
DEFORMATIONS OF FIBERED CALABI–YAU VARIETIES

BENJAMIN BAKKER, KRISTIN DEVLEMING, STEFANO FILIPAZZI, RADU LAZA,
JENNIFER LI, ROBERTO SVALDI, CHENGXI WANG, AND JUNYAN ZHAO

Abstract. Kollár showed in [Kol15] that small deformations of elliptically fibered
smooth K-torsion varieties with H2(X,OX) = 0 remain elliptically fibered. We extend
this result to any fibered smooth K-torsion variety X with H2(X,OX) = 0, using Hodge
theoretic techniques and the T 1-lifting criterion of Kawamata–Ran [Ran92, Kaw92].
More generally, our strategy implies that even without the cohomological assumption,
small deformations of a semiample line bundle on a smooth K-torsion variety remain
semiample up to homological equivalence.
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1. INTRODUCTION

In this article, we work over the field of complex numbers C. By the Lefschetz principle,
all results extend to germs of algebraic families defined over any algebraically closed field
of characteristic 0, provided the assumptions in the corresponding statements are satisfied.

The class of K-torsion varieties, i.e., varieties with numerically trivial canonical line
bundle, plays a central role in the birational classification of algebraic varieties. According
to the classification framework from the Minimal Model Program, up to birational equiva-
lence, projective varieties are expected to admit a decomposition via fibrations—possibly
to a point—whose general fibers have canonical class that is either ample, numerically
trivial, or anti-ample. These three classes of varieties demonstrate markedly different be-
havior. Canonically polarized varieties and Fano varieties—those for which the canonical
class is ample and anti-ample, respectively—are, by definition, endowed with a natural
ample line bundle. This line bundle yields a projective embedding and often serves as a
first step toward understanding their classification and behavior in families. The class of
K-torsion varieties is approached with different methods.

Within the class of K-torsion varieties, the Beauville–Bogomolov decomposition the-
orem (cf. [Bog74, Bea83]) asserts that any projective manifold with numerically trivial
canonical class admits a finite étale cover by products of abelian varieties, irreducible
holomorphic symplectic manifolds, and strict Calabi–Yau manifolds. With this result, it
is natural to study the birational geometry, deformation theory, and moduli of K-torsion
varieties by studying those for varieties belonging to each of the three classes appearing
in the Beauville–Bogomolov decomposition.
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A natural problem in the study of K-torsion varieties concerns the existence and
structure of fibrations on these varieties, i.e., a surjective morphism f : X → Y with
connected fibers, from a K-torsion variety X onto a projective variety Y . Such mor-
phisms encode many important structural properties of X, and they naturally appear
in other studies of K-torsion varieties, particularly, when dimY < dimX. For exam-
ple, to every elliptic Calabi-Yau threefold X one can associate a six-dimensional N = 1
supergravity theory obtained as the low-energy limit of F-theory compactified on X,
(cf. [Vaf96,MV96a,MV96b,Don98]), and Lagrangian fibrations on irreducible symplectic
manifolds are algebraic realizations of the Strominger–Yau–Zaslow fibration, one of the
structures at the heart of mirror symmetry for symplectic varieties (cf. [Mat99,Gro13]).

In projective algebraic geometry, fibrations over lower dimensional varieties are natu-
rally induced by semiample divisors that are not big. Indeed, given any semiample line
bundle L on a variety X, the global sections of L⊗m for some m ≥ 1 yield a morphism
X → PH0(X,L⊗m); when L is not big, the image of X via this morphism has strictly
lower dimension than X. Conversely, given a fibration f : X → Y where dimY < dimX,
the pullback of any ample line bundle on Y will be a semiample divisor on X that is
not big. In the special case of K-torsion varieties, the generalized abundance conjecture
predicts that every nef line bundle is semiample up to numerical equivalence (see, e.g.,
[Ogu93], [MP97, Chapter 10], [Kol15, Conjecture 51], or [LP20]). Thus, the numerical
class of any nef line bundle on a K-torsion variety is expected to induce a fibration.

Given a fibration f : X → Y on a K-torsion variety X, it is then natural to ask if
the fibration structure deforms in families, i.e., given a deformation X → T of X0 =
X, does every fiber Xt admit a fibration? If L is the semiample line bundle on X
inducing the fibration f , does L deform to a relatively semiample line bundle on X
inducing a fibration on each fiber? The answer to this question is negative in general.
For instance, the product of any abelian variety and an elliptic curve admits a fibration
by elliptic curves via the first projection; however, a general algebraic deformation will be
a simple abelian variety which admits no fibration by lower dimensional abelian varieties.
Similarly, certain K3 surfaces admit elliptic fibrations, but a very general algebraic K3
surface has Picard rank 1, and thus a very general algebraic deformation of an elliptically
fibered K3 surface admits no elliptic fibration. Nonetheless, under suitable cohomology
vanishing assumptions in the K-torsion case, elliptic fibrations indeed deform.

Building on earlier work of Wilson [Wil94a, Wil98] in the three-dimensional case,
Kollár [Kol15] proved that all small deformations of an elliptically fibered K-torsion
variety f : X → Y remain elliptically fibered, assuming the cohomological vanishing
H2(X,OX) = 0. The first main result of this paper is the following generalization of
Kollár’s result, which provides a general affirmative answer to the deformation problem
for arbitrary fibrations for anyK-torsion varietyX satisfying the cohomological vanishing
H2(X,OX) = 0.

