;’s are holomorphic one-forms. Another choice of a flat orthogonal basis yields the same
collection, up to permutation, thanks to the following lemma.

Lemma 10.36. Let (V.|| -||) be a harmonic K -local system on a connected complex man-
ifold U. Let {v1,...,v} and {v],...,v.} be two flat orthogonal basis of V. Then, up to
reordering the first basis, one has log ||v;|| = log ||vl|| + kiq for some integers k;.

Proof. For every x € U, one has log ||V, \ {0}| = U; log ||vi|| + ¢Z. Therefore, for a fixed i,
U is the union the closed subsets {log ||v}|| = log||v;|| + k} with j € {1,...,r} and k € Z.
By Baire category theorem, one of these subsets has non empty interior, hence is equal to
U by analytic continuation. O

In particular, if T is a formal variable, the coefficients of the polynomial P(T) :=
[I,(T —w;) =T + 077" + -+ + 0, are well-defined holomorphic symmetric forms on
U \ Sing(V, || - ||). Since these forms do not depend on any choices, varying the point x,
we get a well-defined polynomial P(T) = T" + 017" ~! + --- 4 0, whose coefficients are
holomorphic symmetric forms on X \ Sing(V, || - ||). The pluriharmonic map X — N (Vy,)
associated to (V)] - ||) is locally Lipschitz continuous, therefore the forms o; are locally
bounded in the neighborhood of every point of Sing(V, || - ||). Since by Theorem the
singular locus of (V|| - ||) has Hausdorff codimension at least 2, they extend to X by [105],
Lemma 3.(ii)]. We call the polynomial P(7T') the characteristic polynomial of (V,|| - ||).

Proposition 10.37. Let (V,||-]|) be a pluriharmonic K -local system on a complex manifold
X. LetY be a complex manifold and f:Y — X be a holomorphic map. Then the charac-
teristic polynomial of f*(V,| - ||) is equal to the pull-back of the characteristic polynomial

of (Vi II-11)-

Proof. As in [44, §1.4]. The pluriharmonic norm corresponds to a pluriharmonic map
uw: X — A which is locally Lipschitz continuous (Theorem [6.5). The building A has a
length structure: any Lipschitz continuous arc v : [0,1] — A has a well defined length
by using the local metric embedding in euclidean space. Concretely, any such arc can be
decomposed into arcs contained in an apartment, and the length of such an arc is the
standard length with respect to the euclidean metric given by the canonical coordinates.
By pushing forward arcs, X acquires a length structure. By deforming any arc to the
regular locus using Theorem [6.24] it is equivalently described by taking the integral of the
square root of the sum of the squares of the real parts of the roots of Pj,. The length
structure on Y is clearly the pullback of that of X, as both are pulled back from A. It
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therefore remains to show the length structure determines the characteristic polynomial.
In the regular locus we may find arcs for which all but one of the real parts of the roots
vanish, and then the length function determines the restriction of the form. Taking such
arcs through a point we thereby determine the real parts of the roots, hence the roots, and
therefore the characteristic polynomial at that point. As the regular locus is dense, the
length structure determines Py . O

Proposition 10.38. If0 — (Vi, ||-[1) = (V,|I-]l) = (Va, ||-]l2) = 0 is an ezact sequence of
pluriharmonic K -local systems on a complex manifold X, then the characteristic polynomial
of (V.|| - ||) is equal to the product of the characteristic polynomials of (Vi,| - |1) and

(Vas [+ l2)-

Proof. One can assume that X is connected. Let = € Reg(V,||-||) "Reg(V1, || -||1). Thanks
to Lemma [10.29| there exists in the neighborhood of x a flat orthogonal basis (v1,...,vg)
of (Vi,||-|l1) that completes into a flat orthogonal basis (v1,...,v,) of (V,||-]|). A fortiori,

the images of (vg41,...,v,) in Va give a flat orthogonal basis of (Va, || - ||2). Therefore, the
equality from the statement holds in a neighborhood of x, hence on the whole of X by
analytic continuation. O

Definition 10.39. Let (V,||-||) be a pluriharmonic K-local system of rank r on a complex
manifold X. We say that its characteristic polynomial P(T') is split if there exists r
holomorphic one-forms wy, - - ,w, € H(X, Q%) such that P(T) := [[.(T — w;).

By construction, the characteristic polynomial of a pluriharmonic K-local system (V/, ||-||)
is split in the neighborhood of every point of X \ Sing(V/ || - ||).

Proposition 10.40. Let (X, D) be a compact log smooth Kihler manifold and set X =
X\D. Let (V,||-|) be a pluriharmonic K -local system of rank r on X, with quasiunipotent
local monodromy and finite energy. Then the coefficients of its characteristic polynomial
extend (uniquely) as holomorphic logarithmic symmetric forms on (X, D). Moreover, if
the characteristic polynomial P(T) of (V,| - |lv) is split, then there exist n holomorphic
one-forms wi, . ..,w, on X such that P(T) = [T(T — wi|x).

In particular, if X is algebraic, then by GAGA the coefficients of the characteristic
polynomial are algebraic symmetric forms on X.

Proof. Let P(T) = T" + o1T"~' 4 --- 4+ o, be the characteristic polynomial of (V|| -
). Tts coefficients are holomorphic symmetric forms on X. Let x € X be a smooth
point of D, so that there exists an admissible polydisk D? C X centered at x such that
DND? = {z = 0}. Thanks to Proposition the restriction of the forms oy, to
D¢\ D are bounded in the neighborhood of 0 with respect to the Poincaré metric on
DY\ D. Write oy, = >_laj=k Ta(2)dz" for some holomorphic functions 7, on D9\ D. Here

a=(ai,...,aq) € N with |a| := Z?:l o; and dz® ;= dz{" .. .dz;". Then
d
2 A
lokl2, = D Ima(2) (Jz1]log 21 *) ™ T = [z,
|a|:k 1=2

so that the function |74(2)[? (|21]log |21\2)2a1

is bounded in the neighborhood of 0 for every
a. It follows that z — 7,(2) - 2} extends as a holomorphic function on D?. This shows
that o extends as a holomorphic logarithmic symmetric form on the complementary of
the singular locus of D in X, hence on the whole of X since the later has codimension at
least 2 in X.

Assume now that the characteristic polynomial P(T") of (V.|| - ||v) is split, so that

there exist r holomorphic one-forms wy,...,w, on X such that P(T) = [[,(T — w;). The
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holomorphic one-forms wi,...,w, are orthogonal on the regular locus of (V.|| - ||), hence
everywhere on X. Since (V)| - ||) has bounded energy, it follows that the w;’s are square
integrable in a Poincaré type metric on X. Working near a smooth point of D as above
and writing w; = Zld:l ¢i1dz; for some holomorphic functions ¢;; on Dd \ D, we get that

/ o i1 (2)[%i%dzy AdZy A ... Adzg A dZg < o0
D*xDa—

and that
1

2
A4
/D*del 0l Plog P + 1)2

for every I > 1. This implies that the ¢;’s extend as holomorphic functions on D?, hence
the w;’s extend as holomorphic one-forms on X. ]

Lemma 10.41. Let (X, D) be a log smooth Kdihler manifold. Let P(T) be a monic polyno-
mial with log symmetric form coefficients on (X, D) which is locally split on a dense Zariski
open. Then there is a log smooth Kdhler manifold (X', D") and a proper generically finite
f:(X',D") — (X, D) such that f*P is globally split on X' with log form roots.

Proof. Let ¢ : E — X be the total space of the vector bundle Q¢ (log D), and the tauto-
logical section s of ¢*Q2¢(log D) yields a tautological section a of Qg(logq~t(D)). There
is then a closed analytic subvariety Z(P) C E where s satisfies the polynomial ¢*P as a
section of ¢*Q ¢ (log D), or equivalently where « satisfies ¢* P as a form. Since P is monic,
Z(P) is finite over X. Since P is locally split on a dense Zariski open, it follows that Z(P)
dominates X, so there is an irreducible component Z of the reduction of Z(P) which is
not the zero section and which dominates X. Let « : (Y, Dy) — (Z,Z N7 (D)) be a
log resolution and g : (Y, Dy) — (X, D). Then the pullback 7*«a is a log form and a root
of g*P, so g*P factors. Since the factors also have log symmetric form coefficients, by
induction on the degree of P the proof is completed. O

idzy Ndzy A .. Ndzg A dZg < 00

Proposition 10.42. Let V be a K-local system on a smooth complex algebraic variety X
with quasiunipotent local monodromy. Let || - || and || - ||" be two pluriharmonic norms on
V', that are locally bounded at infinity. Then their characteristic polynomials are equal.

Proof. Thanks to Proposition [10.32} the relative spectrum of || -|| and || - ||’ is constant. Let
x € X\ (Sing(|| - ||) U Sing(]| - [|")). Then by Lemma [10.29| there exist a flat basis (e;) of V'

in a neighborhood of & which is orthogonal for both norms and such that \;(|| - ||, || - ||") =
lleill”
lleall -

log I
are equal in a neighborhood of x, hence everywhere by analytic continuation. O

By differentiating, we get that the characteristic polynomials of || - || and || -

Corollary 10.43. Let V be a K-local system on a smooth complex algebraic variety X,
equipped with a pluriharmonic norm || - || which is locally bounded at infinity. If V is
trivializable, then || - || is necessarily flat.