Theorem 1.1 (cf. Corollary 2.4). Let π : X → T be a smooth projective family of K-
torsion varieties over an analytic germ (0 ∈ T ). Assume that the fiber X0 := π−1(0)
satisfies H2(X0,OX0) = 0, and that there exists a fibration ψ0 : X0 → Y0 with Y0 projec-
tive. Then there exists a commutative diagram of projective morphisms

X ψ //

π ��

Y

ϕ��
T



DEFORMATIONS OF FIBERED CALABI–YAU VARIETIES 3

such that ϕ is a flat deformation of Y0 and ψ|X0 = ψ0.

In the setup of Theorem 1.1, the vanishing condition H2(X0,OX0) = 0 persists along
any algebraic deformation of X0 due to the upper semicontinuity of cohomology. This
condition is used to ensure that any line bundle can be lifted to the total space X .
Other than the elliptic case, Theorem 1.1 was known for K3-fibrations of strict Calabi–
Yau threefolds, but already unknown for abelian surface fibrations of threefolds (see
[Wil94b, §1]).

The proof of Theorem 1.1 is reduced to proving the claimed properties hold for the Ku-
ranishi family over the miniversal deformation space Def(X0) of X0: indeed, any smooth
proper family X → T satisfying the properties in the statement of Theorem 1.1 is ob-
tained by pulling back the universal Kuranishi family over Def(X0) through the germ of an
analytic morphism T → Def(X0) mapping 0 ∈ T to the distinguished point 0̃ ∈ Def(X0).
Subsequently, we utilize Hodge-theoretic methods to study the deformation theory of a
general divisor D0 in the linear system of a sufficiently high multiple of a very ample
divisor on Y0 via the T 1-lifting criterion of Kawamata–Ran [Ran92,Kaw92]: this result is
used to show that the forgetful map from the deformation functor of the pair (X0, D0) is
smooth onto its image in Def(X0). Using the global invariant cycle theorem together with
the vanishing condition H2(X0,OX0) = 0, we show that the forgetful map is dominant.
In particular, every deformation of X0 lifts to a deformation of the pair (X0, D0). In view
of this, Theorem 1.1 implies that if generalized abundance holds for a nef line bundle L0

on X0, then it holds also for all deformations of L0 over Def(X0).

It is natural to ask whether Theorem 1.1 could be generalized to K-torsion varieties
without assuming the cohomology vanishing condition. However, the non-simple abelian
varieties and elliptic K3 surfaces examples already described show that fibrations need not
deform, so a refined formulation is required. Motivated by the relation with semiample
line bundles, we restrict to deformations X → T of X for which a semiample line bundle
L inducing the fibration deforms, i.e., there exists a line bundle L on X with L|X0 = L.
We then ask whether the fibration structure also deforms.

In our second main result, we show that this refined version of the deformation problem
for fibrations has an affirmative answer. More precisely, we prove that, in deformations
of a pair (X,L) such that X is a K-torsion variety and L a semiample line bundle, the
semiampleness of L persists up to numerical equivalence on all fibers of the deformation.

Theorem 1.2 (cf. Theorem 2.1). Let π : X → T be a smooth proper family of K-torsion
Kähler manifolds over an analytic germ (0 ∈ T ). Let L be a line bundle on X for which
L|X0 is semiample. Then there is a π-semiample line bundle M on X with M|X0

∼= L|X0

(and therefore M ≡T L). In particular, there exists a commutative diagram of proper
morphisms

X Y

T

ψ

π ϕ

factoring π, and a ϕ-ample line bundle N on Y such that ψ∗N|X0
∼= L⊗m|X0 for some

m > 0, where ϕ is a flat projective family. If, moreover, π and L are algebraizable, then
the above diagram is algebraizable, and the line bundles M and N can be chosen to be
algebraic.

The π-semiample deformation M of L|X0 is in fact homologically equivalent to L. Note
that L itself may well not be π-semiample. Indeed, even for abelian varieties, the relative
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semiampleness of an arbitrary deformation L of a semiample line bundle L|X0 may fail.
For example, the deformation of the trivial line bundle induced by the Poincaré bundle
on dual abelian varieties provides such a counterexample; see Remark 2.2.

The proof of Theorem 1.2 proceeds by passing to a suitable étale cover and using
the Beauville–Bogomolov decomposition. Thus, we are reduced to proving that Theo-
rem 1.2 holds for the different factors of the decomposition: strict Calabi–Yau varieties,
irreducible symplectic, and abelian factors separately. While the strict Calabi–Yau case
follows at once from Theorem 1.1, the irreducible holomorphic symplectic case was proven
by Matsushita [Mat16] who showed the persistence of Lagrangian fibrations under the
type of deformations that we consider in Theorem 1.2. We also show that the the-
orem holds for smooth families of complex tori—a result certainly known to experts,
for which we could not find a suitable reference. The final step in the proof of Theo-
rem 1.2 consists in showing that the numerically semiample line bundles constructed on
the deformations of the various factors descend along the étale cover taken to invoke the
Beauville–Bogomolov decomposition.

Analogously to the case of Theorem 1.1, Theorem 1.2 implies that if generalized abun-
dance holds for a nef line bundle L0 on X0, then it holds, up to numerical equivalence, for
all deformations of L0 in Def(X0). It is important to remark, though, that in this case
the locus in Def(X0) where L0 deforms is in general a strict analytic subvariety.