Proof. Thanks to Proposition [10.42} the coefficients of the characteristic polynomial of |- ||
are zero (except the top coefficient). It follows that the pluriharmonic map corresponding
to || - || is constant on the regular locus of || - ||, hence everywhere by density of the regular
locus. t

10.10. The canonical current. Let (X, D) be a compact log smooth Kihler manifold
and set X = X \ D. Let (V| -||) be a pluriharmonic K-local system of rank r on X, with
quasiunipotent local monodromy and finite energy. In the neighborhood of any regular
point of (V,|| - ||), there is a collection of r holomorphic one-forms w;, well-defined up to
permutation. Therefore the smooth semipositive (1, 1)-form /=1, w; A&w; is well-defined
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on the regular locus of (V|| - ||). Moreover, it extends uniquely as closed positive (1,1)-
current w with continuous potential on X. This is an obvious consequence of Proposition
if the characteristic polynomial of (V]| - ||) is split. The general case follows from
the existence of the spectral cover (see Lemma and a classical average procedure.

The current w is called the canonical current associated to (V| - ||), and it follows from
Proposition that it depends only on the underlying local system V.

Proposition 10.44 (See [58, Proposition 2.2 and [44, Proposition 3.3.6]). Let (X, D) be
a compact log smooth Kihler manifold and set X = X \ D. Let (V|| -||) be a plurihar-
monic K -local system on X, with quasiunipotent local monodromy and finite energy. Let
wy be the associated current. Fix xg € X. Let p: m(X,x9) = GL(V,,) be the monodromy
representation of V. and u: X — N(Vy,) be the p-equivariant pluriharmonic map corre-
sponding to (V.|| - |]). Choose Q € N(Vy,) and let ¢: X — Rsq be the function defined as
d(x) =2 do(u(x), Q) for every x € X. Then dd¢ > wy.

10.11. The graded nearby cycle functor for pluriharmonic local systems.

Proposition 10.45. Let (V,| - ||) be a pluriharmonic K-local system on (D*)F x Dn=F
with quasiunipotent local monodromy and finite energy. Assume that (V.|| -||) extends as
a normed K-local system to (DX)* x D% for some r > 1. Let W, be a filtration of V
by sub-K -local systems such that the K-local system gr'V'V extends to D™. Then, up to
going to a finite étale cover (D*)F x D*F — (D*)F x D%, there exists a pluriharmonic
K-local system (V') || - ||") on D™ equipped with a filtration W by sub-K -local systems and
an isomorphism ng/ V!~ gtV as graded normed K-local systems on (D*)F x D=k,

Proof. Since (V|| - ||) has finite energy, thanks to Proposition it is locally bounded
in the neighborhood of 0. Fix a point P € (D*)* x D"* and let u: H* x D"* — N (Vp)
be the Z*-equivariant pluriharmonic map associated to || - |. Since the image of u is
bounded, it meets only finitely many simplices of N'(Vp). Since the monodromy action
preserves the simplicial structure of A (Vp), a finite index of the monodromy group Z*
acts trivially on the image of u. Therefore, u factorizes through a finite étale cover of
(D*)* x D"*. Note that the induced map v: (D*)¥ x D% — A/(Vp) has finite energy
with respect to the Poincaré metric on (D*)* x D"~*. Let V' (resp. W/) be the constant
local system on D™ with fiber Vp (resp. (W;)p) at P. The map v endows the restriction of
V' to (D*)* x D" * with a pluriharmonic norm, which thanks to Theorem extends
(uniquely) as a pluriharmonic norm on V' on D™. By construction, there is an isomorphism
ng/ V! ~ gtV as graded normed K-local systems on (D*)¥ xD"~*  so that the statement
follows. 0

Proposition 10.46. Let D be a compact Kihler manifold. Let E C D be a simple normal
crossing diwisor. Let N > 0. For every 0 < k < N, let Gy, be a K-local system on D\ E
with quasiunipotent local monodromy, and || - || be a norm on Gy, which is locally bounded
at infinity. Assume the following conditions hold:
o Fvery Gy admits a pluriharmonic norm which is locally bounded at infinity.
e In the neighborhood of every x € D\ E, there exists a pluriharmonic K -local system
(V' - 11) equipped with a filtration W by sub-K -local systems such that, for every
k, the K-local system ngV/ V' equipped with the norm induced by |||’ is isomorphic
to (G, || - |lx) as normed K-local systems.
Then the norms || - || are pluriharmonic for every k.
Proof. By induction on N. There is nothing to prove if N = 0. Assume that N > 1.

Without lost of generality, one can assume that Gg is non-zero. By assumption, Gy admits
a pluriharmonic norm || - ||z which is locally bounded at infinity.
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Let z € D\ E, and let (V' || -||') and W, as in the statement of the proposition. Let
| - || be the plurisubharmonic norm on W{ induced by the pluriharmonic norm || - ||’. By
assumption, (W, |l - 115) =~ (Go, |l - llo) as normed K-local systems in the neighborhood
of . In particular, by letting = cover D \ E, we get that the norm | - |jp on Gy is
plurisubharmonic. It follows from Proposition (applied to W =V = Gy) that the
functions A;(|| - ||&, || - ||o) are constant for every i. On the other hand, working again in
the neighborhood of € D \ E, the functions A;(|| - ||z, || - ||;) are equal to the functions
Xi(|l 125 1 - 1lo), hence constant. Therefore, by Proposition [10.30] the norm induced by |-’
on W} @ (V'/W() is pluriharmonic. In particular, the norm || - ||o on Gy is pluriharmonic.
But replacing (V' - ||') and W by (V//W{,| - ||") and W[/W{ in the neighborhood of
every x € D\ E, we can apply the induction and conclude the proof. ]

We consider the following setting:

e Let D C U be an inclusion of a compact Kéahler manifold in a Kéahler manifold.
Let £ C U be a divisor such that D U E is a simple normal crossing divisor of U.

e Let V be a K-local system on U \ (D U E) with quasiunipotent local monodromy.

e Let |- || be a pluriharmonic on V', with finite energy with respect to a Poincaré-like
Kahler metric on U \ (D U E).

o Let W, be a filtration of V' by sub-K-local systems on U \ (D U E), such that the
K-local system gr'V' V extends to U \ E.

Theorem 10.47. Setting as above.
(1) The norm gt || - || induced by || - || on (gr'"’ V)U\(DUE

norm on the extension of gt"V'V to U\ E, and this norm is locally bounded in the
neighborhood of E.
(2) Assume in addition that the K-local system (gr'V V)‘D\E

norm which is locally bounded at infinity (this is the case for example if it is
semisimple by Theorem and Proposition |10.24)). Then the restriction of the

) extends as a continuous

admits a plurtharmonic

norm gt || - || to D\ E is pluriharmonic and locally bounded in the neighborhood
of E.
Proof. For part (1), the fact that the norm gr'V| - || extends as a continuous norm on

U\ E can be checked locally on D\ E and therefore follows from Proposition Since
(V]I -]l) has finite energy, it follows from Proposition [10.24] that || - || is locally bounded in
the neighborhood of E. Using Proposition [10.10|it follows that gr'V’ || || is locally bounded
in the neighborhood of E, therefore so is its continuous extension to U \ E.

For part (2), it follows immediately from part (1) that the restriction of the norm
gtW'|| - || to D\ E is locally bounded in the neighborhood of E. Moreover, thanks to
Proposition every x € D\ E admits an open neighborhood in D \ E over which
there exists a pluriharmonic K-local system (V’, ||-||") equipped with a filtration W, by sub-
K-local systems and an isomorphism gry» V' ~ gry, V' as graded normed K-local system.
Therefore, the pluriharmonicity of the restriction to D\ E of gr'V || - || is a consequence of
Proposition ([l

Theorem 10.48. Let (X, D) be a compact log smooth Kdihler manifold and set X = X\ D.
Let (V,||-|lv) be a pluriharmonic K -local system on X with unipotent local monodromy and
finite energy. Let Dy, be an irreducible component of D. Assume that the K -local system V'
is semisimple. Then the graded nearby-cycle K-local system grip,V inherits a canonical
pluriharmonic norm which is locally bounded at infinity. Moreover, if the characteristic
polynomial of (V|| - ||v) is split, then its restriction to Dy is equal to the characteristic
polynomial of gripp, (V.|| - |lv) (which in particular is split).
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Proof. The construction of grp, (V.| - ) is a particular case of Theorem [10.47] The
assertion on the characteristic polynomial follows from the construction in view of Propo-

sition [10.42] Proposition [I0.37] and Proposition [10.38] O
Corollary 10.49. With the setup of Theorem we have Werop, V = wv|p, -

Note that w has continuous potentials locally on X, so the restriction makes sense.

11. ALGEBRAIC INTEGRABILITY OF THE KATZARKOV—ZUO FOLIATION

Throughout we fix a prime p and consider Q with a choice of p-adic valuation v. The
valuation v on Q yields a completion Q, of Q and we let @p be the algebraic closure of
Qp in Qy, equipped with the natural embedding Q C Qp. We reserve the notation K for
a general non-archimedean local field and K an algebraic closure of K.

The main goal of this section is to prove the following generalization of a theorem of
Eyssidieux [44] to the non-proper case:

Theorem 11.1. Let X be a connected normal algebraic space, ¥ C Mp(X)(C)* an
absolute Q-constructible set of semisimple local systems with quasiunipotent local mon-
odromy. Then the v-adic Katzarkov-Zuo foliation of X associated to the Q-points ©(Q) of
Y (equipped with the valuation v) is algebraically integrable.

We define these notions more precisely in the following section. The proof follows the
strategy of Eyssidieux, the main new input being Theorem

11.1. Preliminaries. Note that any K-local system on a complex algebraic variety Y
is defined over some finite extension of K, since the fundamental group of Y is finitely
generated. Let (X, D) be a log smooth proper algebraic space, with X = X \ D. Let
V be a semisimple K-local system on X with quasiunipotent local monodromy, which is
defined over a finite extension L of K. According to Theorem and Proposition
V' can be equipped with a pluriharmonic norm which is locally bounded at infinity. As
in Section the resulting characteristic polynomial P, whose coefficients are log sym-
metric forms is independent of the choice of such a norm on V' by Proposition In
particular, since the base extension of a pluriharmonic norm which is locally bounded at
infinity is also pluriharmonic and bounded at infinity, Py is canonically associated to V
(i.e., independent of L). By Lemma there is a generically finite proper morphism
[ (X,D') — (X,D) such that f*Py = Pj+y is split and whose roots are closed one-
forms. We refer to the Stein factorization fyr : Xyy — X as a spectral cover. The key
property of these symmetric forms is the following:

Lemma 11.2. Let f : X — A be the pluriharmonic map given by the norm on the universal
coverm: X — X, Let Z be a connected normal analytic space and g : Z — X an analytic
morphism. Then f o g is constant if and only if the coefficients of (w o g)* Py vanish as
sections of Sym* Qzres on Z™8. Moreover, if this is the case, then the monodromy of g*V
s bounded.

Proof. The map fog is pluriharmonic and by Theorem there is locally an orthogonal
basis on Z"8 \ W where W has Hausdorff codimension 2 in the nonsingular locus. By
Proposition the coefficients of (7 o g)* Py are then constant if and only if the norms
of this basis (and therefore the norm itself) are locally constant on this set. This gives the
forward direction, and the reverse direction follows since 2™ \ W is dense in Z. For the
final claim, we need only observe that the image of (f o g) is stabilized by the monodromy
of g*V and the stabilizer of a point in A is bounded. O
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We now extend this picture to normal algebraic spaces. The following terminology is
useful.

Definition 11.3. As in [44], for a connected normal algebraic space X, by an extendable
one-form (resp. log extendable one-form) v on X we mean a one-form on X"# such that
for some (hence any) pair (Y,Y) consisting of a resolution 7 : ¥ — X and a log smooth
compactification Y of Y, a extends to a one-form on Y (resp. a log one-form on Y with
poles along Y \ Y) that vanishes on fibers F of 7 as a section of {res.

Lemma 11.4. Let X be a connected normal algebraic space.

(1) The natural Hodge structure on H*(X,C) has weights 1 and 2.

(2) Taking de Rham cohomology class yields an isomorphism between the space of ex-
tendable one-forms (resp. log extendable one-forms) on X and W1F'H'(X,C)
(resp. F*HY(X,C)).

(3) Integration yields natural Albanese maps (unique up to translation on the target)

X < Alb(X) =———= H;(X,C)/F° + H1(X,Z)
gt AlIb(X) == gt H1(X,C)/F° + o™, H1(X,Z)

and pull-back along X — gr™; AIb(X) (resp. X — AIb(X)) is an isomorphism
on spaces of extendable one-forms (resp. log extendable one-forms). The Albanese
maps are naturally algebraic.

Proof. Standard, see for example [35], 36]. O

Let X be a connected normal algebraic space. For a semisimple K-local system V on
X with quasiunipotent local monodromy, we may take a resolution 7 : ¥ — X and by
the above there is a spectral cover fr«y : Yi«yy — Y. We refer to the Stein factorization
fv : Xy — X as a spectral cover of V.

Corollary 11.5. Let X be a connected normal algebraic space, V a semisimple K -local
system with quasiunipotent local monodromy, and fyv : Xy — X the spectral cover. Then
the roots of Przv = [y, Py are extendable one-forms.

Proof. Immediate by Proposition [10.40} O

For any finite set ¥ C Mp(X)(K) of semisimple local systems with quasiunipotent local
monodromy, we thus have the following:

e A finite dominant cover fs, : X5 — X from a connected normal space Xyx. After
taking Galois closure we may assume we also have a group action of a finite group
Gy on Xy realizing fs, as the quotient map.

e A Gy-invariant space Ey, C WlFlHl(Xg, C) of extendable 1-forms.

e A minimal quotient Alb(Xy) — Ay, to an abelian variety Ay, from which the forms
in Ex, are pulled back, which is therefore equivariant with respect to the natural
G, action.

e A Gy-equivariant map ay : Xy — Ay, well-defined up to translation.

The space Ex naturally defines a foliation on Ay, whose leaves are (locally) affine sub-
spaces. For any y € X5, we obtain a natural germ of an analytic subspace of Xy by taking
the reduced pullback by ay, of a leaf through ax(y). The group Gy naturally acts on these
germs, so to any point x € X we obtain a natural germ of a reduced analytic subspace
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Ls(x), which we call a ¥-leaf. This germ has the property that for any irreducible alge-
braic subvariety ¢ : Z — X through x, the local systems i*¥ have bounded monodromy if
and only if the germ of Z is contained in Lx(x).

Definition 11.6. Let ¥ C Mp(X)(K) be a set of semisimple local systems with qua-
siunipotent local monodromy. The X-leaf through x (also denoted Lx(x)) is the Xo-leaf
through z for sufficiently large finite o C X. We say X is algebraically integrable if each
Y-leaf is algebraic—that is, has nonempty interior in its Zariski closure.

For a subset ¥ C M p(X)(Q), we may speak of the X-leaves via the embedding Q C Q,.

Remark 11.7. The map X — Sy, g := Gx\Ay is called a K-Katzarkov-Zuo reduction
(with respect to X). It has the property that the connected component of the fiber through
x is the maximal connected algebraic subvariety containing x which is tangent to the leaf
Ly (x). In the proper case one often takes the Stein factorization to make it the unique
fibration with this property.

Lemma 11.8. Let X be a connected normal algebraic space. Let ¥ C Mp(X)(K) be a set
of semisimple local systems with quasiunipotent local monodromy. Then there is a finite
set Xo C X such that for every point v € X, Lx(x) = Ly, ().

Proof. Clearly Lx(x) C Lx,(z) for any point x and any subset ¥y C ¥. Since Ay is a
proper abelian variety, the foliation extends to a compactification X of X. Observe that
for any finite set ¥y C 3, the sets X(Zg,n) := {z € X | dim Ly, (x) > n} C X are closed
algebraic subsets. Indeed, the corresponding sets in Xy, (meaning the normalization of
X in Xy,) are closed analytic subsets, hence algebraic by Chow’s theorem. For each n,
an increasing sequence of finite subsets Y yields a decreasing sequence of closed algebraic
subsets X (3o, n) which must therefore stabilize. Thus there exists a finite subset ¥y C ¥
for which the leaves of ¥y and ¥ have the same dimension at every point x. Applying the
same argument to the subsets {z € X | # branches of Ly, (z) > n}, the claim follows. O

Lemma 11.9. Let ¥ C Mpg(X)(K) be a set of semisimple local systems with quasiunipo-
tent local monodromy.

(1) Let g : Z — X be an algebraic map from a connected normal algebraic space Z .
Then the leaves of g*3 are the pullbacks of the leaves of 3.

(2) Let ¥ = {V} with V. = @, Vi and set X' = {V;}?_,. Then the leaves of ¥ are
equal to the leaves of ¥'.

(3) Let ¥ = {V} with V = Q;—, Vi and set ¥/ = {V;}"_,. Assume detV; is trivial for
i > 1. Then the leaves of ¥ are equal to the leaves of X'.

Proof. (1) Clear.

(2) It suffices to observe that for a single K-local system V = V'@ V", the leaves of V
are the intersections of the leaves of V/ and V", since the characteristic polynomial
of V is the product of those of V' and V" by Proposition

(3) Likewise, it suffices to assume V = V' ® V" where V" has trivial determinant.
The roots of py are a; + af, where o (resp. af) are the roots of py (resp. pyn).
Certainly then the intersections of the leaves of V/ and V" are contained in the
leaves of V. The characteristic polynomial of the determinant of V" is T'— y a}’ ,
so 0 = 3, af vanishes. Thus, since >, o + o} = rk(V")a;, we have the reverse
containment as well. 0

Corollary 11.10. Let ¥ C Mpg(X)(K) be a set of semisimple local systems with quasiu-
nipotent local monodromy. After passing to a finite étale cover f : X' — X and replacing

Y with f*%, there is a finite subset of irreducible local systems Yo C Mp(X)(K) with the
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same leaves as f*% such that any V € Xq is either abelian or has monodromy which is
Zariski dense in a simple K-group.