Finally, we study deformations of subvarieties with trivial normal bundle inside K-
trivial varieties. While such subvarieties often give rise to fibrations, we exhibit examples
showing that their deformations can be obstructed in general.

Structure of the paper. The paper is organized as follows. In Section 2, we prove the
two main results on deformations result for fibrations onK-torsion varieties. In Section 3,
we discuss deformations of subvarieties with trivial normal bundle and provide several
examples displaying the various obstructions in general.
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2. DEFORMING FIBRATIONS ON K-TORSION VARIETIES

A fibration is a proper morphism of normal analytic varieties f : X → Y such that
OY

∼= f∗OX . A K-trivial variety is a smooth proper variety such that KX ∼ 0. A
K-torsion variety is a smooth proper variety such that KX ∼Q 0.
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An analytic germ (0 ∈ T ) is the equivalence class of a complex analytic space T
together with a point 0 ∈ T , where two pairs (T, 0) and (T ′, 0′) are equivalent if there
exist open neighborhoods U ⊂ T of 0 and U ′ ⊂ T ′ of 0′ that are isomorphic as analytic
spaces. Accordingly, when working with a germ, we fix a representative and shrink it
whenever necessary.

In the following, by a smooth proper family π : X → (0 ∈ T ) of K-torsion Kähler
(resp. projective) varieties over an analytic germ, we mean a smooth proper morphism
whose fibers are K-torsion and Kähler (resp. projective). Note that for a smooth proper
family over a germ, the special fiber is Kähler (resp. K-torsion) if and only if every fiber
is. The goal of this section is to prove the following theorem.

Theorem 2.1. Let π : X → (0 ∈ T ) be a smooth proper family of K-torsion Kähler
varieties over an analytic germ. Further assume that there is a line bundle L on X
such that L|X0 is semiample. Then, there is a π-semiample line bundle M such that
M|X0

∼= L|X0. If, moreover, π and L are algebraizable, then M may be taken algebraizable
as well.

Remark 2.2. As R2π∗ZX is a local system on T , the two deformations L and M are
homologically equivalent. However, in general, L itself might not be π-semiample. For
example, let E be an elliptic curve and let L be the Poincaré line bundle on E × E
normalized so that L|E×{0} = OE. Then, L is only homologically trivial along the fibers
of the projection onto the second factor π2 : E × E → E, but not relatively semiample.
In this case, we may then take M = OE×E.

From Theorem 2.1 and its proof, we draw the following corollaries. Here and through-
out, we denote by X → Def(X) the miniversal deformation in the analytic category (that
is, the Kuranishi family of X) which for smooth proper Kähler X is a smooth proper
family of Kähler varieties over an analytic germ. Note that if in addition H2(X,OX) = 0,
then X → Def(X) is a projective family, by Kodaira’s embedding theorem.

Corollary 2.3. Let X be a smooth projective K-torsion n-fold with H2(X,OX) = 0 and
L a semiample line bundle on X. Then L deforms to a relatively semiample line bundle
L on the miniversal deformation X → Def(X).

Corollary 2.4. Let X be a smooth projective K-torsion n-fold with H2(X,OX) = 0
admitting a fibration f : X → Y with Y projective, and let X → Def(X) be the miniversal
deformation of X. Then f deforms to a fibration ϕ : X → Y, where Y is a flat projective
deformation of Y over Def(X).

2.1. Deforming fibrations on Calabi–Yau varieties

The main technical step towards proving Theorem 2.1 in general is the following special
case of Theorem 2.1.

Proposition 2.5. Let π : X → (0 ∈ T ) and L be as Theorem 2.1 and let X = X0 and
L = L0. Then, the conclusion of Theorem 2.1 holds under the additional assumptions
that

H1(X,OX) = H2(X,OX) = 0 and KX ∼ 0.

The assumption KX ∼ 0 implies that Ωn−1
X

∼= TX and thus

h0(X,TX) = h0(X,Ωn−1
X ) = hn−1(X,OX) = h1(X,OX) = 0,

where the second-to-last equality follows from Serre duality. In particular, X admits a
miniversal deformation space Def(X) (see, e.g., [Dou74,Gra74]), and as H2(X,OX) = 0,
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the line bundle L := L0 extends to Def(X) (see, e.g., [Har10, Theorem 6.4]). Thus,
without loss of generality, we may prove Proposition 2.5 under the assumption that
X → T is the miniversal deformation X → Def(X).

By assumption, L is semiample and defines a fibration X → Y . Up to replacing L with
a tensor power, L is the pullback of a very ample line bundle on Y . In what follows, we
will write D for a general element of |L|, which is smooth by Bertini’s theorem. Notice
that, if dimY = 1, we have Y = P1 by the assumption H1(X,OX) = 0. Thus, by
choosing D to be the pullback of a general section of OP1(1), we can guarantee that D is
connected regardless of dimY .

In order to prove Proposition 2.5, we consider the forgetful map Def(X,D) −→ Def(X)
and show that:

(a) the deformation space Def(X,D) is smooth and the forgetful map is smooth onto
its image; and

(b) the forgetful map is dominant.

To accomplish the first point, we use the following lemma.

Lemma 2.6. Under the assumptions of Proposition 2.5, the deformation space Def(X,D)
of the pair (X,D) is smooth, and the forgetful map

Def(X,D) −→ Def(X)

is smooth onto its image.