Proof. Let 3y C ¥ be a finite set with the same leaves as 3, using Lemma . By (1),
passing to a finite étale cover, the leaves of f*3 and f*¥g will be the same. Thus, we may
assume that the algebraic monodromy of each local system in ¥y is connected. By (2)
we may then replace ¥y with a finite set of irreducible local systems by taking irreducible
factors. For each element V' of ¥, we may replace V with {End(V),det(V)}: if py has
roots «;, then End(V) (resp. det(V)) has roots a; — «j (resp > «;), and {a;}i<, and
{oi —aj}ij<r U{D_ a;} have the same span. Finally, the algebraic monodromy of End(V)
is the adjoint form of the derived group of the algebraic monodromy of V', so End (V') splits
as a product of local systems each of which has simple algebraic monodromy. By (3) we
may replace End(V') with these factors, and this completes the proof. [l

Corollary 11.11. Let ¥ C Mp(X)(C) be an absolute Q-constructible set of semisimple lo-
cal systems with quasiunipotent local monodromy. There is a finite étale cover f : X' — X,
an absolute Q-constructible ' C Mp(X')(C) set of semisimple local systems with quasi-
unipotent local monodromy, and a finite subset £o C X'(Q) such that f*3(Q), ¥ (Q), o
have the same leaves and any V € Xq is either abelian or has monodromy which is Zariski

dense in a simple Q-group.

Proof. By Proposition the direct factors and tensor components of the previous corol-
lary can be extracted with Q-absolute operations. O

11.2. Main step. The main step of the proof of Theorem [11.1|is the following, whose
proof closely follows the strategy of Eyssidieux using Simpson’s Lefschetz theorem as in
[ $5].

Proposition 11.12. Let X be a connected smooth algebraic space, (X, D) a log smooth
compactification, and ¥ C Mp(X)(K) a set of semisimple local systems with unipotent
local monodromy. Assume that:

(1) For each normalization of a strict subvariety i : Z — X, i*% is algebraically
integrable.

(2) For each component Dy of D, the image under the graded nearby cycles functor
gripp, % s algebraically integrable.

Then either ¥ is algebraically integrable or the commutator subgroup [m (X, x), ™ (X, x)] C
m1 (X, x) has bounded image under the monodromy representation py 4 for any V € X.

Proof. By Lemma [I1.§ may replace 3 with a finite subset with the same leaves. Replacing
X with a resolution of the spectral cover, we have a map a : X — A to an abelian variety
(spanned by X) and a space E C H%(A,Q4) of one-forms defining a foliation of A by
affine subspaces. By the minimality condition on A, there are no algebraic subvarieties
of A which are contained in an affine subspace cut out by E. Throughout, by a leaf of a
subvariety Y C A we mean the germ of an intersection of an affine subspace cut out by F
with Y.

From now on, we assume that X is not algebraically integrable, in which case we will
show that the second alternative holds. Thus, a(X) contains a positive-dimensional leaf.
The assumption (1) implies: for any strict subspace Z C X, the image of Z under X — A
has no positive-dimensional leaves. Thus, any positive-dimensional leaf of a(X) is Zariski-
dense in a(X). Moreover, every positive-dimensional leaf of a(X) must be 1-dimensional,
or else it would intersect a strict algebraic subvariety in positive dimension. Thus, dim E >
dima(X) — 1. Finally, a is generically finite: otherwise, by taking a generic multisection
of a, (1) would imply that ¥ is algebraically integrable.
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Let X be a log smooth compactification of X with boundary D. Note that the map
a: X — A automatically extends to a map @ : X — A. According to Theorem the
restrictions of the one-forms E to any component Dy of D define the foliation corresponding
to the image of the nearby cycles functor, and therefore by (2) it follows that a(D) contains
no positive-dimensional leaves.

The proof proceeds as in Eyssidieux’s proof in the projective case, although we sim-
plify the argument by replacing the use of Eyssidieux’s higher-dimensional version of the
Castelnuovo—de Franchis theorem by the so-called weak Ax—Schanuel theorem:

Theorem 11.13 (Ax [4]). Let A be an abelian variety, L C A the germ of an affine
subspace, and S C A an algebraic subvariety. If U is an irreducible germ of the intersection
L NS with

codimg U < codimy £

then U is contained in a translate of a proper abelian subvariety B C A. In particular, if
S spans A, then U is not Zariski dense in S.

Remark 11.14. Theorem[I1.13]immediately implies the classical Castelnuovo—de Franchis
theorem. Indeed, let X be a smooth proper algebraic variety with two linearly independent
forms o, 3 € H°(2x) for which a A 3 = 0. Let Alb(X) — A be the smallest quotient from
which «, # are pulled back and S C A the image of X in A. Note that in particular there is
no nontrivial subvariety of A on which «, 8 vanish. Since a and 3 are pointwise dependent
(or equivalently satisfy a meromorphic linear relation), the leaves of S cut out by « are
equal to the leaves cut by the span of a and 5. Any leaf therefore has codimension 1 in
S but is the intersection with a codimension 2 affine subspace in A, and Theorem
implies it is algebraic, which is a contradiction unless S is a curve.

Claim. dim £ = dima(X) — 1.

Proof. If dim F > dim a(X), then any positive-dimensional leaf U is an atypical intersec-
tion between a(X) and an affine subspace of A. By Ax-Schanuel, this implies U (and
therefore @(X)) is contained in a coset of a strict abelian subvariety of A, which is a
contradiction. O

We finish with a very slight modification of Eyssidieux’s version [44] of the Lefschetz-type
theorem of Simpson [I08], but for convenience we sketch the remaining steps.

Let Y — X be the minimal cover for which there is a lift ¥ — A to the universal cover,
namely, the cover corresponding to the quotient 7 (X,x) — Hy(X,Z) — H1(A,7Z). By
integrating the forms in E we then have a map g : Y — E" which is H(A4, Z)-equivariant.
Observe that:

(1) The fibers of g are precisely lifts of (analytically continued) leaves of X, all of which
are at least 1-dimensional. In particular, there is a leaf with positive-dimensional
image in A through every point of X.

(2) Let Z C Y be the vanishing locus of the canonical det E-valued dim(FE)-form wg
on X. This is precisely the non-smooth locus of the map g, the inverse image of the
corresponding vanishing locus W in X. We claim that a(W) has codimension > 2 in
a(X). Indeed, for any component T, since wg vanishes on T', the restrictions of the
one forms in E to the regular locus T7°® satisfy a linear relation with meromorphic
coefficients. It follows that the generic intersection of an affine subspace of A cut out
by E with T is equal to the intersection with an affine subspace of codimension
dim(E)—1. If T were divisorial, this would mean it contains a positive-dimensional
leaf, which is a contradiction.
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Note that since the leaves of W are discrete, the connected components of the
fibers of Z — EV are compact, so locally on Y there is a strict analytic subset
= C EVY outside of which g is smooth.

(3) Let Dy be the inverse image of D in Y and Y the complement, that is, the preimage
of X in Y. Likewise, the leaves of D are discrete, so locally on Y there is a strict
analytic subset = C E" outside of which the map g|yy : Y \' Y = EY is a local
isomorphism. Combining this with the previous point, there is a countable union
of (global) strict analytic subvarieties 2 C EV outside of which ¢ is smooth and
9gly\y is a local isomorphism.

(4) gly : Y — EV is surjective. Indeed, g is dominant, and the images of g, g|y, and
gly\z all coincide, hence the image is open. Let I' be the image of Hy(A,Z) in EY.
By general principles, the identity component I' of the closure I is a real vector
subspace and EV /T is a product of circles. The image of the map X — EV/T is
both compact and open, hence it is surjective. As the complement of the image of
g is stable under the action of T, it follows that g is surjective.

(5) Putting all of the above together, for each point y € Y there is a cylindrical
neighborhood € with the following properties:

(a) € is relatively compact in Y.

(b) g(Q) is a ball B of fixed radius centered at g(y).

(c) Set 2 = QNY. There is a strict analytic subset 2 C B such that g|o\,-1(z,) :
Q\ g YEp) = B\ Ep is a Serre fibration.

(d) Set 2° =0\ Z. Then g|ge : 2° — B admits a section.

Claim. Let F be a fiber of gly above a point in EV \ E. Then (Y, F) is 1-connected.

Proof. As in [44]. Recall that 1-connectedness means that any path v in Y beginning
and ending in F can be homotoped to a path in F' via a homotopy whose restriction
to the endpoints is contained in F. It suffices to show this for a path beginning at any
chosen component of F. Briefly, one first shows that (€2, N F)) is 1-connected by taking
a path v starting at the component meeting the section, homotoping into 2\ ¢~!(Z),
concatenating with the inverse of the lift via the section of its image g(v) in B\ Zp (which
is nulhomotopic), and using (bc) to lift a nulhomotopy of the new image in B \ Zp, which
is by construction g(7)g(v)~". One then concludes by gluing the 1-connectedness of the

local neighborhoods using the surjectivity of g and the contractibility of EV. ([l

By construction, for any y € F' lifting the basepoint = € X, 71 (F,y) has bounded image
under py, for any V' € ¥, and thus the same is true for m; (Y, y), which is the kernel of the
composition m (X, z) — H1(X,Z) — Hi(A,Z) and therefore contains [m1 (X, z), m1 (X, z)].

]

11.3. Proof of Theorem We prove the claim by induction on dim X, the case
dim X = 1 being trivial. By Corollary we may assume by passing to a finite étale
cover and changing ¥ that there is a finite set ¥y C X(Q) with the same leaves such that
every local system in g is irreducible and either abelian or has monodromy which is dense
in a simple @p—group. By passing to a further finite étale cover, we may assume the local
systems in ¥ have unipotent local monodromy, cf. Proposition [8:2] By replacing X with
a resolution we may assume it is smooth. By the inductive hypothesis, Proposition [9.10
and Corollary the two conditions of Proposition are satisfied. We are done if
the first conclusion of Proposition holds, so we may assume the monodromy of every
V € ¥y has bounded image on the commutator subgroup of 71(X,z). By the following
two lemmas, the monodromy of every V' € ¥ is either virtually abelian or bounded.
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Lemma 11.15 (|19, Lemma 5.3]). Let G be a geometrically simple K -algebraic group. Let
I' € G(K) be a Zariski-dense and unbounded subgroup. Let © C T' be a normal subgroup.
If © is bounded in G(K), then © is finite.

Lemma 11.16. A finitely generated group I' with finite commutator subgroup T is virtually
abelian.

Proof. For any element v € T' of infinite order, some power commutes with IV, and some
further power is central since [g,7"] = [g,7" v [g,7]y'™™. Thus, by lifting a set of
generators of I'/T” and taking sufficiently divisible powers, we obtain a finite-index abelian
subgroup. O

After replacing X with a finite étale cover, we may assume that the monodromy of
every V € ¥ is abelian or bounded, and the abelian ones have no local monodromy. Note
that bounded image local systems have trivial leaves. If 2P C ¥ is the intersection with
Mp(X, 1), then since ¥ and X(Q) have the same leaves, it follows that $*"(Q) and 2(Q)
have the same leaves. Thus, we may assume ¥ = %2 and therefore we may replace X
with an abelian variety A. By Theorem [5.17] and Corollary [9.16] ¥ must be the union of
torsion translates of pull-backs of Zarlskl-dense subsets of Mp(A’;1)(C) for (potentially
different) quotient abelian varieties A — A’. If ¥ = UZ ¥; for absolute Q-constructible i,
the foliation for 3(Q) is the intersections of the foliations for ¥;(Q), so it suffices to assume
¥ is Zariski dense in Mp(A,1)(C). The proof is then concluded from the following:

Lemma 11.17. Theorem holds for X = A an abelian variety and 3 Zariski dense in

Proof. For any character x in H'(A,C*), the pluriharmonic norm is el @ where « is the
harmonic form such that the image of a under the exponential H'(A,R) — H'(A,R*)
agrees with the norm |; x|?. The associated holomorphic form defining the foliation is o',
For any Zariski dense Q-constructible subset X of H'(A, C*), the i ‘image under the log norm
map H'(A,C*) — H'(A,R) has nonempty interior, and since Q points are topologically
dense, it follows there is a set of Q points of 3 whose images under H'(A4,C*) — H'(A,R)
span. Thus, the space E of 1-forms is all of F'H'(A,C), and the foliation has trivial
leaves. g

O

12. A CRITERION OF STEINNESS

A complex analytic space X is said to be:

e holomorphically convex if for every compact K C X, the holomorphically convex
hull of K:

Kx ={z € X :|f(z)| < ||fl|x for all f€O(X)},

where || f||x = supy | f], is compact;

e holomorphically separated if for all points x,y € X, there is a global holomorphic
function f: X — C such that f(z) # f(y);

e Stein if it is holomorphically separated and holomorphically convex.

Note that X is holomorphically convex if and only if it admits a proper map to a Stein
space [26, Example 1].

The goal of this section is to prove the following result, which is essentially proved in
[88].
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Theorem 12.1. Let X be a complexr analytic space. Let ¢ be a continuous plurisubhar-
monic exhaustion function on X. Let Z C X be a closed analytic subspace. Assume
that

(1) Z is Stein,

(2) é|x~z is strictly plurisubharmonic.
Then X is Stein.

Recall that a continuous function ¢: M — R is said to be exhaustive if for every ¢ € R
the sublevel set M. = {x € M;¢(x) < c} is relatively compact in M. Before explaining
the proof of the theorem, we start by recalling some definitions and well-known results.

Definition 12.2. Let Y be a Stein open subset of a Stein space X. The pair (Y, X) is
called Runge if O(X) is dense in O(Y') in the topology of compact convergence.

Proposition 12.3 (Stein [120]). Let X be a complex space and X1 € Xo € ... be an
exhaustion of X by Stein relatively compact open subsets. If every pair (X,, X,41) is
Runge, then X is Stein.

Theorem 12.4 (Narasimhan, [92] Corollary 1, p.211]). Let X be a Stein space and ¢ be a
plurisubharmonic function on X. Then, for any real number ¢ the open subset X, = {x €
X|Y(z) < ¢} € X is Runge in X.

Theorem 12.5 (Narasimhan, [92, Theorem II]|). A complex space is Stein if and only if
it admits a continuous strictly plurisubharmonic exhaustion function.

Proof of Theorem[12.1. For every ¢ € R, let X, := {z € X|¢(z) < ¢}. It is sufficient to
prove that for every ¢ € R the space X, is Stein. Indeed, it follows then from Theorem
that the pairs (X., X) are Runge for any ¢ < ¢/, and by Proposition that X is
Stein.

Since Z is Stein by assumption, it follows from a theorem of Siu [I16] that there is a Stein
neighborhood U of Z in X. Therefore, U admits a continuous strictly plurisubharmonic
function ¢: U — [—o0,+00). Let : X — Ry be a smooth function that equals 1 in a
neighborhood of Z in X and such that Supp() C U. Let ¢): X — [—00,400) be the
function that equals 8y on U and zero outside. Then 1/; is a continuous function on X,
which is strictly plurisubharmonic in a neighborhood of Z in X and satisfies Supp(lﬂ) cU.

Fix any ¢ € R. Since X, is relatively compact in X, there exists a positive constant K,

such that Kc¢+1/~1 is strictly plurisubharmonic on X.. The continuous function ﬁ—i—chH—

1 is then strictly plurisubharmonic on X, and is an exhaustion function since K.¢ + 1 is

bounded. We conclude by Theorem that X, is Stein. ]

13. PROOF OF THEOREM [[.3] IN THE SEMISIMPLE CASE AND THEOREM IN THE
QUASIUNIPOTENT SEMISIMPLE CASE

In this section, we first briefly recall the construction of [20] of the analytic Shafarevich
morphism associated to a bounded rank set of semisimple local systems and prove quasipro-
jectivity of its target using Theorem and Proposition We then use the plurihar-
monic maps at the archimedean and non-archimedean places associated to a semisimple
Q-local system V on X with quasiunipotent local monodromy to define a pluriharmonic
exhaustion on XV. The strict plurisubharmonicity of the exhaustion will follow from
Section and this will prove Theorem in the special case of a nonextendable abso-
lute Hodge subset consisting only of semisimple local systems with quasiunipotent local
monodromy.



THE LINEAR SHAFAREVICH CONJECTURE FOR QUASIPROJECTIVE VARIETIES 121

13.1. Quasiprojectivity of the target of reductive Shafarevich morphisms. We
first briefly recall the construction of [20]. Let ¥ be a bounded rank subset of M p(X)(C)%.
In this case, by replacing ¥ with the semisimplification of its saturation, we may assume . is
absolute Q-closed, defined over Q, and Rsg-stable. Let fxz : X — S be a Katzarkov—Zuo
reduction of X with respect to X (at all non-archimedean places). For any finite collection
of C-local systems in ¥ underlying C-VHSs, by taking their direct sum we obtain a C-VHS
with monodromy p : 71 (X*",2) — GL,(C). The period map then gives a p-equivariant
map

(13.1.1) XP = (D x §)™

We may assume X is nonextendable. Then by [20] we can take such a collection such that
(13.1.1)) has compact fibers. There is then a Stein factorization

X — % L (DxS)
N, A

and ¢ : XP — Y descends to the Shafarevich morphism ¢ : X® — ) to a generically
inertia-free analytic Deligne-Mumford stack ).

Theorem 13.1. There is an algebraic morphism g : X — Y to a generically inertia-free
Deligne—Mumford stack 'Y, unique up to isomorphism (as a map with fived source), which
analytifies to o : X** — Y. Moreover, ) has quasiprojective coarse space.

Proof. We may pass to a finite étale cover of X so that ) is inertia-free (as in [20]) and
thus an analytic space. Setup [3.1] applies by as in Theorem so the algebraicity follows
from Theorem [3.3] It remains to show the quasiprojectivity. By replacing X with Y we
may assume ¢ has discrete fibers.

We now show that we are in Setup [3.9l Take A ample on S, .# to be D x S, A to be
the Griffiths bundle on D, and £ = .# K A. Then Setup is satisfied, and Lemma
applies to .Z.

We claim that for any generically finite g : Z — X from a smooth variety Z with a log
smooth compactification Z, there is a functorial big and nef extension L by Lemma :
the nefness is clear. For the bigness, note that on the generic fiber F' of h : Z— S, the
corresponding period map on F' has generically discrete fibers, and thus by Lemma [3:12] it
follows that Nz is big. Since A is ample, it follows that the top intersection product

Cl(LZ)dimX =y (A)codimF . CI(NF)dimF . deg(h) > O7
and hence L is big. Therefore the quasiprojectivity follows from Proposition [3.10} O

13.2. Currents associated to semisimple Q-local systems with quasiunipotent
monodromy. Let X be a connected smooth quasiprojective complex algebraic variety.
Let V be a semisimple Q-local system with quasiunipotent local monodromy. One can
associate to V a canonical positive (1,1)-current on X as follows. Fix X D X a smooth
projective compactification such that X \ X is a normal crossing divisor (one easily check
that the currents constructed below do not depend on the compactification X).