Proof. This is originally proved in [Ran92, Theorem 2.1]; we include a proof for the
reader’s convenience. For a deformation (X ′, D′) of (X,D) over an Artinian ring A′, the
deformation module is the hypercohomology group H1(X ′, TX′/A′ → OD′(D′)), which, by
the condition KX ∼ 0, is identified with

(2.6.a) H1(X ′,Ωn−1
X′/A′ → ωD′/A′) ∼= H1(X ′,Ωn−1

X′/A′(logD
′)(−D′)).

This can be identified with grn−1
F Hn

c (X
′ \D′, A′), where F • is the filtration coming from

the Hodge–de Rham spectral sequence

Hq(X ′,Ωp
X′/A′(logD

′)(−D′)) ⇒ Hp+q(X ′,Ω•
X′/A′(logD′)(−D′))

≃ Hp+q
c (X ′ \D′, A′),

(2.6.b)

where the latter isomorphism follows from [EV86, Proposition (A.2)]. Indeed, for j :
X ′ \D′ → X ′ the inclusion, one has

Ω•
X′/A′(logD′)(−D′) ≃ D(Ω•

X′/A′(logD′)) ≃ D(Rj∗CX′\D′) ≃ j!CX′\D′ .

By Deligne’s argument in [Del68, § 3], since the Hodge–de Rham spectral sequence degen-
erates on the special fiber, the complex Ω•

X′/A′(logD′)(−D′) is flat, i.e., every cohomology
sheaf of the complex is flat. Thus we have

Hp+q
c (X ′, A′) ∼= Hp+q

c (X ′,C)⊗ A′,

the Hodge–de Rham spectral sequence degenerates over A′ as well, and the deformation
module grn−1

F Hn
c (X

′ \ D′, A′) of (X,D) is free and compatible with base change. By
T 1-lifting, Def(X,D) is smooth.

Now we show the smoothness of Def(X,D) → Def(X). Notice that the deformation
module of X ′ over A′ is grn−1

F Hn(X ′, A′). From the natural exact sequence
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(2.6.c)

Hn−1(X ′, A′) Hn−1(D′, A′) Hn
c (X

′ \D′, A′)

Hn(X ′, A′) Hn(D′, A′)

where the first and last maps are the restriction maps, we obtain an exact sequence

(2.6.d)

grn−1
F Hn−1(X ′, A′) grn−1

F Hn−1(D′, A′) grn−1
F Hn

c (X
′ \D′, A′)

grn−1
F Hn(X ′, A′) grn−1

F Hn(D′, A′).

since the degeneration of the Hodge–de Rham spectral sequence implies the morphisms
of (2.6.c) are strictly compatible with the filtrations. All of the modules in (2.6.d) are free
and compatible with base change, and it follows that the same is true for the kernel and
image of each morphism. Thus, the tangent map of Def(X,D) → Def(X) has constant
rank, which implies smoothness onto the image. □

Remark 2.7. Poincaré duality identifies

Hn
c (X

′ \D′, A′) ≃ Hn(X ′ \D′, A′)∨,

which is compatible with the Hodge and weight filtrations. Thus, we could have just as
easily used the above argument with the usual log-de Rham complex.

Now we have smoothness for Proposition 2.5, and we want to show that the forgetful
map is dominant. Given Lemma 2.6, to prove dominance, it suffices to show that the map
on tangent spaces is surjective. Given (2.6.a), the map on tangent spaces is surjective if
and only if the restriction map

Hn−1,1(X) −→ Hn−1,1(D)

is the zero map. This is the content of the following Lemma.

Lemma 2.8. Under the assumptions of Proposition 2.5, the restriction

grn−1
F Hn(X,C) −→ grn−1

F Hn(D,C)

is the zero map.

Proof. We would like to argue by the global invariant cycles theorem. Since D is not a
fiber of f whenever dimY > 1, we first perform a reduction step.
Let S be the complete linear series |D| and g : D → S the universal family of divisors.

Since |D| is base-point-free, the natural evaluation map ev : D → X is then a projective
bundle over X. Let S◦ ⊂ S be the open subset parametrizing smooth divisors, and
g◦ : D◦ → S◦ the restriction family. By construction, D appears as a fiber of g◦.
By the evaluation map, D ⊂ D is sent isomorphically to D ⊂ X. Thus, by the global

invariant cycle theorem, the morphism grn−1
F Hn(X,C) → grn−1

F Hn(D,C) factors as

grn−1
F Hn(X,C) grn−1

F Hn(D,C)

grn−1
F Hn(D,C) grn−1

F H0(S◦, Rng◦∗CD◦).
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Thus, in order to conclude the result, it suffices to show grn−1
F H0(S◦, Rng◦∗CD◦) = 0. By

the relative hard Lefschetz theorem, we have

Rng◦∗CD◦ ≃ Rn−2g◦∗CD◦(−1).

Then, it follows that

grn−1
F H0(S◦, Rng◦∗CD◦) ≃ grn−2

F H0(S◦, Rn−2g◦∗CD◦).

We need to show that the latter is 0. By the global invariant cycles theorem, one has the
surjection

grn−2
F Hn−2(D,C) ↠ grn−2

F H0(S◦, Rn−2g◦∗CD◦).