For every prime p, we let w be the positive closed current on X associated to V), :=

V®qQp, see Sectlon We define w Z wv, which is sensible since almost all terms
vanish. On the other hand, con51der1ng the assomated semisimple complex local system
Voo = V ®q C, we get from the correspondence recalled in Section [7.3] a well-defined
algebralc Higgs bundle (F,6) on X. We let w® :=itr(f A 0). It is a smooth semipositive
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closed (1,1)-form on X, see [44, Lemma 3.3.3]. Finally, we define wy by summing over all

places:

wy = wy +w{;.

It is a semipositive (1, 1)-current with continuous potentials. Observe that by construction,
the rank of the kernel of wy is constant on a dense Zariski-open subset of X.
If one starts with a semisimple K-local system V with quasiunipotent local monodromy

instead, for some number field K, its restriction of scalars Resg gV is a semisimple Q-

local system with quasiunipotent local monodromy (of rank [K : Q] -rk V). We set w{; =

m 'w{{esK/QV and wy = ﬁ * WRes oV - It follows directly from the definition that for

any number field L D K, w{;®KL = w‘f/ and wy g, = wy. Since every Q-local system is
defined over some number field, this permits to define the canonical current associated to
every semisimple Q-local system with quasiunipotent local monodromy

Finally, for any finite set ¥ C Mp(X)(Q) of semisimple local systems with quasiunipo-
tent local monodromy, we define

13.3. Plurisubharmonic functions associated to semisimple Q-local systems with
quasiunipotent monodromy. The goal of this section is to prove the following result.

Proposition 13.2. Let X be a connected smooth quasiprojective complex algebraic variety.
Let V be a semisimple Q-local system with quasiunipotent local monodromy. Let m: XV —
X be the corresponding cover and wy its associated semipositive closed current. Then
there exists a continuous plurisubharmonic function ¢y : XV — R>q that satisfies dd“¢y >
m*wy. Moreover, if V is nonextendable, then ¢y is proper.

Proof. Let X D X be a smooth projective compactification such that X \ X is a normal
crossing divisor. Fix g € XV with image o € X. Fix an isomorphism V., ~ Q". Let
p: m(X,z9) — GL,(Q) the monodromy representation of V.

For every prime number p, let N'((Q,)") denote the space of norms on (Q,)". Thanks
to Theorem there exists a p-equivariant pluriharmonic map uf,: XV — N ((Q,)"),
with finite energy with respect to any Poincaré-type complete Kéhler metric on X. The
function ¢, : XV — Rsq defined by

oy (x) = 2- dir g,y (u(), u(Zo))

is continuous psh and satisfies dd°¢{, > m*w},, where w}, is the semipositive closed current
on X associated to V},, see Proposition @ On the other hand, the complex local system
V ®q C admits a purely imaginary tame harmonic metric, see [84, Part 5. Letting N'(C")
denote the space of positive definite hermitian forms on C”, thanks to Proposition[7.12] the
corresponding p-equivariant pluriharmonic map ugf: XV — N(C") has finite energy with
respect to any Poincaré-type complete Kahler metric on X. The function ¢77: XV - R>o
defined by

O () = 2 - d*(u(x), u(io))
is continuous psh and satisfies dd“¢7? > 7wy, where wi? is the semipositive closed current
on X associated to V', see [44] Proposition 3.3.2, Lemme 3.3.4]. We define ¢y by summing
over all places (this makes sense since almost all of the terms are zero). Then the function
oy : XV = R>( is continuous psh and satisfies dd“¢y > T wy .
Assuming that V' is nonextendable, let us prove that ¢y is proper. Since 71(X) is finitely
generated, the image I' of p takes values in GLT(Z[%]) for a positive integer N. Up to
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replacing I' with a finite index subgroup, therefore replacing X with a finite étale cover, one
can assume by Selberg’s lemma that I' is torsion-free (this does not change XV and ¢y).
Moreover, the image of the diagonal embedding GLT(Z[%]) — GL,(R) x Hp‘N GL,(Q,) is
discrete, and GL(R) (resp. each GL,(Qj)) acts properly on N(C") (resp. each N'(Q})).
Therefore, we get a pluriharmonic map

X =T\ [ N(C) x HN(Q;)
pIN
It is sufficient to prove that this map is proper. Consider by contradiction a sequence of

points in X that goes to infinity and whose images do not. Up to taking a subsequence, we
get a sequence of points of X converging to a point in X \ X and whose images converge

to a point in I'\ <./\/'((C’") xILyn N(Q;)) This is in contradiction with Proposition [13.3
below. H

Proposition 13.3. Let A be a NPC space and T a discrete group acting properly on A.
Equip (D*)" x D® with its complete Poincaré metric, and consider a locally liftable harmonic
map of finite energy

f: (DY) x D — I'\A.
Assume that the local monodromies are infinite. Let {z,} = {zL, -+, 2l5} be a sequence

of points of (D*)" x D® with infi<;<, |24| — 0 as n — oo. Then the sequence {f(z,)} of
points of T\A does not converge.

For variations of Hodge structures, this is [57, Proposition 9.11].

Proof. By applying Theorem to geodesic balls of radius 1 in (D*)" x D*, it follows that
the map f is Lipschitz continuous in a neighborhood of the origin (with respect to the
Poincaré hyperbolic metric on (D*)" x D?).

Up to extracting a subsequence, we can assume that one of the coordinates z—say
z!—tends to 0. We assume by contradiction that f(z,) has a limit w in T\A. Let T} be
the image in I" of the loop corresponding to (1,0, ..., 0) through the canonical isomorphism
m1 (D*)" x D%) = Z". Let w be a preimage of w in A. Let U be a neighborhood of w
and let U be a neighborhood of w, such that the projection of U in I'\A is contained
in U. We can moreover assume that 77 (U) is at a stricly positive distance & of U. Let
D* = D* x {0} x ... x {0} C (D*)" x D® and let 7, be the circle of center 0 and radius
|z| in D*. We choose a local lift f of f in A along the loop v, x {22} x ... x {z/*5}.
We denote by 1, the image of z, and we assume that it is contained in U, for sufficiently
large n. After a loop, the multivalued function f takes the value T}(w,). Hence, the
distance da (wy, T1(wy)) is at least 0. On the other hand, this distance da (wy,, T1(wy,)) is
bounded by a constant times the length of 7,. Since this length tends to zero, we get a
contradiction. O

13.4. Proof. We now complete the proof of Theorem [I.2]in the quasiunipotent semisimple
case. Note that we will not need to use the algebraicity result of Theorem [I3.1] although
its use would provide a slight simplification.

Definition 13.4. Let X be a connected normal algebraic space and ¥ C Mp(X)(C) a set
of complex local systems. We say X is generically large if there exists a nowhere dense closed
analytic subset W C X®" such that for every non-constant morphism g: Z — X from a
connected normal algebraic space Z and whose image is not contained in W, g*3 contains
a nontrivial local system. Assuming that the analytic X-Shafarevich morphism exists, Y. is
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generically large exactly when the analytic ¥-Shafarevich morphism is a biholomorphism an
a dense analytic Zariski open subset, in which case W can be taken to be the complement.

Proposition 13.5. Let X be a connected normal complex algebraic space and ¥ C Mp(X)(C)
an absolute Q-constructible subset containing only semisimple local systems with quasiu-
nipotent local monodromy. If ¥ is nonestendable (respectively nonextendable and generi-

cally large), then there exists a finite subset ¥o C X(Q) which is nonextendable (respectively
nonextendable and generically large).

Proof. Assume that X is nonextendable and let us prove that there exists a finite subset
Yo C %(Q) which is nonextendable. One can assume that X is smooth. Thanks to
Proposition there exists a finite étale cover X’ — X such that the pull-back ¥’ of ¥ to
X' consists only of local systems with unipotent local monodromy. Since by Corollary
¥ is nonextendable if and only if ¥ is nonextendable, one can assume from the beginning
that all local monodromies are unipotent. It follows then from Proposition that X(Q)
is nonextendable, and from Proposition that there exists a finite subset Xg C 2(Q)
which is nonextendable.

Assume that ¥ is nonextendable and generically large. Since ¥(Q) is Zariski-dense in
¥, and both ¥(Q) and ¥ are nonextendable, they define the same (analytic) Shafarevich
morphism Shy: X* — S, which by assumption is a holomorphic proper modification.
Therefore, there exists + € X such that {z} = Shg(l@(Shz(@)(x)). By the preceding
discussion, there exists a finite subset ¥y C 3(Q) which is nonextendable. Consider for
every finite subset ¥ C X(Q) containing Xy the closed algebraic subset Shill(Shgl(m))
of X. By assumption, the intersection of those subsets is equal to {z}. By noetherianity,
there exists a finite subset ¥; C X(Q) containing Yo such that {z} = Shgll(Shgl(x)). It
follows that Shy, is a modification, in other words X; is generically large. Moreover, ¥

is nonextendable since it contains the nonextendable . O

Remark 13.6. For the next proposition, we will need to use the results of Section
for all valuations v on Q simultaneously. We summarize the relevant statements. For
any ¥ C Mp(X)(Q) consisting of semisimple local systems with quasiunipotent local
monodromy, we define the leaves of the Katzarkov—Zuo foliation of ¥ to be the intersection
of the Y-leaves for all valuations v on Q. As in Lemma there is always a finite
subset Y9 C ¥ with the same leaves. If ¥ is the set of Q-points of an absolute Q-
constructible subset of Mp(X)(C), then by Theorem the leaves are algebraic, and,
as in Remark [T1.7] there is an algebraic map f : X — Y integrating the absolute foliation.
Such a map is called a Katzarkov—Zuo reduction.