To conclude, it is enough to show H0(D,Ωn−2
D ) = 0. By Grauert’s theorem and the fact

that ev : D → X is a projective bundle, we have

Riπ∗OD = 0 for any i > 0.

Therefore, the Leray spectral sequence degenerates and Hn−2(D,OD) ≃ Hn−2(X,OX),
and by duality and the assumption KX ∼ OX we obtain

hn−2,0(D) = h0,n−2(D) = h0,n−2(X) = hn−2,0(X) = h2,0(X) = 0,

where we use the assumption H2(X,OX) = 0. □

With Lemma 2.6 and Lemma 2.8, we complete the proof of Proposition 2.5.

Proof of Proposition 2.5. Recall from above that f : X → Y is the morphism induced by
L, where L is the pullback of a very ample line bundle on Y and D ∈ |L| is a general
element, which is smooth. Furthermore, L deforms to a line bundle L on the miniversal
deformation X → Def(X).

By Lemma 2.6 and Lemma 2.8, we know that Def(X,D) → Def(X) is a smooth and
dominant map. This implies that a general section D of L deforms to a divisor Dt on
Xt, for t ∈ Def(X) sufficiently close to 0 ∈ Def(X). Thus, Dt is algebraically equivalent
to a rational section of Lt. By the assumption H1(X,OX) = 0, we know that Pic(Xt)
is a discrete group, and hence Dt is a section of Lt. Thus, a general section of L lifts
to L on X , hence so does every section. As the relative base locus of |L| on the proper
family X → Def(X) does not include X0 = X, it does not dominate Def(X) and hence
L is relatively semiample in a neighborhood of 0 ∈ Def(X) which concludes the proof of
Proposition 2.5. □

2.2. Proof of Theorem 2.1

Before the proof, we show that it suffices to prove the required statement in Theorem 2.1
up to a power and up to numerical equivalence.

Lemma 2.9. Let π : X → (0 ∈ T ) be a smooth proper family over an analytic germ. Let
L and M be two line bundles on X such that M|X0

∼= L⊗m|X0 and M ≡T L⊗m for some
m > 0. Then there exists a line bundle L′ on X with L′|X0

∼= L|X0 and M⊗n ∼= (L′)⊗mn

for some n > 0. If, moreover, π,L, and M are algebraizable, then so is L′.

Proof. By replacing M with M⊗n (and m with mn) for some n > 0, we may assume
that M is homologically equivalent to L⊗m, i.e., their first Chern classes coincide in

H2(X ,Z) ∼= H2(X0,Z).
In particular, the line bundle (L∨)⊗m ⊗ M is homologically trivial, and thus defines a
section of the analytic group over T

Pic0(X/T ) := R1π∗OX/R
1π∗ZX ,
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which is a family of complex tori over T . Moreover, this section specializes to 0. The
multiplication-by-m morphism

[m] : Pic0(X/T ) → Pic0(X/T )
is a finite étale cover. Hence, by shrinking T , this cover admits a local section through
[OX ] ∈ Pic0(X0) and lifting the given section L−m ⊗M. In other words, there exists a
section F of Pic0(X/T ) such that

F|X0
∼= OX0 and F⊗m ∼= (L∨)⊗m ⊗M.

Setting L′ = L ⊗ F , we obtain L′|X0
∼= L|X0 and M ∼= (L′)⊗m. The final claim is clear

by the same argument in the algebraic category. □

We will also need to separately treat the case of families of complex tori.

Lemma 2.10. Let π : X → (0 ∈ T ) be a family of complex tori over an analytic germ,
and let L be a line bundle on X whose central fiber L0 := L|X0 is semiample. Then there
exists a π-semiample line bundle M on X such that M0

∼= L0. If, moreover, π and L
are algebraizable, then M may be taken algebraizable.

Proof. For any t ∈ T , the Chern class c1(Lt) ∈ H2(Xt,Z) defines a bilinear form

H1(Xt,Z)×H1(Xt,Z) −→ Z

via ⟨α, β⟩ = c1(Lt)(α, β) using H2(Xt,Z) ∼=
∧2H1(Xt,Z). Let

Vt ⊆ H1(Xt,Z)
be the subspace where the form is totally degenerate. Since c1(L) varies locally constantly
in families, each Vt is a Z-Hodge substructure and the rank of Vt is locally constant. The
Vt assemble into a sub-variation of Hodge structure

V ⊆ (R1π∗Z)∨,
which corresponds, via the correspondence between sub-Hodge structures of a Hodge
structure of weight −1 and complex subtori, to a family of abelian subvarieties

Y −→ T

inside the family X → T . Let
q : X −→ Z

be the quotient family Z := X/Y , which is again a family of complex tori over T . By
construction, c1(Lt) is trivial along the fibers of Yt and therefore descends to a Hodge
class on H2(Zt,Z), which is moreover a polarization because it is so on the special fiber.
Since L0 is semiample, some power L⊗n

0 descends to an ample line bundle F0 on Z0.
The numerical class of F0 stays Hodge in the family Z/T , so the analytic space of line
bundles in this numerical class is a Pic0(Z/T ) = Z∨/T -torsor, and in particular smooth
over T . Thus, there is a line bundle N on Z in this numerical class with N0

∼= F0.
Moreover, by the above N is relatively ample.

Define M := q∗N . Then by construction:

◦ M ≡T L⊗n, since both yield the same induced polarization on the quotient;
◦ on the central fiber,

M0 = q∗0N0
∼= q∗0F0 = L⊗n

0 ;

◦ M is relatively semiample because it is the pullback of the relatively ample line
bundle N along an abelian fibration.