Proposition 13.7. Let X be a connected smooth quasiprojective complex algebraic variety.
Let ¥ C Mp(X)(C) a weak absolute Hodge subset containing only semisimple local systems
with quasiunipotent local monodromy. If ¥ is gemerically large, then there exists a finite

subset Xo C X(Q) such that ws, is a Kdhler form on a Zariski-dense open subset of X.

Proof. Thanks to the remark above, the Kazarkov-Zuo foliation associated to X(Q) is
algebraically integrable and there exists a finite subset o C 3(Q) such that the Katzarkov-
Zuo foliations of 3 and X coincide.

If the generic leaves of the Katzarkov-Zuo foliation of ¥ are zero-dimensional, then the
sum over the finite places of the canonical currents associated to Yy is already a Kahler
form on a Zariski-dense open subset of X, hence the result follows. We can therefore
assume that the Katzarkov-Zuo foliation of > has only positive dimensional leaves. Let
F be a desingularization of a fiber of a Katzarkov-Zuo reduction of ¥y (see Remark [11.7).

Thanks to |20, Theorem 6.8], the restriction of ¥ to Mp(F') consists of finitely many
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points. In particular these points are defined over Q. For each of them, take a preimage
in ¥ defined over Q, and let ¥; C $(Q) be the finite subset obtained by adding all these
new elements to 3. By construction, the restriction of ¥; to Mp(F') consists of finitely
many points that are fixed by the Rsg-action, hence underlie C-VHSs. Moreover, the
monodromy representation of the sum of these C-VHSs has an integral structure (see [20),
Proof of Theorem 9.1]), hence the corresponding period map descends to F.

By construction, the kernel of w£1 coincides on a Zariski-dense open subset of X with
the kernel of the differential of the Katzarkov-Zuo reduction of ¥;, and the kernel of
ws, coincides with the intersection of the kernels of the Higgs field of the Higgs bundles
associated to the elements of X;. On the other hand, the kernel of the restriction of wg
to F' coincides with the kernel of the differential of the period map. Since ¥ is generically
large by assumption, it follows that when F' is a desingularization of a generic fiber of a
Katzarkov-Zuo reduction of ¥, the kernel of wy;, is zero at a generic point of F'. Therefore,
the kernel of wy;, is in fact zero on a dense Zariski-open subset of X. O

Theorem 13.8. Let X be a connected normal algebraic space and ¥ C Mp(X)(C) be a
nonextendable weak absolute Hodge subset containing only semisimple local systems with
quasiunipotent local monodromy. Then there exists a finite subset o C X(Q) such that
X1 is holomorphically convex for every subset ©1 C ¥ containing Xo. In particular X

1s holomorphically conver.

Proof. By induction on the dimension on X. We start with an easy observation. Let
f:T — S be a holomorphic fibration between connected normal analytic spaces, so that
the induced map f*: Mp(S) = Mp(T) is a closed immersion. Let 1 C Mpg(S) be any
subset. Then the induced holomorphic map S/t — T>1 is a fibration, therefore T/ "1 is
holomorphically convex if and only if S g holomorphically convex. In particular, thanks
to Corollary [9:3] one can assume in addition that X is smooth quasiprojective. Moreover,
thanks to the existence of analytic Shafarevich morphism [20] and Proposition one can
assume in addition that X is generically large.

Let shy: X" — S = Shy(X) be the (analytic) Shafarevich morphism associated to X.
Up to replacing X with a finite étale cover, one can assume that 3 belongs to the image
of the algebraic map Mp(S) - Mp(X), see [20, Theorem BJ.

Thanks to Proposition there exists a finite subset ¥g C ¥(Q) which is generically
large and nonextendable. Moreover, thanks to Proposition |[13.7] one can assume that wy,
is a Kahler form outside a strict closed algebraic subvariety Z of X.

Let Z' — Z be the normalization of Z and {Z/},c; the connected components of Z’.
The restriction of ¥ to any connected component of Z’ is again a nonextendable weak
absolute Hodge subset containing only semisimple local systems with quasiunipotent local
monodromy. Therefore, by induction, up to enlarging Y, one can assume that for every
i € I the corresponding étale cover Z;EO is holomorphically convex (or equivalently that

—_— X

Shx(Z!) ’ is Stein). Since by assumption ¥ is Q-constructible, one can also assume that
Yo is stable by Galois conjugation.

We will prove that X1 s holomorphically convex for every set g C 31 C X. Since shy
induces a proper holomorphic map X>1 — S§>1 it will be sufficient to prove that S>! is
Stein. Since S is a cover of S¥0, it is sufficient to prove that S¥° is Stein. Let V be the
Q-local system obtained by summing all the elements in ¥y, and p: m(X) — GL,(Q) its
monodromy representation . Let m: XV = X0 — X be the corresponding cover and wy
its associated semipositive closed current. Thanks to Proposition[I3.2] there exists a proper
continuous plurisubharmonic function ¢y : X0 R>( that satisfies dd°¢y > 7wy .
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By the maximum principle, the psh function ¢y is constant on the (compact connected)
fibers of the holomorphic fibration X>0 — S0 Therefore, there exists a (necessarily
proper continuous psh) map ¢y : S0 _y R>0 whose composition with X0y §%o gives
¢v. Let T C S be the image of Z by the proper holomorphic map shy. By construction,
Yy is strictly psh on the complementary of the preimage T of T in S0, Let us prove that
T is Stein. Thanks to Theorem [12.1] this will imply that S is Stein and finish the proof.

Let 77 — T be the normahzatlon of T' and {TJ }jes the connected components of 7.

Thanks to [93], T is Stein if and only if its normalization is Stein, and the latter is nothing
but the base-change of S* — S by the composition 79 — T — S. It follows that

the normalization of T is a disjoint union of analytic spaces biholomorphic to TJfEO for
some j € J. The surjective proper holomorphic map Z — T induces a surjective proper
holomorphic map Z' — T". Therefore, for every connected component 77 of 1", there
exists ¢ € I such that shy induces a surjective proper holomorphic map Z! — Tj’ and

= ~%
therefore finite surjective holomorphic maps Shyx(Z]) — Tj’ and Shx(Z]) R T]’ °. Since

) ~%
Shx(Z!) * is Stein for every i € I, it follows from [93, Theorem 2| that T} " is Stein for
~ 5
every j € J, so that 1" ’ is Stein. O

Corollary 13.9. Let X be a connected normal algebraic space and ¥ C Mp(X)(C) be a
large nonextendable weak absolute Hodge subset containing only semisimple local systems
with quasiunipotent local monodromy. Then there exists a finite subset o C X(Q) such
that X1 is Stein for every set o C 1 C B. In particular X> is Stein.

14. PROOF OF THEOREM [I.3| THEOREM [I.2] AND THEOREM [I.]]

Using the results of the previous section together with the period maps of the mixed
variations from Theorem [£.3] and Corollary [8:24] we construct the Shafarevich morphism
in general and prove its algebraicity using Theorem [3.3] We use the same period maps
and the affineness of mixed period domains over the associated graded period domains to
deduce Steinness of the trivializing cover of a large nonextendable weak absolute Hodge
subset.

14.1. Proof of Theorem Let X be a connected normal algebraic space and ¥ C
Mp(X)(C) a set of local systems of bounded rank. By Lemma and Proposition
we may assume Y is nonextendable. By Corollary [0.37 we may assume X is a closed weak
absolute Hodge subset. If 3; are the Q-irreducible components of ¥ and s; : X — Y
is a 3;-Shafarevich morphism, then the Stein factorization of [[s; : X — [[Y; is a X-
Shafarevich morphism. Thus we may assume X is Q-irreducible. Let 3; now be the geomet-
ric irreducible components of ¥. If some 3J; is generically semisimple with quasiunipotent
local monodromy, the same is true for every ¥;, and we are done by Theorem . Thus,
by Proposition and Lemma we may assume each X; contains a point Vj € X;
underlying a C-VHS with unipotent local monodromy at which ¥; is formally Hodge.
Let Z C Mp(X) (resp. Z; C M B( )) be the reduced closed substack with underly-
ing set of points ¥ (resp. ¥;). Let V7 be the universal (9 = OZ]7VJ—AVMHS and set

Vlf = Vj/mg‘:(llvj Set Uy, = €D, VI, U = @D, V7, and OU = H]- (’)Vj. By Proposition
and Proposition we may assume Uy, is nonextendable on X for k£ > 0.
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Let s : X — Y{ be the Up-Shafarevich morphism of Theorem [I3.1} By Selberg’s lemma
and Lemma again, we may assume Yj is inertia-free. Let Dy be the period domailﬁ
corresponding to Uy. The period maps of the Uy, yield a commutative square

XUs % D,

L
f/OUO — Dy
and morphism
(14.1.1) Y = (sopg) X ¢ : XUk = YE x Dy,
where py, : XUr — X2 is the covering map.
Proposition 14.1. For k > 0, the connected components of the fibers of . are compact.

Proof. Let y € Y and let y € B C Y™ be a contractible neighborhood equipped with a
lift to Y°. Let Xp := s~ !(B) with embedding ip : Xp — X and fp : Xp — B the
restriction of f.

Step 1. Fix a basepoint x € Xp. For infinitely many k € N, i3U;, has a subquotient Ej,
which has an integral structure. Moreover, for k > 0, we have

ker(pEk,x) = ker(pi*BUk,w) = ker(pf};f]ﬂ;)

where for a local system L on Xp, we denote by pr, ., the monodromy representation of L
at x.

Proof. The stack Mp(Xpg) is an algebraic stack defined over @, and there is a miniversal

family ((’) W) for the Zariski closure of i Z at the trivial local system Wy =4 BV] which
is defined over Q. Moreover, each finite order quotient Wg has a Z-structure since Wy does.

By miniversality, there is an injective morphism O — (’)U such that ¢ BU O ®(’) w.

For every £ there is a k such that OW N mlgl C mgrl (by Krull’s theorem and the ﬁmte—
U w

dimensionality of Oy;,/ mg;), so we have a diagram

Wy «—— W/(@W ﬂm’g;l)W —— izUL.

We take Ej to be Wy, for ¢ ranging over N. The remaining claim then follows from:

Lemma 14.2. For k,l > 0, the subgroups ker p;«y, o, ker pw, » C m1(Xp,x) stabilize to
the same subgroup.

Proof. We have

() ker pisva = ker prug , = ker pygy , = () ker pw,
k>0 >0

where the middle inequality comes from the fact that W and i*U have the same Zariski
closure in Mp(Xpg), by construction. If Wee, € i*¥ is very general, then we also have

ker pw,,.« = ker Py -

18The mixed period domain for the C-VMHS Uy keeps track of both F'* and F’®, the latter using
conjugate coordinates so the map is holomorphic on both factors. It is perhaps easier to think of Dy as
recording the F'® of the associated R-VMHS Uy & Uy,.
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Since each W, has trivial semisimplification, img pw, ;, is torsion-free for all £. It follows
that ker pyw, , is saturated in m(Xp,x), meaning that the only subgroup of m(Xp,x)
containing ker pw, » as a finite-index subgroup is ker pw, , itself. It further follows that
premx(ker pw,.z) is saturated in img PWeen,z, and the following claim then implies that
ker pw, . stabilizes.

Claim. Let P C GL, be a unipotent complex algebraic subgroup, I' C P(C) a finitely
generated subgroup. Then any decreasing sequence of saturated subgroups of I' stabilizes.

completes the proof. O
O

The same argument applied to ker p,. Uy

Step 2. The monodromy I'p . := img(pi*BUk) of iUy, acts properly on Dy, for k> 0.

Proof. There is a natural action of exp(W_1 End(Uj 4)) on Dy, and this action is propeﬂ
[7, Proposition 3.7]. Because gr'V i%Uy is pulled back from B by construction, I'p is
contained in exp(W_; End(Uj;)). Let Ej be as in the previous step, and Ly C iUy the
sub-local system of which Ej, is a quotient. Consider the subspace Hy C W_1 End(Uy )
of endomorphisms which preserve the inclusion Ly, — Uy ., and for which the restriction
to Ly, , preserves the quotient Ly, , — FEj ;. There is then a natural map Hy — End(E} ).
For k as in the previous step, the monodromy I'p j is contained in exp(Hy), is isomorphic
to its image in GL(E}) ), and has discrete image there because it preserves an integral
structure. It follows that I'p C exp(W_q1 End(Uy,)) is discrete, and therefore by the
above the action is proper. O

Step 8. The map Xp — I'p ;\(B x Dy) is proper for k > 0.

Proof. First, observe that the proof of [8, Lemma 2.2] is easily adapted to show the following
valuative criterion:

Lemma 14.3. Let X,Y — S be morphisms of definable analytic spaces, and assume
X — S factorizes as X — X — S for a definable analytic space X where X — X is
the embedding of a dense definable Zariski open subset and X — S is proper. Then an
S-morphism f : X — Y is proper if and only if any definable analytic map v : D* - X
extends as soon as fov:D* — ) does.

Note that Xp — B satisfies the relative compactifiability condition of the lemma since
X — YY) is compactifiable. By [9] and the admissibility condition, the period map ¢y :
XUk — Dy is pp-definable. The properness of fg : Xp — I'pr\(B x D) can be checked
analytically locally on the target. Letting B C I'pi\(B x D) be a small ball with its
natural structure as a R,,-definable analytic variety, we may apply the lemma to the map
f5'(B) — B. For any definable analytic v : D* — f*(B) whose composition D* — B
extends, v*i3zUj, has no monodromy, so by the nonextendability of Uy such a disk must
extend, and the claim follows. O

Step 4. End of proof.

- iU
The preimage of B x Dy, in XU* is a disjoint union of translates of X BZB k, and by the
previous step the map XBZB " 5 Bx Dy, is proper for £ > 0. Thus, every connected
component of ¥, is compact for k£ > 0. ([

9Again, Dy, records both F* and F'*; the stabilizers of the exp(W_; End(Vu,.)) action are in fact
trivial since W_1 N F°N F° = 0.
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It follows that for & > 0 there is a Stein factorization

Uy k Yban %
k %
Nz

which descends to a proper morphism o : X?" — )} to an analytic Deligne-Mumford
stack.

Dy,

Proposition 14.4. In the above setup, for k > 0 there is an algebraic morphism sy :
X — Yy, unique up to isomorphism (as a map with fived source), which analytifies to
op : X* — V.. For k > 0, this map stabilizes to s : X — Yo, and this is a X-
Shafarevich morphism.

Proof. As observed above, the period map of a C-AVMHS is pg-definable, so by Theo-
rem o is algebraic for k£ > 0. By noetherianity, the map must stabilize. By construc-
tion, U is pulled back from Ys, as is ¥, since the image of s*_ : Mp(Ya) — Mp(X)
contains the union of the Zariski closures of each Vj, which is . Moreover, U is nonex-
tendable on X by construction, hence also on Y by Corollary [9.3 and the inertia of Y is
trivial by construction. Finally, for any algebraic morphism ¢ : Z — X with connected
source for which ¢*¥ is trivial, ¢*U is trivial. This means ¢ must factor through a fiber
of s¢ (since g*Vjp is trivial), but also that g lifts to XUk and factors through a fiber of the
period map ¢ for each k, since a C-AVMHS with no monodromy on an algebraic variety
must be trivial. But then g factors through a fiber of i for each k. Thus, g factors
through a fiber of sy. O

This completes the proof of Theorem [T.3] O

14.2. Proof of Theorem [1.2] and Theorem [I.1} Given Corollary [0.29 and Proposi-
tion [0.28] it suffices to prove the following:

Proposition 14.5. Let X be a connected normal algebraic space and ¥ C Mp(X)(C) be
a nonextendable weak absolute Hodge subset. Then X* is holomorphically conve.

Proof. We may assume X is closed since this does not effect the cover. Let ¥; be the
Q-irreducible components of 3; each ¥; is a weak absolute Hodge subset. If s; : X — Y]
is the Xj-Shafarevich morphism, and Xy, C Mp(Y;)(C) is such that sjXy, = X;, then

[1s;: X — [1Y; is proper and X* is a component of the base-change of [] fszyj — [1Y;.
Note that each Yy, is a weak absolute Hodge subset. Since a closed subspace of a Stein
space is Stein and a product of Stein spaces is Stein, by replacing X with Y; and ¥ with
Yy;, it suffices to assume X is a Q-irreducible nonextendable large weak absolute Hodge

subset, and we must show X is Stein. Note that since we can freely pass to any finite
étale cover of X arising from a quotient the image of the monodromy representation of
@y sV, X can still be taken to be an algebraic space.

Let 3; now be the geometric irreducible components of ¥. As in the previous section
we may assume, after passing to a finite étale cover, that for each j there is a point Vj of
¥; underlying a C-VHS with unipotent local monodromy at which 3; is formally Hodge.
By definition, there is a weak absolute Hodge subset T" C 39%% containing each Vj Let

: X = Y be the T-Shafarevich morphism. According to Corollary |1 - 13.9 Y7 is Stein.
Let Z (resp Z;) be the closed substack with underlying set of points ¥ (resp ¥j), let

(Oy;, V7) be the miniversal family for Z; at V', V;/ the finite quotients, and Oy, =11, Oy,
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DV, U, =P ; ij . As before, Uy is nonextendable for k > 0, and by taking the

period map of Uy we have a commutative square

XE %, D,

o]

YT —— D,

Form the relative period map

wk::§X¢kin—>Y/T><DODk.

Let y € Y, let y € B C Y?" be a contractible Stein neighborhood equipped with a lift to

Y/T

1

and again let Xp = s~ !(B). The proof of Proposition [14.1 shows that Xp

BUk

Bx p, Dy is proper (in fact finite, since the fibers are discrete) for £ > 0. Since yT X po Dy 1s
affine over Y7, it follows that B x Do Dk is Stein. Finally, the preimage of 1)y, over B X p, Dy,
is a disjoint union of lifts of (X)"8Yk for k > 0 so by [76, Théoréme 1] we conclude that
X* is Stein. O
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