Finally, applying Lemma 2.9, the lemma is proven. □

Now let us complete the proof of Theorem 2.1.
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Proof of Theorem 2.1. For brevity, set X := X0. Let X ′ → X be an étale cover that
splits as a product

X ′ =
∏

X ′
i

of strict Calabi—Yau varieties, irreducible holomorphic symplectic varieties, and complex
tori (cf. [Bea83, Theorem 1]). After passing to a further étale cover, we may assume that
X ′ → X is a Galois cover with Galois group G (cf. [Sta24, Tag 0BN2]).
The cover X ′ → X is determined topologically. Then, since X → T is topologically

trivial and T is contractible, the natural map π1(X) → π1(X ) is an isomorphism and
thus the cover X ′ → X extends to an analytic cover q : X ′ → X , inducing a deformation
of X ′ over T . By pulling back a Kähler form, each fiber of X ′ → T is again Kähler.

We claim that X ′ also splits as a product. It suffices to show that a versal deformation
of X ′ preserves the product structure, in which case the assertion follows by base change;
see [BL22, §4.2]. Each factor X ′

i has unobstructed deformations of dimension h1(X ′
i, TX′

i
),

and X ′ has unobstructed deformations of dimension h1(X ′, TX′). Since deformations of
the factors produce deformations of the product, it remains to show

h1(X ′, TX′) =
∑
i

h1(X ′
i, TX′

i
).

This follows from the Künneth formula, using that all non-abelian factors satisfy the
conditions h0(X ′

i, TX′
i
) = 0 and h1(X ′

i,OX′
i
) = 0. Hence

X ′ =
∏

X ′
i .

Let L′ be the pullback of L to X ′. Since the strict Calabi–Yau and symplectic factors
have vanishing irregularity, Pic(X ′) splits accordingly, so

L′ = ⊠L′
i.

Thus L′ is relatively semiample if and only if each L′
i is relatively semiample.

For the strict Calabi–Yau factors, relative semiampleness follows from Proposition 2.5.
For an irreducible symplectic factor X ′

i, L
′
i is either big or induces a Lagrangian fibration

(cf. [Mat99, Theorem 2]). If L′
i defines a Lagrangian fibration, relative semiampleness

follows from [Mat16, Theorem 1.2]. If instead L′
i is big, consider the miniversal deforma-

tion π′
i : (X ′

i ,L′
i) → Def(X ′

i, L
′
i) (see [Mat16, Theorem 1.1]). Since X ′

i is projective (see,
e.g., [Huy99, Theorem 3.11]), by the Kawamata–Viehweg vanishing and cohomology and
base change, π′

i∗L′
i is locally free and compatible with base change, hence L′

i is relatively
semiample.

It remains to treat the complex torus factor X ′
i0
, if present. By Lemma 2.10, there

exists

M′
i0
≡T L′

i0

with M′
i0
relatively semiample and M′

i0
|X ∼= L′

i0
|X . Set

M′ := M′
i0
⊠
(
⊠i ̸=i0L′

i

)
.

Then M′ is relatively semiample, satisfies M′ ≡T L′, and agrees with L′ on the central
fiber. It follows that M := (det q∗M′)⊗2 is relatively semiample, numerically equivalent
to (det q∗L′)⊗2 = L⊗2|G| ⊗ (det q∗OX ′)⊗2 = L⊗2|G|, since the square of the determinant of
the left regular representation of G is trivial, and M agrees with L⊗2|G| on the special
fiber. The theorem then follows from Lemma 2.9. □

Now, we prove the corollaries stated in the beginning of this section.
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Proof of Corollary 2.3. Let π : X → Def(X) be the miniversal deformation of X. As
H2(X,OX) = 0, the line bundle L on X deforms to a line bundle L on X (see, e.g.,
[Har10, Theorem 6.4]). Then the statement follows immediately from Theorem 2.1. □

Proof of Corollary 2.4. Let L be a semiample line bundle on X inducing the fibration
f : X → Y . By Corollary 2.3, L deforms to a relatively semiample line bundle L on X
over Def(X). Up to taking a tensor power, one can assume that L is base-point free over
Def(X), and let ϕ : X → Y be the map induced by L.
To conclude, we need to show that p : Y → Def(X) is flat, and it suffices to show that

π∗L is flat since Y = ProjDef(X) (⊕m≥0π∗L⊗m). Here, as H2(X,OX) = 0, the miniversal
deformation space Def(X) is algebraizable. The proof of Proposition 2.5 shows that the
map

(π∗L⊗m)⊗ k(0) → H0(X,L⊗m)

is surjective for any m > 0, and it follows from cohomology and base change that π∗L⊗m

is locally free for any m > 0, and in particular it is flat. □

To conclude this section, we prove Theorem 1.2.

Proof of Theorem 1.2. We utilize the notation and setup of Theorem 2.1. Then, by The-
orem 2.1, to conclude, we only need to show that Y → T is flat.

First, we analyze the fibration defined by
∑

g∈G g
∗M′ on X ′. We let Y ′ denote the

image of said fibration. By the splitting L′ = ⊠L′
i and the definition of

∑
g∈G g

∗M′, Y ′

splits as a product Y ′ =
∏

Y ′
i, where X ′

i → Y ′
i is the fibration defined by L′

i. If the factor
X ′
i is a strict Calabi–Yau factor, Y ′

i → T is flat by Corollary 2.4. If the factor X ′
i is a

complex tori factor, then Y ′
i → T is a family of complex tori and is therefore flat. Lastly,

if X ′
i is an hyperkähler factor, then Y ′

i → T is flat by [Mat16, Theorem 1.2] in the case
L′
i induces a Lagrangian fibration, and by [Wah76, Theorem 1.4], which works in the

analytic category as well, in the case when it induces a birational contraction, using that
the contraction has symplectic and therefore rational singularities. Thus, by taking the
product, it follows that Y ′ → T is flat.

Then, by construction, Y is a G-quotient of Y ′—let q : Y ′ → Y be the quotient
morphism. From the existence of a trace map, OY is a split summand of q∗OY ′ , so Y is
flat. □

3. DEFORMATION OF SUBVARIETIES WITH TRIVIAL NORMAL BUNDLE

Let X be a smooth strict Calabi–Yau variety and Y ⊂ X a smooth divisor that is
itself a K-trivial variety. Then, by [Ran92, Theorem 2.1], the embedding ι : Y ↪→ X is
unobstructed. In particular, since h0(Y,NY/X) = h0(Y, ωY ) = 1, it follows that Y deforms
in X in a 1-dimensional family of subvarieties of X. Since X is strict Calabi–Yau, these
subvarieties need to be linearly equivalent. In particular, Y moves in a basepoint free
pencil, thus defining a morphism X → P1. Inspired by this observation, we investigate
the following question:

Question 3.1. Let X be a smooth K-trivial n-fold with n ≥ 3, and Y ⊆ X be a (smooth)
subvariety with trivial normal bundle in X.

(a) Are the deformations of Y unobstructed?
(b) If yes, is Y a fiber of some fibration of X?

The following example shows that Question 3.1(b) has a negative answer in general.

Example 3.2 (A hyperkähler of K3[2]-type). Let S be a K3 surface admitting an elliptic
fibration ϕ : S → P1. Then the Hilbert scheme of two points S[2] is a hyperkähler 4-fold



12 B. BAKKER, K. DEVLEMING, S. FILIPAZZI, R. LAZA, J. LI, R. SVALDI, C. WANG, AND J. ZHAO

which admits a Lagrangian fibration

ψ : S[2] −→ (P1)[2] ≃ P2

whose general fiber is an abelian surface of the form E1 × E2, where Ei is isomorphic
to a fiber of ϕ; see [Bea83] for details. We denote by ∆ ⊂ S[2] the locus of length 2
0-dimensional subschemes of S supported at just one point.

Let E be a smooth fiber of ϕ, and p ∈ S be a point away from E. Then E+ p gives an
embedding of E into S[2] \∆, with image still denoted by E + p. Note that the preimage
of E under the étale double cover

τ : (S × S) \∆S −→ S[2] \∆

is E × {p} ⊔ {p} × E, and hence τ induces an isomorphism on formal neighborhoods of
E × {p} and E + p. Then the triviality of the normal bundle of E + p follows from that
of E × {p} in S × S.

By Matsushita’s theorem [Mat99], E cannot be a fiber of any fibration of S[2]. However,
up to an alteration X of S[2], E is a fiber of some fibration of X: indeed, the double cover
S×S of the symmetric product S(2) admits a fibration to S×P1 with one fiber isomorphic
to E, and hence so does the corresponding double cover of S[2].

The following example shows how, in general, Question 3.1(a) also has a negative
answer: there are K-trivial varieties admitting K-trivial subvarieties with trivial normal
bundle and obstructed deformations.

Example 3.3 (A K3-fibered strict Calabi–Yau 3-fold). Let D ⊂ P3
[x:y:z:w] × P1

[t0:t1]
be a

divisor in the linear system |O(4, 2)| with equation

D = (t20f1(x, y, z, w) + t0t1f2(x, y, z, w) + t21f3(x, y, z, w) = 0)

where fi ∈ H0(P3,O(4)). Further assume that f1 is the equation of a smooth quartic
surface containing a line and f3 is very general. We claim that D may be chosen to be
smooth. Granted this fact, by adjunction and the Lefschetz hyperplane theorem, D is a
strict Calabi–Yau 3-fold and via the projection pr2 : P3

[x:y:z:w] × P1
[t0:t1]

→ P1, D → P1 is a

K3-fibration. Let D[t0:t1] denote the fiber over [t0 : t1].
By construction, D[0:1] is a very general quartic K3 surface and so has Picard rank 1,

and hence the same holds for the generic fiber of D → P1. The fiber D[1:0] is a quartic
that contains a line and thus has an elliptic fibration: let ⟨H1, H2⟩ ⊂ P3 be the pencil
of hyperplanes containing the line. For any H ∈ ⟨H1, H2⟩, the intersection H ∩ D[1:0]

is a reducible plane quartic that factors as the line together with a plane cubic C. By
adjunction, C2 = 0, so the family of residual cubics on D[1:0] gives an elliptic fibration
on D[1:0]. Let C be one of these elliptic curves. Choose f2 in the equation of D so that
C ⊂ (f2 = 0).

Now, we show that D can be chosen to be smooth, for f1, f2 as above and f3 very
general. Consider the linear system V ⊂ |O(4, 2)| spanned by all such D’s where f3 is
any quartic equation. By construction, the base locus of V coincides with D[1:0]. Thus,
by Bertini’s theorem applied to a resolution of the linear system V , V is free away from
D[1:0]. In particular, for a general choice of D (e.g., when f3 determines a very general
quartic surface), D is smooth away from D[1:0]. In turn, for such general choice, D[1:0] is
a smooth Cartier divisor in D, and hence D is also smooth along D[1:0]. Therefore, we
conclude D is smooth and D → P1 is a K3-fibered strict Calabi–Yau 3-fold as claimed.

By construction, the elliptic curve C ⊂ P3 × P1 is a complete intersection of three
divisors: the fiber P = P3 ∈ |OP3×P1(0, 1)| over [1 : 0], a relative hyperplane section
H = H × P1 ∈ |OP3×P1(1, 0)|, and a divisor C ∈ |OP3×P1(3, 0)| where C ⊂ P3 × P1 is the
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pullback from P3 of any cubic surface containing C (for example, the cone over C). In
particular, since C is a complete intersection, its normal bundle splits as a direct sum of
the restriction of the normal bundles of these three divisors to C. As OP3×P1(a, b)|C =
OC(3a), we have

NC/P3×P1 = OC ⊕OC(3)⊕OC(9) and NC/P = OC(3)⊕OC(9).

Consider the commutative diagram

0 0

0 NC/D[1:0]
NC/P ND[1:0]/P|C 0

0 NC/D NC/P3×P1 ND/P3×P1|C 0

ND[1:0]/D|C NP/P3×P1|C

0 0

From exactness of the first two columns and first two rows, we can extend the diagram
by a vertical arrow ND[1:0]/P|C → ND/P3×P1|C (or, observe that D[1:0]|C = D|C to get the

right most vertical map) and a horizontal arrow ND[1:0]/D|C → NP/P3×P1|C (or, observe

that OD(D[1:0]) = OP3×P1(P)|D). Note that NC/D[1:0]
= OC and ND[1:0]/D|C = OC . As

D[1:0] ⊂ P = P3 is a quartic surface, ND[1:0]/P|C = OP3(4)|C = OC(12). Filling in the

remaining terms from OP3×P1(a, b)|C = O(3a), we claim we have a commutative diagram

0 0 0

0 OC OC(3)⊕OC(9) OC(12) 0

0 NC/D OC ⊕OC(3)⊕OC(9) OC(12) 0

0 OC OC 0 0

0 0 0

Observe that the map OC → OC in the bottom row is an isomorphism. Indeed, if not,
the map NC/D → OC ⊕OC(3)⊕OC(9) would lift to OC(3)⊕OC(9). By the middle row,
NC/D is a saturated subsheaf of OC⊕OC(3)⊕OC(9). In particular, the lift would lead to
an isomorphism between NC/D and OC(3)⊕OC(9), which is impossible, since these two
sheaves have different degrees. Similarly, we obtain that the map OC(12) → OC(12) in
the third column is an isomorphism as well, which gives commutativity of the diagram.
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To prove NC/D is trivial, it suffices to show the map OC ⊕OC(3)⊕OC(9) → OC(12)
in the middle row is trivial on the OC factor. Indeed, this will show that the splittings
of the right two vertical sequences commute which gives a splitting of the first vertical
sequence, i.e., NC/D

∼= OC ⊕OC .
To show this, consider the map OC ⊕OC(3)⊕OC(9) → OC(12) restricted to the map

OC → OC(12). By construction from the splitting of the middle vertical sequence, this is
the map NP/P3×P1|C → ND/P3×P1|C , which takes a normal vector to C that is normal to
P and sends it to its image in the space of normal vectors to D. By direct computation
of the normal vectors and tangent space, by choice of f2, the normal vectors to C that
are normal to P are tangent to D, and therefore this map is trivial, as desired.

We conclude that the normal bundle NC/D is trivial. Yet, the embedded deformations
of C in D are obstructed. Indeed, for [t1 : t2] very general, D[t1:t2] has Picard rank 1 and
hence cannot contain an elliptic curve. The equation of D accounts for this behavior:
infinitesimally, if t21 = 0 but t1 ̸= 0, both f1 and f2 vanish along C, and so C “deforms”
in D to first order; on the other hand, if t21 ̸= 0, as f3 does not vanish on C, C cannot
deform inside D past first order.
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107–142. MR346194
[Gro13] M. Gross, Mirror symmetry and the Strominger-Yau-Zaslow conjecture, Current developments

in mathematics 2012, 2013, pp. 133–191. MR3204345
[Har10] R. Hartshorne, Deformation theory, Graduate Texts in Mathematics, vol. 257, Springer, New

York, 2010. MR2583634
[Huy99] D. Huybrechts, Compact hyper-Kähler manifolds: basic results, Invent. Math. 135 (1999), no. 1,

63–113. MR1664696
[Kaw92] Y. Kawamata, Unobstructed deformations. A remark on a paper of Z. Ran: “Deformations

of manifolds with torsion or negative canonical bundle” [J. Algebraic Geom. 1 (1992), no. 2,
279–291; MR1144440 (93e:14015)], J. Algebraic Geom. 1 (1992), no. 2, 183–190. MR1144434

[Kol15] J. Kollár, Deformations of elliptic Calabi-Yau manifolds, Recent advances in algebraic geom-
etry, 2015, pp. 254–290. MR3380453
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